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AN ANALYSIS OF MIRROR-DESCENT SOFT ACTOR-CRITIC

DENIS ZORBA' AND MICHAL VALKQ?

ABSTRACT. Soft Actor-Critic (SAC) is widely used for entropy-regularised reinforcement learn-
ing with continuous action spaces, and practical implementations perform only a few actor steps
towards an evolving target. In this work, we prove convergence guarantees when the target pol-
icy arises from policy mirror descent and compare it with the classical Gibbs target. We derive
sufficient conditions for the strong convexity and smoothness of the actor objective, charac-
terised by the curvature of the @Q-function estimate through the Legendre differential operator,

and establish an O(Nfé) best-iterate finite-time convergence rate up to actor and critic ap-

proximation errors. Moreover, the mirror-descent step size A directly controls the target drift
and hence actor tracking error, whereas the analogous Gibbs bound contains a non-vanishing
tracking term.

1. INTRODUCTION

In reinforcement learning (RL), an agent seeks to learn an optimal policy that minimises its
expected cumulative cost through interactions with an environment. This framework has led
to remarkable successes across a range of challenging domains, including robotics, autonomous
control and games (Levine et al., 2016; Lillicrap et al., 2016; Mnih et al., 2015). Broadly speak-
ing, methods to tackle RL problems may be divided into two families: model-based approaches,
which explicitly learn or exploit a model of the environment dynamics (Sutton and Barto, 2018;
Levine and Koltun, 2013), and model-free approaches, which seek to learn a policy or value func-
tion directly from observed transitions (Sutton and Barto, 2018; Lillicrap et al., 2016; Haarnoja
et al., 2018a).

In continuous action spaces, tackling model-free RL problems typically involves two learning
problems. Firstly, equipped with function approximations, a critic (an estimate of the advan-
tage or Q-function) is learned from observed transitions, commonly through some variant of
temporal-difference learning (Sutton, 1988; Watkins and Dayan, 1992), which is then in turn
used to update the actor (the policy). Such actor updates may be performed directly through
policy-gradient methods (Williams, 1992; Sutton et al., 1999), or through proximal methods
which improve stability by controlling the change between successive policies (Schulman et al.,
2015, 2017). A closely related idea arises from policy mirror descent (Lan, 2023; Zhan et al.,
2023; Ju and Lan, 2026), where a KL-divergence penalty is introduced directly into the policy-
improvement problem, with the resulting update admitting a closed-form policy. However, in
continuous action spaces, this target generally involves an intractable normalisation constant
(Haarnoja et al., 2017, 2018a).

Entropy regularisation leads to a number of theoretical and practical benefits (Geist et al.,
2019; Cayci et al., 2024a; Leahy et al., 2022). For example, entropy regularisation induces
a unique statewise optimal policy under standard assumptions such as bounded costs (Geist
et al., 2019; Kerimkulov et al., 2026) and can accelerate the convergence of policy gradient
methods (Mei et al., 2020; Cen et al., 2022; Lan, 2023). It also encourages stochastic policies
and persistent exploration (Haarnoja et al., 2017, 2018a).

The Soft Actor-Critic (SAC) algorithm (Haarnoja et al., 2018b) was introduced as an efficient
approach to tackling large-scale continuous model-free RL tasks with entropy regularisation,
initially derived as a practical implementation of soft policy iteration (Haarnoja et al., 2018a).
During SAC training, one performs gradient descent steps on a reverse Kullback—Leibler (KL)
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divergence with respect to some target policy, typically the exponential of the Q-function which
in turn is motivated by the Bellman principle. Crucially, the normalisation constant is inde-
pendent of the actor parameters and therefore disappears when taking gradients of the actor
objective. This gives a practical policy-improvement procedure without requiring the intractable
normalisation constant.

Despite the practical success of SAC, its theoretical analysis remains sparse and challenging.
In practice, the actor is commonly parametrised by a squashed Gaussian distribution with a
parametrised mean, that is a Gaussian followed by a tanh transformation to enforce the bounds
of the action space (after scaling). Moreover, the reverse-KL projection onto the target policy is
not solved exactly, but rather a single or a few steps of gradient descent are performed (Haarnoja
et al., 2018a). Such an objective is in general non-convex, and the tanh transformation produces
policy log-densities which become unbounded near the boundary of the action space. Therefore
regularity hypotheses used in policy-gradient analyses can fail (Bedi et al., 2022), while policy-
space convergence results (Lan, 2023; Kerimkulov et al., 2026) do not directly cover such a
framework.

In this work, we provide the first theoretical guarantees for a population-level formalisation
of the SAC framework, with a fixed-covariance squashed Gaussian actor, linear mean and a
critic oracle, where one treats a policy arising from mirror descent as the target, as well as the
classical Gibbs target. We consider the setting where only a single projected gradient step is
performed towards an evolving target policy. Moreover we identify conditions on the curvature
of the critic under which the reverse-KL actor objective becomes strongly convex and smooth,
allowing us to control the error incurred by the actor as it tracks the changing target.

2. RELATED WORKS

There is a tremendous amount of research literature on RL theory, which underscores its
importance. Our work relates to policy optimisation in entropy-regularised MDPs and to the
analysis of actor-critic algorithms, which we summarise here.

Entropy regularised RL. Encouraging explorative policies during the training of RL poli-
cies have been demonstrated to be an important foundation of practical deep RL methods
(Haarnoja et al., 2018a; Lan, 2023) which in turn establishes the importance of understanding
entropy regularisation in MDPs. A particular line of work where the presence of entropy regu-
larisation has been shown to have a meaningful contribution are policy mirror descent methods
(Lan, 2023; Ju and Lan, 2026; Kerimkulov et al., 2026), where it was proven that the entropy
regularisation can induce an exponential convergence to the optimal policy when the critic is
known. More recently, it has been shown that one can maintain this exponential convergence
when the critic is solved to sufficient accuracy in both the tabular case (Labbi et al., 2026) and
the general case (Zorba et al., 2026).

Having said that, such theoretical analyses typically rely on the updates existing in the
policy space and using measure theoretic techniques. Moving from policy-space updates to a
practical parametrisation, a line of work (Sherman et al., 2025; Alfano et al., 2023; Yuan et al.,
2023; Agarwal et al., 2021) approximates mirror-descent updates by solving the minimisation
sub-optimally under various assumptions.

Actor-critic analysis. Early convergence analyses use multi-timescale stochastic approx-
imation and ODE based approaches (Borkar and Konda, 1997; Konda and Tsitsiklis, 1999).
Since then, the study of different regimes of actor critic algorithms can fall into a few cate-
gories. Firstly, a line of work studies the sample complexity of certain actor critic regimes in
tabular and function-approximation settings under various assumptions in the unregularised
case (Olshevsky and Gharesifard, 2023; Kumar et al., 2025; Gaur et al., 2024) and regularised
case (Cayci et al., 2024b; Labbi et al., 2026). Another line of work studies the underlying con-
vergence and stability behaviour of actor critic methods in general state and action spaces by
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focusing on a population level analysis (Zorba et al., 2026; Hong et al., 2023; Kerimkulov et al.,
2026; Leahy et al., 2022).

3. CONTRIBUTIONS

e We formalise the SAC policy class as the push-forward under tanh of a Gaussian distri-
bution with parametrised mean, as standard in modern implementations of Soft Actor
Critic (Haarnoja et al., 2018a,b). We study the reverse-KL objective for the actor pa-
rameters with target policies including the classical Gibbs measure (Haarnoja et al.,
2018a) and a policy arising from performing a step of policy mirror descent with step
size/ penalty A (Tomar et al., 2021; Lan, 2023). Note that in general, such a loss func-
tion is non-convex. In this work, we identify sufficient conditions under which the strong
convexity of such an objective is guaranteed on any Euclidean ball of radius R > 0. We
demonstrate that the curvature of the critic, quantified through the Legendre differential
operator, plays a particular role alongside the entropy regularisation parameter = > 0.

e We prove global finite-time best-iterate convergence guarantees (up to approximation
errors) under a £qit-optimal critic oracle assumption. We derive bounds on the actor
tracking error for both the classical Gibbs target and the mirror-descent target. We show
that the mirror descent step size A can directly control the tracking error and provides
an explicit trade off between balancing policy improvement against the actor’s ability
to track the target. In contrast, the corresponding bound for the classical Gibbs target
contains a non-vanishing contribution determined by the regularisation parameter 7.

4. ENTROPY REGULARISED MDPs

Consider an infinite horizon Markov Decision Process (S, A, P,c,7), where S is the state
space (which may be an arbitrary Polish space) and A is the action space, which we set as
A= (=1,1)M for a fixed action dimension M > 1. Moreover, P € P(S|S x A) is the state
transition probability kernel, ¢ is a bounded cost function and € (0,1) is the discount factor.
Let Agr denote Lebesgue measure on R, let Apn 1= A%M , and let A denote normalised Lebesgue
measure on A, that is A(B) := 2=MAgu(B) for B € B(A). Finally, let 7 > 0 denote a
regularisation parameter. For each stochastic policy m € P(A|S) and s € S, we define the
regularised value function by

V7 (s) = ET <i 7" (elsn, an) - TH<w<-|sn>>)> .
n=0

where ET denotes the expectation over the state-action trajectory (so,ao,s1,a1,...) generated
by policy 7 and kernel P such that sg :=s, an ~ 7(- | $n), Sn+1 ~ P(:|sn,ay) for all n > 0 and
for any v € P(A), the entropy is defined as

d
H(v) == —/Alog ﬁ(a)u(da).

if v is absolutely continuous with respect to the Lebesgue measure and —oco otherwise. As a
result, for any s € S we have that V" (s) € R U {+oco}. Moreover for any state distribution
p € P(S), we denote V[ (p) := [ V7 (s)p(ds). The optimal value function is defined as

V¥(p)= inf VI(p).

7 (p) et V7 (p)

We refer to 7* as the optimal policy if V*(p) = V™ (p). For each m, the state-action value
function Q7T is defined as

Q2(s.0) = cls.0) +9 [ VI()P(d]s.0). 1)

Then for every m € P(A|S) the advantage function is defined as AT = QT + 7log g—j{ —VI. The
occupation measure for policy m with initial distribution p is denoted by df and is defined in
Appendix B, alongside the Bellman principle for entropy-regularised MDPs.
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5. SOFT ACTOR CRITIC AND MIRROR DESCENT

In the seminal work of Haarnoja et al. (2018a), a framework for tackling off-policy entropy
regularised MDPs was introduced, which has since been regarded as one of the state of the art
approaches for entropy regularised MDPs with continuous action spaces. The idea is relatively
simple and consists of learning a critic through some variant of temporal difference/ Q-learning
and then learning the new actor by projecting the exponential of the critic onto your policy
class using the Kullback-Leibler (KL) divergence. That is, given some policy class IT C P(A|S5),
for each s € S compute

Tnew = arg min KL <7r’(~\s)
' ell

o (1) ). @

One can then establish that (2) guarantees policy improvement when the minimisation is solved
fully, at least in the tabular setting (Haarnoja et al., 2018a) and thus with exact critics, iterations
of (2) results in a sequence of policies which converges to an optimal policy inside II, although
it is worth mentioning that in most cases the true optimal policy 7* need not belong in II.
Moreover, such guarantees only hold in the case where the optimisation in (2) is solved to full
accuracy and when the action space is finite.

One issue that can arise from such a formulation is that the new policy mew may be drastically
different from the old policy 7o)q, resulting in a large relative entropy KL(7pew(|$)|mo1a(+]s))-
Policy mirror descent provides a solution to this by penalising such policies. Formally, for some
A > 0, the policies are updated by

mup (-|s) = arg min { /A (Q:old(s, a) + 7 log dgxd (s, a)> m(da) + %KL (m | Toa(-]s)) }

meP(A)

Suppose that the initial policy is uniform on A. By Dupuis and Ellis (1997), we have the
following closed form solution to the optimisation problem

dmvp 1 dTeld =7 \QTold 3
(5.0 = 5t (T s) e (-AQE(s,a). ®)
From here, it is clear to see that the policy mirror descent policy behaves as a geometric
interpolation between the old policy and the full soft policy-improvement update, controlled by
the proximal penalty/ step size A > 0 and the entropy regularisation 7 > 0. In particular, they
coincide when precisely we have \ = %, giving the soft policy-improvement update of (Haarnoja
et al., 2018a).

Given that computing the normalisation constant in (3) is just as intractable as (2), one
natural extension is to replace the target in (2) with (3), since the normalisation constant
does not affect the gradient steps. This approach has demonstrated promising empirical results
(Tomar et al., 2021).

6. PorLicy CLASS

Let us now introduce the policy class before presenting the algorithm. Recall that A =
(-1,1)™ and B(R) = {w € R?: |w|y < R} is the Euclidean ball of radius R in R%. Let z : § —
R¥>M be a bounded feature map satisfying |x(s)|op < 1 for all s € S, where |-|op is the Euclidean
operator norm (see Appendix A for an overview of notation). For any ¢ > 0, we denote the
centred Gaussian with covariance ¢2Is by ¢° := N(0,¢%I)s). Let ¥ := diag(o?,...,0%,) with
o; > 0 for all 4. For any w € B(R) C R?, we parametrise the mean by my(s) = z(s)'w € RM
for each s € S and denote gy, (+|s) := N (myw(s),X). We denote this class of Gaussian kernels by
Os := {qu : w € B(R)} € P(RM|S). Throughout, tanh and its inverse act component-wise.
To formalise the policy class, we must first introduce the notion of a push forward measure.

Definition 1 (Push-forward measure, Ambrosio et al., 2008, §5.2). Let T : RM® — A be
measurable and let v € P(RM). The push-forward of v by T is the probability measure Tyv €
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P(A) such that for any B € B(A),
Tyv(B) :=v(T (B)).

Equivalently, for every bounded measurable function f : A — R,

/Af(a) Tyv(da) = f(T(u)) v(du).

RM

The policy class is then simply the push-forward under tanh of Oy.
Definition 2 (Squashed Gaussian Policies). The admissible policy class is given by
IIy, := {7, = (tanh)4qy : quw € Ox}.
The following lemma of Dupuis-Ellis becomes very useful in the proofs of the main results.

Lemma 1 (Dupuis and Ellis, 1997, Lemma E.2.1). Let T : RM — A be a measurable bijection
with measurable inverse. Then for any v,n € P(RM),

KL (Tyv|Tyn) = KL(v|n).

Note that in general the log densities log ‘ZT—A‘” are unbounded near the boundary of the action

space A = (—1, 1)M . Therefore, one cannot directly apply classical tools such as the performance
difference lemma for entropy regularised MDPs, which require bounded log densities, without
careful treatment. However one can show that although the log densities are unbounded, the
entropy H(my(+|s)) remains bounded for all s € S when w € B(R), which can serve as a remedy
(see Lemma 5). Furthermore, while we adopt the tanh transformation due to its tractability and
widespread use in practical implementations of soft actor-critic, much of the analysis extends
to other sufficiently regular bijections from R to (—1,1)M.

7. ALGORITHM

For any iteration n € N, we denote the replay buffer state law by p, € P(S) with py = p the
initial state distribution, which we model as an exponentially weighted mixture of all preceding
state-occupancies up to the iteration n > 0 with parameter y > 0 (see Definition 5 in Appendix
B). Then for any target policy Tiarget € P(A|S), mw € IIy and n € N we define

Jo (10, Tranges) = /S KL (0 (|5) Trangor (15))n (d5),

Now suppose that one has access to an estimate of the Q-function for each encountered policy,
and denote this sequence by {Q"},>0. Let 7°(dals) := A(da) for all s € S. Firstly, we will
denote the Gibbs target as

n+1
dmé,

) = e (i@%s,a)). (1)

Furthermore, we denote the target arising from policy mirror descent as

7"t 1(.|s) = arg min { /A (@"(s, a) + 7log 6ZT—An(s, a)> m(da) + ;\KL(’I?’L|7T”(|S))} (5)

meP(A)

Throughout, {7"},>¢ denotes the evolving target sequence, updated recursively from the pre-
vious target rather than from the current actor, whereas m,» denotes the actor tracking it.
Moreover, throughout we take the initial actor satisfies w® € B(R), and the replay parameters
satisfy 0 < xA < 1. We present the training procedure in Algorithm 1. To summarise, we study
the case where one performs a single step of gradient descent of the objective with a mirror
descent target for each critic estimate, then projects the new parameters onto B(R).

We work under the following assumptions.
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Algorithm 1 Projected actor update
1: forn=0,1,2,... do

2: Obtain critic estimate @”

3: Update replay law pj,41

4: wt = Py (r) (w" = hV ypg1 (W™, 7r”+1))
5: end for

Assumption 1 (Q-function oracle). There exists eqrit > 0 such that, for all n > 0, the critic

estimate Q" € By(S x A) satisfies Q" (s, ) € C2(A) for each s € S, |Q" By(Sx ) < Qmax and
p(OX

< Ecrit-

Q" - Qp

Bb(SXA)

Assumption 1 allows us to isolate dynamics of training the Gaussian policies my». While
one could additionally introduce a parametrised critic and analyse its update jointly with the
actor, we abstract away from the critic dynamics and capture the resulting approximation er-
ror through ect. This further allows our results to accommodate general twice-differentiable
Q-function parametrisations, including standard smooth neural network architectures. Assump-
tion 1 holds in many practical implementations when one freezes the policy and performs suf-
ficiently many steps of temporal difference learning and when the parametrisation of the critic
is sufficiently rich.

Assumption 2 (Optimal-occupancy concentrability). There exists A < oo such that
ddp

< A,.
dp 2

L2(p)

Assumption 2 is designed to control the distributional shift between the optimal discounted
occupancy measure and the initial state distribution. Such concentrability or distribution-
mismatch conditions are standard in analyses of approximate dynamic programming, off-policy
learning and policy-gradient methods (Munos and Szepesvari, 2008; Chen and Jiang, 2019;
Agarwal et al., 2021). Note that, we require that only the optimal discounted occupancy measure
dg* has a density with respect to the initial state distribution p € P(.S) and is square integrable
with respect to p which is strictly weaker than imposing a uniform bound in the supremum norm
(Agarwal et al., 2021) and imposing a similar assumption for every encountered policy during
training (Uehara et al., 2020; Munos and Szepesvari, 2008). One case where Assumption 2 holds
is when the transition kernel is square integrable with respect to the initial state distribution
(see Lemma 7). This includes, under appropriate covariance and mean conditions, dynamics
with Gaussian transition noise when the initial state distribution is also Gaussian.

Assumption 3 (Eigenvalues for actor parametrisation). Assume that

AP = Amin ( /S x(s)x(s)Tp(ds)> > 0.

Assumption 3 is a standard non-degeneracy condition on the feature map and requires that
the feature covariance matrix under the initial state distribution be positive definite, ensuring
that every direction in the actor parameter space is sufficiently represented under only the initial
state distribution p.

8. MAIN RESULTS

While we do not impose any assumptions regarding the realisability of the critic or policy in
the main results, we inevitably must account for the bias that arises when the policy class of
squashed Gaussians are not sufficiently rich enough to represent the target policies.
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Definition 3 (Gaussian approximation error). For each {@n}nzm the Gaussian approximation
error to the mirror descent policies {7 },>0 is defined as

1
_ . 1 n—1 k 2
Moreover, for any n > 1, we define €approx(n) = €crit + - > o (aact)

In the following results, we denote w} € argmin,cqr) Jn(w, 7™), the optimal parameters
w € B(R) for the target at iteration n € N. Theorem 1 establishes the first bound on the value
function optimality gap for Algorithm 1.

Theorem 1. Let Assumptions 1 and 2 hold, let 0 < 7A < 1. Then there exists C < 0o such
that for alln > 1,
oin V" (p) = Vi ()

n—1
1 1
< 1 4 E_ky k _k
-C<A<Azn+ >+nk:0(Jk<wm> T, 7))

=

+ 5approx(n)> .

See Appendix C for a proof.

Theorem 1 shows that, up to approximation errors, the convergence of Algorithm 1 relies on
two components. The first is the actor tracking error, that is how well can performing just one
step of gradient descent on the objective track the evolving target. Secondly, one can see that
the first term yields a constant which can be controlled by A. Thus if one can also control the
actor tracking error by a function of A, after a careful fine tuning a convergence rate may be
possible. To that end, as standard in the analyses of coupled actor-critic and online gradient
descent algorithms (Barakat et al., 2022; Olshevsky and Gharesifard, 2023; Mokhtari et al.,
2016), we must establish sufficient regularity of the objective in order to control the tracking
error.

To that end, since in general the reverse KL objective is non-convex, we must derive some
sufficient conditions under which convexity holds. The first step towards doing so is by defining
the following operator.

Definition 4. Let D : A — SM be D(a) := diag(1 — a?,...,1 —a2,) and for any f € C?(A)
define 7 : C%(A) — C(4A;SM) by
1 1 .
(T f)(a) := D(a)ivgf(a)D(a)§ — 2d1ag(a10a1f(a), . ,aM8aMf(a)).

Firstly observe that since f € C?(A), Tf is continuous on A and thus 7 is well defined.
Moreover for any a € A, we can express 7 component-wise as
(1 — af)0asa; f (@) — 2a:0, f(a), i=j,
\/(1 —a?)(1 — a2) ua, fla),  i# ]
For the special case of M = 1, T reduces to the classical Legendre differential operator d%( (1—
a®)f'(a)) (DLMF, §18.8). In the present setting, 7 provides a convenient way of expressing the
curvature of the actor objective and critic estimate and which in turn allows us to establish

sufficient convexity conditions on the actor objective. Recall that, for each integer k& > 1, S*
denotes the space of real symmetric matrices in RF**.

(T f)ij(a) = {

Theorem 2. Let Assumptions 1 and 3 hold and define
Rgi= s |T(Q"(5)(a)
neN, seS, acA

Moreover let 0 < TA < 1 and csr = minj<j<pr (1 — tanh?(R + 0i)) (2@(1) — 1) with ® : R —
(0,1) the standard Gaussian cumulative distribution function. If it holds that

)
op

<,

v ‘@%U



8 AN ANALYSIS OF MIRROR-DESCENT SOFT ACTOR-CRITIC

RA
then the functions w — Jp(w,7") and w — Jy(w,7g) are (1 — ) (2 - —Q) cx RAp-strongly

T

convex and 2 + ?—smooth on B(R) for alln € N.

See Appendix D for a proof.

Theorem 2 demonstrates sufficient conditions under which for any n € N, the actor objective
with mirror descent target w — Jy,(w, ™) is strongly convex on the Euclidean ball of radius
R > 0. Fundamentally speaking, this condition ensures that the Hessian of the actor objective
is uniformly positive definite. Intuitively speaking, the curvature induced by the differential
entropy relative to Lebesgue measure dominates the worst-case adverse curvature introduced by
the critic, thereby preventing the actor objective from developing locally non-convex directions.
See Remark 1 in Appendix D for an explicit example of R@ for Fourier critic parametrisations
and see Figure 1 for a comparison of training dynamics for the MDP defined in Appendix J in
the cases where the condition in Theorem 2 is satisfied and violated.

With Theorem 2 in hand, we now seek to control the actor tracking error.

Lemma 2 (Actor tracking). Let Assumptions 1 and 3 and the condition of Theorem 2 hold,
and suppose that 0 < h < 5—z—. Then there exists a non-negative constant Cy < co such that

for every n > 1, it holds that

1712:1(J (w®, 7%y — Jp(wk 7rlg)>é <C i-ki
nk:o k ) k\Wy, >~ U1 hn 2

See Appendix F for a proof.

Lemma 2 separates the actor optimisation error from the drift of the target and shows that,
when the target policy arises from the mirror-descent update (5), the drift of the target can
be directly controlled through the mirror-descent step size A > 0. In particular, small A makes
consecutive target policies closer and therefore allows the actor, despite performing only a single
gradient step per iteration, to track the evolving target more accurately.

However, of course choosing A\ arbitrarily small does not come for free. Indeed, Theorem 1
contains the term )\—ln, reflecting the progress made by the underlying mirror-descent updates
that we are approximating. This demonstrates an intrinsic trade off for Algorithm 1 between
smaller values of A, which produce a slowly moving target that is easier for the actor to track,
and larger values of A which allow for more aggressive policy improvement but increase the
actor tracking error. Therefore balancing these effects is required to establish a result which
demonstrates convergence up to approximation errors.

It is now worth addressing the behaviour of the actor tracking error when one has the classical
Gibbs target (4) rather than the mirror descent target. For the following corollary and its proof,
{w"},>0 denotes the iterates of Algorithm 1 with 7! replaced by 7r?;rl in the actor update
in Algorithm 1. To that end, for k > 1 let us denote w’&* = arg min,,co(g) Jk(w,wé), which is
unique under the conditions of Theorem 2.

N

Corollary 1. Let Assumptions 1 and 8 and the condition of Theorem 2 hold and let 0 < h <
Then there exists Cg < oo such that, for every n > 1,

n—1 1 1
1 3 1 1 /1 4
5 (ot i) (i (o)

k=1

_ T
2T+ Ry

The classical Gibbs target incurs the non-vanishing term % Consequently, even when the
replay distribution changes slowly, the bound in Corollary 1 does not guarantee that the actor
can track the Gibbs target arbitrarily closely. In contrast, the mirror-descent formulation pro-
vides an explicit mechanism for slowing the evolution of the target to match the optimisation
timescale of the actor. See Figure 2.

Theorem 3. Let Assumptions 1, 2, and 8 hold and suppose that the conditions of Theorem 2
hold. For any integer N > 1, let ¢ := min {l i} and let {Ter}T],v:—Ol be the iterates of Algorithm

T
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1 with A = ]‘34 and 0 < h < ﬁ. Then there exists C < oo such that
2N5 Q

* 1
Og{nsiﬁ_l Vir(p) = VI (p) <C (N_g + 5applfOX(N)> :

Theorem 3 demonstrates that for a carefully tuned proximal penalty/step-size A > 0 and
step size h > 0 and any projecting radius R > 0 one can establish a finite time convergence rate
up to approximation errors. One promising route to achieving a faster convergence rate, at the
cost of a more intricate analysis, is by also incorporating the critic dynamics and controlling
the accuracy to which the critic is solved to at each iteration. Another one is to restrict R > §
for some § > 0 sufficiently large in order to ensure that the minimisers w? lie in the interior of
B(R). We do not pursue this here in order to retain generality for every R > 0.

(a)1S1=8, M=2 (b)ISI=16, M=4 ) 1S1=32, M=8
Ecrit=0.2 Ecrit=0.2 Ecrit=0.2
Rg
—l— < T
34 2
] | 130
— = R—ZQ >7T 65
321
2 60 120
& 30
>
55 - 110-
28
26 1 -t = oy e oy e 50_ e ) = e ) = =k 100 -
0 2000 4000 0 2000 4000 0 2000 4000
d)ISI=8, M=2 (e)IS1=16, M=4 (f)1S1=32, M=8
Ecrit = 15 Ecrit = 15 Ecrit = 1 5
34 65 130 1
32
= 120
g, 30
N
110
28 1'% == s —h= e = e k= A o o B —d e A e A A =]
100
0 2000 4000 0 2000 4000 0 2000 4000
Actor iterations Actor iterations Actor iterations

FIGURE 1. Training curves of Algorithm 1 for the MDP in Appendix J, with
varying state-space size |S| and action dimension M, A = (—1,1)” and tem-
perature 7 = 1. Within each panel, the two critics have equal error e..i but
different Rs. The curvature condition of Theorem 2 is satisfied in green and
violated in orange. Curves show means and shaded regions show one standard
deviation across nine paired initialisations.

9. CONCLUSION AND LIMITATIONS

In this work, we prove convergence guarantees for a mathematical formalisation of Soft Actor
Critic and demonstrate theoretical advantages of having a target policy arising from mirror
descent rather than the classical Gibbs measure.

While the results in this work can be directly demonstrated in simplified settings (see Figures 1
and 2), the analysis is only performed in the population setting and thus the effect of sampling
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ISI=8, M=2 ISI=16, M=4 IS1=32, M=8
I -2 |
10 2 4 10 10—2 i
034 1073 10-3 4
N
== n=4000
10~ 4 == 11=10000 1074 4

1074 5

10-5 4 —— n=4000 1073 + 1075 4
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A A A

FIGURE 2. Averaged actor tracking error én =

LS hen (Ji(wh, ) — Ty (wh, Fk))% against the mirror-descent step size A
for the MDP defined in Appendix J with exact critics, evaluated at four actor
budgets n (light to dark). Solid lines use the mirror-descent target (5) and
dashed lines the Gibbs target (4) at the same budget. For the Gibbs target A
does not enter (4) itself, only the replay dynamics of Definition 5. See Appendix
J for more details.

remains open. Moreover, we do not incorporate explicit critic dynamics in this work which
remains a challenging direction for future work.
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APPENDIX A. NOTATION

Let (E,dg) denote a Polish space, that is, a complete separable metric space. We always
equip a Polish space with its Borel o-field B(E). We denote by By(E) the space of bounded
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measurable functions f : £ — R, endowed with the supremum norm

|f|Bb(E) = sup | f(z)].
el

We denote by M(FE) the space of finite signed measures on E, endowed with the total variation
M) =

norm
/NMM,
IflBym)<LIVE

and by P(E) C M(FE) the set of probability measures on E. For Polish spaces FE and F', P(E|F)
denotes the set of probability kernels from F' to E. For u,v € P(E), their relative entropy is

KL(ulv) 1= [ 1o S )uda)

when p is absolutely continuous with respect to v, and KL(u|v) := 400 otherwise. For u € P(E)

and a fixed o-finite reference measure v on E, the entropy is H(p) := — [ log du( x)u(dr) when
w is absolutely continuous with respect to v and the integral is Well defined, and —oo when it
is not absolutely continuous; the reference measure is A on A and Apm for the Gaussian laws
on RM. Given p > 1, a measure p € P(E), and a measurable function f: E — R, we write

| fleegu = </E|f(x)|”u(d:r)>;.

We let N :={0,1,2,...}. For any k € N with £ > 1, we denote the Euclidean inner product
on R* by (-,-) with norm denoted by | - |2, and we write |z|; := Zle || for the £* norm. We
denote the Euclidean ball of radius R > 0 in R? by B(R) := {w € R? : |w|s < R}. We denote
by S* the space of real symmetric k x k matrices and by Ij, the k x k identity matrix. For a
real matrix H, its Euclidean operator norm is

|H|op := sup |Hvls.
|v]2=1
For H € S*, Amin(H) denotes its minimum eigenvalue. Given H,G € S*, we write H < G if
G — H is positive semidefinite and H < G if G — H is positive definite. For z = (z1,...,2;) € R¥,
diag(z1, ..., 2r) denotes the k x k diagonal matrix with diagonal entries 21, ..., zj.

For an open set U C R¥, C2(U) denotes the space of twice continuously differentiable real-
valued functions on U. For a Polish space E, C(E;S") denotes the space of continuous functions
from E to S*.

To ease notation, for each m € P(A|S), s € S and a € A we define Pr(ds'|s) := [, P(ds'|s,a)n(dals)
and P™(ds' ,da’]s,a) := P(ds'|s,a)m(dd|s).

APPENDIX B. BACKGROUND

The state-occupancy kernel d™ € P(S|S) is defined by
d™(ds'|s ny”P" (ds'|s

where PP is the n-times product of the kernel P, with PO(ds'|s) := 6s(ds’). Given any state
distribution p € P(S), we define the state-occupancy measure as

dy(ds) :/Sd”(ds|s/)p(ds/). (6)

Definition 5. Let p € P(S) be an initial-state distribution, let x > 0, and suppose that
0 < xA < 1. Given a sequence of policies {myn }n>0, define the sequence of replay distributions
{pn}n>0 C P(S) recursively by

po:=p,  pnt1i=(1=xAN)pn +xAdg*",  n=0.



AN ANALYSIS OF MIRROR-DESCENT SOFT ACTOR-CRITIC 15

Equivalently, for every n > 1,

n—1

pn= (L= XA+ XA (1= xA)" T dp.
=0

Lemma 3. For every n > 0, the replay measure satisfies

pn > (1 =7)p,

Amin ( / x(s)w(sfpn(ds)) > (1-)Ap.

Proof of Lemma 3. Recall that pp11 := (1 — xA)pn + xAdp*". Let §:=1— xA. Unrolling this
gives

n—1

pn=B"p+(1—B)> B dy

J=0

Since dj > (1 — 7)p for every policy T,

pn > (B"+ (1 =71 =5")p = (1—7)p.

Finally, for any v € R?,

o7 (a7 puta@9)) o= (1= )" ([ a(s)ate) ot ) v

which concludes the proof. U

We recall the dynamic programming principle from (Kerimkulov et al., 2026, Appendix B).

Theorem 4 (Dynamic Programming Principle). Let 7 > 0. The optimal value function V* is
the unique bounded solution of the following Bellman equation:

ve(e) = —riog [ e (~103(s.0)) Ataa)
where QX € By(S x A) is defined by
Q% (s,a) = c(s, ) —|—'y/SVT*(s’)P(ds'|s,a), W(s,a) € S x A.
Moreover, there is an optimal policy ©* € P(A|S) given by
*(dals) = exp (—71_(62:(3, a) — v:(s))> Ada), VseS. (7)

Finally, for every m € P(A|S) with H(w(-|-)) € By(S), the value function V] is the unique
bounded solution of the following Bellman equation for all s € S
dm

V() = [ (@ts.a) + riow G (5. 0) ) maals).

We now prove a performance difference lemma for policies with possibly unbounded log
densities but with bounded entropy.

Lemma 4 (Performance difference). For every p € P(S) and every m € P(A|S) such that
VI € By(S) and H(w(:|-)) € By(S), it holds that

V’rﬂ(p) - Vrﬂ—* (p)

1

=15/, (/AQi(SaG)(W—W*)(da\S) +7 (H(7"(-]s)) —H(Tr(-S)))>d’pr (ds).
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Proof. Fix p € P(S) and m € P(A|S). By Theorem 4, for all s € S it holds that
/A Q7 (s,a)(m —*)(dals) + 7 (H(r"(-|s)) — H(r(]s)))
~ ([ @zarmtaals) - riita19) ) - ([ @x(s.apw*d@als) - (o))
= V7 (s) ~ VI (s) — /A (@7 - @7") (s.a)7*(dals)

= V](s) = VI (s) = /S (VF(s) = V() Pre(ds']s),

where in the second equality we used that V7 (s) = [, Q7 (s, a)n(da|s) —7H(7(-|s)). In the third
equality, we used the definition of the state-action value function in (1). Now set f := V7 — V™
and let g denote the left hand side. By assumption we have V. € By(S) and by the Bellman
principle, since ¢ € By(S x A), we have V™ € By(S) and thus f € By(S).

Similarly, since V' € By(S) it holds that QT € By(S x A) and H(n(+]-)) € By(S). By the
Bellman principle, it also holds that H(7*(+|-)) € B(S). Therefore, by Kerimkulov et al. (2026,
Lemma 3.2), for all s € S it holds that

* ]_ *
Vi(s) = VI (s) = ——— [ g(s)d™ (ds'|s).
IL—7Js
Integrating both sides with respect to p and using the definition of the state occupancy measure
in (6) concludes the proof. O

Define

d
My = {m € P(A) : logd—ZL € Bb(A)} :

and notice that this is a convex subset of P(A). A proof of the following classical three-point
lemma can be found in (Aubin-Frankowski et al., 2022).

Lemma 6 (Three point lemma/Bregman proximal inequality). Let G : My — R be convex.
For all m' € My let

m* = argmin {G(m) + KL(m|m')} .
meMp

Then for all m € M we have
G(m) + KL(m|m') > G(m*) + KL(m|m*) + KL(m*|m’)
AppPENDIX C. PROOF OF THEOREM 1
Proof. For some A > 0 with 1 —7A € (0,1) and for all n > 0 and s € S, recall that
7" (+|s) = arg min Q" (s,a) + Tlog —(s,a) | m(da) + — KL(m|x"(-|s)) ¢.
meP(A) | JA dA A

By (7) and (46), 7*(:|s), 7"(-|s), 7" 1(:|s) € My, and the minimiser in the preceding display
belongs to Mj. The Three Point Lemma (Lemma 6 with m = 7*(-|s)) yields

n

/A <C§”(s, a) + 7log %(s, a)> (7" — 7*)(dals) (8)
< % (KL(Tr*|7T")(s) — KL(ﬂ'*|7Tn+1)(S) - KL(W”H\W”)(S))
An dr" n n
+/A (Q (s,a) + 7log dA(S’a)> (7" — 7" 1) (dals).

We will now lower bound the left hand side. Firstly recall the standard identity

dm™ * o * * n
/Alog i (8a)m (dals) = —H(n"(-|s)) — KL(7"(-|s)|7"(]s)).
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Consequently,
[ Qs =7 (dals) + 7 (B( (1s) = H(=" (1)
= /A <@”(s, a) + 7log CZLATL(S, a)) (" — 7*)(da|s) — T KL(7*|7"™)(s)
< [ (@ o0+ g L0 (7 - 7)),
Therefore (8) becomes
[ @) = 7*)dals) + 7 (H(x" (1) ~ B 1) ©)
< 1 (KL(r |)(s) = KL(r b+ (s) = KL ) )
+ /A (@"(s, a) + 7log C;i[:(s, a)> (r" — 7"+ (dals).

Now we seek to upper bound the final term on the right hand side of (9). By Pinsker’s inequality,
it holds that

/A (@n(s, a) + 7log ZLATL(S’ a)) (7" — 7"+ (dals)

S><A> ’WnH .’S)}M(A)

<Qmax + TC10g> \/2 KL 7Tn+1 S)‘ﬂ'n

log

neN

(Qmax + T Sup

‘Bb (5x4) ° < QT = Clog by (47). Now, by Young’s inequal-

ity in the form ab < %‘aQ + 2 b%, with a = Qumax + TC]Og and b = \/2KL(7"tL(-|s)|7"(-]s)), we
obtain

where we used that sup,,cn ‘log ar

KL(x" 1 (|s)[7" ("]s))

Qumax + 7Clog ) VZRL( 1 (fs)[7"(5)) -

IN

M\»w\y o] >

|

X

A 7L s) |7 (s
(@ +7C05) "+ o5 (VERLG (sl (s))) — LRI

G+ 701"+ KUT T (1) KL ()l

-3 (@
< max + TClog)2 .

Therefore (9) simplifies to

/A@”(& a)(m" — %) (dals) + 7 (H(7"(-]s)) — H(7"([s)))

< % (KL(*|7"™)(s) — KL(7*|x" 1) (s)) + % (@max + Tclog)Q :

Therefore after integrating over S with respect to dg* € P(S) and summing over k =0,...,n—1

we arrive at
- 0</ (/Q s,a)(n* = ) (daly) + 7 (H(m <!8>>—H<w’“<-rs>>)>d’é"(ds)) (10)

]_ * n ~ 2
< = *],.0 u
=3 /SKL(TF ‘71' )(S)dp (dS) + 9 (Qmax + TCIOg) s

n—1
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Now we turn to the performance difference lemma (Lemma 4) for between m,» and 7*, which
states that

(v (o) = v ()

1 T (g ) (myn — 7)) (dals) + 7 (H(7*(-|s)) — H(myn (+|s ™ (ds
e S(/AQT (5,0 (man = 7°)dals) + 7 (H(x* (1) H<w<\>>>>dp<d>.

Adding and subtracting @” and using Assumption 1, it holds that

(Ve (o) = Vi ()

< 1 ( / ©"<s7a><wwn—w*)(da|s>+T<H<w*<'|s>>—H<wwn<~|s>>>>dz (ds)
A

“1-7Js

Furthermore adding and subtracting 7" and H(7"(+|s)) we arrive at

Ve (p) = VI (p)

< ( ©"<s,a><7r"—w*)(dars>+T<H<7r*<-\s>>—H<w"<-\s>>>>d;;*<ds>
S A

A

L o — 1™ (dal|s) + 7 (H(7"(-|s)) — H(mwyn (-|s ™ (ds
+1_7/S</Q(s,a)<w )(dals) + 7 (H(x" (1) H<w<\>>>)dp<d>

To bound the second term on the right hand side, observe that by Theorem 5 and Pinsker’s
inequality, it holds that

/A@”(& a)(myn — ") (dals) + 7 (H(7"(:|s)) — H(mwn ([s)))

~ 1
< Qmax ‘ﬂ'w"("3> - 7Tn(|8)’M(A) + 70k KL(ﬂw"("S)‘ﬂ'n("s))Q
1

< (V2Quax + 70k1) KL (mn (8)]" (]3))?.

Therefore after integrating over S with respect to dg* it also holds that

/s (/A Q" (s, a)(mun — ™) (dals) + 7 (H(x"(|s)) — H(an(.|s)))> 0" (ds)

< (V20umax + 7Cx1) /S KL(un (-5)|" (-5)) 2T (ds).
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By Holder’s inequality and assumption 2, it holds that

S (/S KL(WHS)W(.s»p(ds))é (/s (%<s>>2p(ds)> |

*

Vier (p) - VI (p)
< f (/ Q"(s,a)(x" — =*)(da|s) + T (H(w (IS))—H(F”('!«S)))>d2*(d8)

A2(V2Qmax + 7C 1
4 2220 TTOKL) 5 w2y 4
(1-7)2 1=

2€crit

19

(12)

Now let w{ € argmin,cqpg) Jn(w,7"). Adding and subtracting J,(w{,7") and using that

(a+ b)% < a? + b2 for any non-negative a, b it holds that

VTﬂ-wn (P) - VTﬂ-* (P)

Sf (/Q” s,a)(n" — %) (dals) + T (H(m (S))—H(W”(-\S)))>d’;*(d5)

+ A2(V/20mas TCKL) (Jn(w™, ) = o (W, 7 + Jn (W], 7)) 7 + fg_c“t
(1=7)2 K
< f </Q” (s,a) (" — ") (dals) + 7 (H(m (Is))—H(ﬂ”(-ls)))>d2*(d8)
A2(\/§Qmax + 7_C’KL) 2ecrit
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Summing over k =0,...,n — 1 for any n € N it holds that

> (V" () Vi ()

<1 Z/(/kaa wh — ) (dals) + 7 (H(x*(]s)) - H(wk<-|s>>)>dﬂ*

5 (ds)
A2(\/§Qmax+7'CKL) wk 7rk o wk % k % 2t
o kzg((m ) Dk ) ) 4

Substituting in (10), we arrive at

1 (V7" (o) = v ()

3
|

(]

0
1

*1..0 T n ~ 2
A(l—’y)/sKwr ) () (ds) + 5775 (Qumax + 7Clog)
3 n—1 i |
AQ(\&(?HIaX ;TCKL) 2 <<Jk(wk’ﬂk) - Jk(wfmk)) ‘4 Jk(wf,ﬂk)é>  Zaun
— )3

k=0 1=7
Dividing through by n > 0, using that the minimum is less than the average and Jj,(w”, 7%)
k- .

AT

€acty WE arrive at

oJn Vi (p) = VI (p)

b 7|79 (s)d”" (ds
< S LKL () +

(\[(?max +7Cx1) Z_: ((Jk wh, 7F Jk;(wffﬂrk))é + (F )5> + 2erit
— 2n

act
k=0 1=

n—1
i 1 E_ky E _k
gC(An+/\+nZ(Jk(w,7r) Jk(w*,ﬂ)>

k=0

2(1)\_7) (@max + TCIog) i

N

+ Eapprox (n)> s

where

o 1 £1.0 o (Q\max+TClO )2
C:= maX{MLKL(W [7)(s)dy; (ds), 20— g

A2(\/§@max + TCKL) 2
(1-)2 1)

APPENDIX D. PROOF OF THEOREM 2
Proof. For any n € N and w € B(R), recall that

Jnir (w, 7" = /S KL(m (18)l7" ! (5))pu1 (ds).

Focusing on the integrand, by Lemma 1, for every s € S it holds that

KL(mw(-[s)|7" 1 (-]s)) = KL ((tanh) 4qu (-|s)| 7" (-|s))

=KL (qw(‘\s)| (tanhfl)# W”*l(-\s)) .

Let Agum denote Lebesgue measure on R, Since tanh : RM — A is a measurable bijection
with measurable inverse, performing the change of variable a = tanhu with © € RM | for every

(13)
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B € B(RM) it holds that
((tanh™ 1) x7" 1) (Bls) = 7"t (tanh(B)|s)

dﬂ.n-i-l
= s,a)A(da
/tanh() (5, @)A(da)

dﬂnJrl
= / ——(s,tanhu)2™™ det D(tanh u)Agar (du).
B

dA
Thus it holds that

d (tanh™") , 7"+ det D(tanh u) dr™+!
dAsz (s,u) = 2(M ) i (s,tanhu) (14)
det D(tanh u) EA
=———— ‘“exp|—-A ) QF(s,tanhu) | ,
P 7 (5) ( Z ( ))
such that Zp41(s) := [, exp ( AY (1 — T)\)"_k@k(s, a)) A(da). To ease notation, let
(s,u) := AZ )"k Q¥ (s, tanh w).

Starting from (13) we therefore have that
KL(my (-]5)[7" 1 (]s))
=KL (gu(-|s)] (banh ") , 71 (:[s)

dqu
= lo S, U)qy(duls
/]RM &4 (tanhfl)# 7T"+1< Jgu(duls)

dqw dAR]M
— [ w(d
/R]W °8 <dARJ\4 (S’u)d (tanh_l)#ﬂr”Jrl (s,u)) du(duls)
dqw d (tanh_l)# antl
= [ o8 G auls) = [ tor (s gl

= —H(quw(:|s)) + /]RM (log (2M7n+1(5)) + Fy(s,u) — log det D(tanhu)) gy (duls)

. (2210gcoshuz+F 5, ) qw(duls)

M
2 Zn+1() M
= 2 logcoshu; + F,(s,u) | gu(duls) +log —————~— — —
/RM ( ; ) (277)%\/det2 2

where in the fifth equality we used (14) and the definition of the entropy H(qy(:|s)). In the
sixth equality we used det D(tanh u) = Hf\il cosh™2u; and in the final equality we used that

H(qw(+|s)) = log((27r) " V/det Y) + 4. We now further ease notation through

— “H(gu(]s)) +1og (271 (s)) + /

R

, (15)

M M7

~ 27, M

F,(s,u) =2 Zlog coshu; + Fy(s,u), Cp = / log M—H(S) — — | pnt1(ds).
P s (2m)2 Vdety 2

Therefore integrating (15) over S with respect to p,41 it holds that

Jn+1(wa 7rn+1) = / ﬁn(& U)Qw(du‘s)pn-‘rl(ds) + Cn
RNI
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Now recall that for f € C?(A) and a = tanhu, the definition of 7 and the chain rule give,
for every i,5 € {1,..., M},

8u uj (f(tanhu)) (1 - ay )(1 —a; )aa a]f( ) 21{@':]‘}@2'(1 - az?)aaif(a)y
V2(f(tanhu)) = D(a) (T f)(a)D(a)?.

Moreover recall that Rg = supen, ses, aca 1T (QF (s, ))(a)|op- Since 0 < D(a) < Iy, it there-
fore holds that

V2 Fy(s,u) = D(a)? (muz )RR (s, ) (a >> D(a)

k=0

> (2 — Rg\ zn:a — m)”k> D(a).

k=0
Analogously it also holds that

NI

V2 Fy(s,u) = Dla %<2IM+AZ )" FT(QE (s, ) a >> D(a)

< (2 + R\ 2(1 - m)”’“> D(a).

k=0
and thus after using that A>}_(1—7A)""* <1 for all s € S and u € RM it holds that

(2 - RT@) D(a) 2 V2F,(s,u) < (2 + Rf) D(a).

Since a = tanh u, we may write these bounds as
e 2 e
— —= | D(tanhu) X Vi F,(s,u) = [ 24+ —= | D(tanhu). (16)
T T

Now we have upper and lower bounds on the Hessmn of ﬁn, we translate these into upper and
lower bounds on the Hessian of the objective Jny1(w, 7" ™) = [o [aar Fu(s, u)qu(duls)ppi1(ds)+

Cp. On that end, firstly observe that after performing the change of variable u = my,(s) + Sz
it holds that

/ F(s,u)qu(duls) :/ Ep (s, mu(s) +E%z)q1(dz).
RM RM

Applying the chain rule twice (after recalling that m.,(s) = x(s) "w) yields

v2 < L. ﬁn(s,u)qw(duys)) — a(s) ( IO ql(dz)> 2(s)".

Consequently, for every v € R%, it holds that
0 ([ Falsnulands)) o a7)
RM

- /RM (2(s)T0)T V2F, (s, u) (z(s) Tv)g' (dz).

1
u=mqy(s)+3X2 2

Now we apply the lower bound in (16) at u = m(s) + 222 to arrive at

v V2 (/RM ﬁn(s,u)qw(dms)) v (18)

M
> (2 - Q) Z(x(s)Tv)?/ (1 — tanh?®(me(s); + 0i2:)) ¢* (d2).

M
i=1 R
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It thus remains to lower bound each integral [ (1— tanh?(1m.,(s); + 042;))q' (dz). To that end,

since the integrand is non-negative and r — 1 — tanh?r is even and decreasing for r > 0, for
every 1 € {1,...,M}, w € B(R) and s € 5, it holds that

/ (1 — tanh?(my(s); + 0i2)) ¢* (dz) > / (1 — tanh?(my(s); + 0i2)) ¢* (dz)
RM {5€RM |5;| <1}

> (1 - tanh®(R + 0;)) / q'(dz)
{zeRM:|z;|<1}

=(1- tanh?(R + o)) P(1Zi| < 1)

= (1 —tanh*(R + o)) (2®(1) — 1).

Here Z ~ ¢!, ® is the standard univariate Gaussian distribution function, and |m.(s);| <
|z(s) "w|z < R. Taking the minimum of these lower bounds over i gives

/ (1 — tanhQ(mw(s)i + Uizi)) qt (dz) > exr
R]M

- mi _ 2 . _
_1§1SHM(1 tanh®(R + 0;)) (2®(1) — 1) > 0.

Let ¢y g := min<j<p (1 — tanh?(R + o)) (2®(1) — 1). (18) becomes

~ R
UTV’%U </RM Fn(svu)Qw(du|5)> v > (2 - 7_Q> CZ,RM‘(S)TU‘%' (19)

Integrating (19) over S with respect to p,41 gives

0TVE T, 7 o > (2— f) s [ Jao) oBpusa(ds) (20)
S

= (2 — Rf) xRy’ </S x(S)fU(S)TPHH(dS)) v

where we used Lemma 3 in the second inequality and Assumption 3 in the final inequality. Thus

(20) implies that the Hessian of w + J,41(w,7"*!) has a minimum eigenvalue bounded from
R~

below by (1 —y)Ap(2 — —2)ex g for all n € N, which in turn implies that w +— Jp41(w, 7™*1)

is (1 =9)Ap(2— TQ)CE,R—strongly convex for all n € N and w € B(R).
Now we turn to analogously demonstrate smoothness. Using the upper bound in (16) in (17),
we have

v V2 </RM ﬁn(s,u)qw(dms)) v

RaA M
< (2 + Q) Z(m(s)Tv)?/ (1 — tanh®(my,(s); + 0:2:)) ¢* (d2).
T i—1 RM
Since 1 — tanh?u; < 1 and ¢! is a probability measure, it holds that me(l — tanh?(my(s); +
0:2))q"(dz) < 1 for every i. Hence it holds that

~ R5
UTV%U </RM Fn(s,u)qw(dus)) v < <2+ Q) ]w(s)Tv@. (21)

T
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Integrating (21) over S with respect to pj4+1 gives

R~
v Vo Jp (w, 7 o < (Hf) / |2(s) "0l3pn+1(ds)
S

R,\
< (2+ Q) l0[2,
.

where the final inequality follows from |z(s)|op < 1 for all s € S. Thus, the maximum eigenvalue

n+l)

R~
of the Hessian of w — Jp41(w, 7 is bounded from above by 2+ 7Q uniformly over n € N and

w € B(R). Hence, w > Jp1(w, 7"H1) is 2 + @—smooth. For the Gibbs target (4), the same
calculations hold with F,(s,u) = %@”(s,tanhu). Since ]T(@”(s,-))(a)\op < Rg, the bound
(16) still holds, and the remaining argument gives the same strong-convexity and smoothness
constants for w — Jni1(w, 7). O

Remark 1 (Linear Fourier critic). Suppose that @"(s,a) = (0™)"¢(s,a), where |07 < C and
& = (&,...,¢k) with &(s,a) = ¢;(s) cos(ija) with w; € RM and |¢;(s)] < 1. A direct
calculation gives that for each s € S and a € A, |V4&;(s,a)|2 < |wjl2 and [V2€;(s, a)|op < |w;3.

Therefore it also holds that
l
1T (s,)(@)lop < [D(a)2]2,|Va&i(s, a)lop + 2 max |ai0a,&; (s, a)|
< wjf3 + 2Jwj 2.

Hence we have

K K 2
TQ" (5, ) (@)lop < 3 07 11TE (5, )(@lop < C | S (13 + 2lwy)*
Jj=1 Jj=1
Thus the conditions of Theorem 2 is satisfied whenever
K 3
S (sl + 2ol | < -
j=1

APPENDIX E. PROOF OF LEMMA 9

Lemma 9. Let Assumptions 1 and 8 and the condition of Theorem 2 hold and let 0 < xy\ < 1.
Then for all n € N it holds that

(Wit — wl'f3 < CaripA
such that Cpip = % (16@maX + 4y (KE,R -+ 262%)) and Kk := (1 —7) (2 — —) CY RAP-

Proof. Firstly define Dy, (w) := Jyo1(w, 7)) — Jp,(w,7™) for any w € B(R) and observe that
by Theorem 2, w +— J,(w,n™) is k-strongly convex for all w € B(R) and n € N, which implies
that

K

5 lws with — w3 < T (wi, 7 = Jng (w7, (22)
Moreover since Jy,11(w?, "H) Jnp1 (wiH gty < D (w?) — Dy (w? ) for any n € N, it
suffices to bound D,,(w?) — D, (w?*1). To that end define

d dn™
(s, 1= log S5, = [ og (s, ) A )

Observe that by (46), a direct calculation yields

i1 (s,a) = (1 — 7A)n(s,a) — A (@"(s, a) — /A@"(s,a/)wo(da’\s)> .
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Subtracting [,, from both sides for each s € S and a € A gives

L1 (s,a) — ln(s,a) = —TAly(s,a) — A (@"(s, a) — /A Q" (s, a’)wo(da/|s)> .

Taking absolute values and using the triangle inequality, we obtain

lns1(s,a) = Ln(s, )] < TA[ln(s,a)| + A ‘@”(s,a) — / Q"(s,a')w"(dd'|s)| . (23)
A
Moreover observe that
@(s0)— [ @osaadls) 1@+ [ 13" a0
A A
< 2|Q" B, (5% 4)
< 2Qmax,
Thus, for all n € N, (23) becomes
lln1 = lnlg,(sxa) < A <T|ln|Bb(SxA) + 2Qmax> : (24)
By (46), A(A) = 1 and the triangle inequality, it holds that
A - n— 2éjmax
llnlB,(5x 4) < 2QmaxA Z(l —TA)"R < —
k=1
Substituting this into (24), we obtain
26/x?\max A
llnt1 = lnl g, 5xa) < A (T <T> + 2Qmax> (25)
= 4A@max-
Thus for every w,w’ € B(R) and n € N, by (25) it holds that
} (JnJrl(wv 7Tn+1) - JnJrl(wa Wn)) - (JnJrl(w/: 7Tn+1) - Jn+1 (w,a Wn)) | (26)

/S /A (1n(5,0) — Lo (5, @) (T — ) (dals)pnss (ds)
< 2[ln41 = Inlp, (5% a)
< 8AQmax.

Now recall that by the proof of Theorem 5, for all n € N it holds that KL(m(+|s)|7"(:]s)) <

Ksr + 2@% =: My for all s € S. Moreover, by definition of the replay distribution we have
P+l — Pn = XA(dp®" — py). Thus it follows that

|(Jns1(w,7") = Jp(w, 7)) = (S (W', 7™) = Jn(w', 7)) (27)

/ KL(m0y (-8) |7 (15)) (pns1 — pn)(ds) — / KL(m0r (18)7" (1)) (o1 — pu)(ds)
S S

= XA ’/ (KL(mw (-[s)[7" ([s)) = KL(mu (-] s)|7" (:|5))) d5*" (ds)
S

—/S(KL(M(~!S)I7T”(-IS)) — KL(7ur (-|5)|7"(-|5))) pn(ds)
S 2X>\MJ

Now define Dy,(w) := Jp41(w, 7)) — J,,(w, 7). Combining (26) and (27) yields

Dy (w) = Dy ()] < A (8Qmax +2xMy ) (28)
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Now observe that, since w + Jy, 11 (w, 71) is k-strongly convex on B(R) and w™ ! minimises

w > Jpy1(w, 7 F1) over B(R), we have

Sl -

Adding and subtracting J,,(w?, 7%) and J,,(w?T1, 7™) and using (28) yields
T A1) — i (w377 € Dy () — D) < A (8Qumae + 200y ) . (20)

W3 < Tpgr (W, 7" — Ty (w7,

Combining (22) and (29), and rearranging, concludes the proof. O

APPENDIX F. PROOF OF LEMMA 2

Proof. Let k := (1 — ) (2 — —) esrAp and L == 2 + Q. By assumption and Theorem 2,
w — Jp(w, ™) is k-strongly convex and L-smooth for any n € N. Now recall that by definition,
for any n > 1,
w" = Py(R) (w”_l — WV Jp (w1, W")) .

Since wi = argmin,,coq(r) Jn(w, 7"), the first-order optimality condition gives that for all w €
B(R)

(Vwdn(wy, Wn))T (w —w}) > 0. (30)
Since B(R) is closed and convex, the projection characterisation gives x = Py(r)(y) if and only
if (y—z) T (w—2z) < 0for allw € B(R). Applying this with z = w? and y = w? —hVJ, (w?, 7),
(30) implies that

= Py(r) (0 — hVyJn(wy,7")).

Therefore, it holds that

" — w?[3 = |Pyry (W'~ hV (w1, 7)) — wh| (31)
= |Pyr) (0" = bV Jp (w1 7)) = Poyry (W) — BV I (wl, 7" ‘z
< J" =l = (Vdn ("7 = Vi (7))

= ™" = w3 = 2h (Vadn(w™ !, 7") = Vi Ty (w?, 7)) | (" — w?)

_ 2
+ h? |V (w" L) = Ve dn(w?, ™) 5
where in the first inequality we used the non-expansiveness of the projection operator. By

Nesterov (2004, Theorem 2.1.12), it holds that

(Ve (w, m) = Ve Jp (0, "))T(w—w) (32)
KL o
> HLIw— |2+ IV Tn(w, ) — VoI (@, 7")]3 .

Applying (32) with w = w" ! and w = w? and substituting into the right hand side of (31),
we have

"~ < o - Zﬁw ~ull 33)
2h
+<h2—/{+ )\v Tu(w" ™ 1) = Vo Jo (wl, 7))
— (1- 25t -
+ (h2 2+hL> |V (w1 7" = Vo (], 7|2
Since hL < 1 and k < L, it holds that iﬁ_hf > hk and
2 2h  _h_ 2h reL o

L —h
k+L - L Kk+L L(k+L) ~
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Hence, after dropping the nonpositive gradient term in (33) and using that 1 — ?ﬂf <1-hk,

we arrive at
2hxL _
ur — w2 < (1 20 ) ot - g

< (1= hr)lo" — w3,

Now adding and subtracting w?~! on the right hand side and using Young’s inequality for any
0 > 0, it holds that

1
lw"™ —w?|3 < (1+0)(1 — hw)w™t — w12 + (1 + 6) (1 — hk) |w? —wl 3.
By Lemma 9, for every n > 1 we have
1
lw"™ —w?|3 < (1+0)(1 — hw)w™™" — w2 4+ ACuiss <1 + 5) (1—hk). (34)

Now choose § := ﬁ, which is well-defined because 0 < hx < hL < 1. Then (34) becomes

hk _ 2(1 — hr)
n__ ,.n|2 < . n—1 w™ 1,2 o
lw™ —wiz < (1 + 31— hm)) (1 —hk)|w wy |5 + ACritt <1 + " > (1 — hi35)

hk _ _ 2ACrift
< (1—2> |w™ ™t — w3+ }mn

where in the last inequality we used that (1 + 2(1,;}1”)) (I1—-hk) < ,% Iterating (35), for any
k € N gives

o< (1-05) 0 - w4 B S (1 ) (36)
7=0
hi\ " 0 02 | 4ACaift
< (1-5) fot - bl + n,
To ease notation, | o 2wl .— 4Cqri : _ _
ion, let Cipnit := - and Cipack = — 4. Averaging (36) over k = 0,...,n—1,
we obtain
1 = k k|2 w wO % ik hk F )\Ctrack
EZMU _w*|2 Z ( > h2 (37)
k=0
Clnlt )\Ctrack
< .
~ hn + h?

Now fix k € {0,...,n — 1}. Since w ++ Ji(w, ") is L-smooth on B(R) by Theorem 2 for any
k € N we have

T L
Tewh, 1) = Tk, 7)< (Vudi(wh, 7)) (F —wh) + St - wl . (38)

By Lemma 8 for every k € N and every w € *B(R) it holds that

2 O <& 1
Voo T (w, wk)’ <2vVM + \[ N = = Cyrad
2 T T o
Moreover, since w*, wf € B(R), it holds that |w* — wF|; < 2R, which in turn implies that
|wh — wk|3 < 2R|w* — wk|s. Using this bound in (38) we have
Tu(w® 7*) = Jp(wl, 7*) < Cgraalw® — wils + LR|w® — wli]2 (39)
= (Cgraa + LR)|wk — wf|2.
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Since w¥ minimises w + Ji(w,7*) over B(R) and w* € B(R), the left hand side of (39) is
nonnegative. Define C3 := (Cgraa + LR)%. Then taking the square root of (39), averaging and
using Hoélder’s inequality, it holds that

-1 l C n—1
Z(Jk w 7T Jk( > ?Sz‘wk_wkb
k=0

k:0

S|

n—1 i
<Gy ( lek—w5\3> :

k=0

Substituting (37), we obtain

n—1 1 1
1 k _k k _Ek\)2 C'init )\Ctrack 4
EZ<Jk(w,ﬂ)—Jk(w*,w)) <Oy (7l
k=0
1 A\*
< 03 max {Clmt; Otrack} <h h2) .
Thus the result follows with Oy := C3 max {Cinit, Ctrack } . O

APPENDIX G. PROOF OF THEOREM 3

Proof. The proof is a direct calculation. Let ¢ := min { 1 i}, A= 213% and 0 < h < ﬁ.

Since N > 1 we have 0 < 7\ < 2 5 and 0 < xA < 5. Therefore by Theorem 1 and Lemma 2,
there exists C < 0o, independent of N, such that

_4 1 v o\14
et () “app““(N))

N N
SR
_l’_
|
_|_
N
S| =
[\
>
)
N———
iN|

; _1
N75 + 5appr0x(N)

IN
Q

1
(N_5 + Eapprox(N)> )

1
2 v I 9\
C—Cmax{ﬁ+2+<h+2h2> ,1}.

where

APPENDIX H. PROOF OF COROLLARY 1

Proof. Firstly recall that Theorem 2 holds in the case where the target policy is 7TG ! for all
Ry
n € N. Therefore w — J,,(w, ) is (1—7) (2 — —Q> cx RAp-strongly convex and 2+
for all w € B(R) and n > 1. Moreover, it also directly holds that
- 2max.
By(SxA) T

—smooth

dﬂ'G
dA

log
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and consequently by (42) we have

KL(myn (-[8)|7¢ (|s)) < K r +

Therefore, analogously to the proof of Lemma 2, let
Dk(w) = Jk—l—l(waﬂl(c;rl) - Jk’(wvﬂ-l(g})y
then for all k£ > 1 it holds that

‘(Jk+1(w77ré+1) - sz+1(wa77§)) - (Jk+1(wlvﬁé+l) — Jrpr (W, Wé))‘

(5,0) = @ (5,)) (mu = 7o) (dals)p 1 (ds)

4Qmax
- .

<

Moreover, using pp41 — pr = xA\(dp** — pi) exactly as in (27) gives

‘(Jk+1(w,7ré) - Jk(w,ﬂé)> - (Jk_,_l(w'ﬂrlé) Jp(w', WG))‘ < 2xAMg.
Therefore it also holds that

Qmax

| Dy (w) — Dyp(w')| < + 2x A\ M.

Now by strong convexity and optimality, we have

k+1 wG *|2 < Jk—i-l(wG *77TG ) Jk l(wétlvﬂéﬂ)

< Di(wé; ) — D(wgt)

4Qmax
T

| we

+ 2\ M.

Hence after rearranging it holds that
1
’wlg}tl - wG *’2 < Carift <7_ + X)\) ,
where Cayigy 1= L max {SQmax, 4MG}. Now by (32) and (33), for all k > 1 it holds that
hk 2C
k k k k drift
-l < (1) ok - b+ 20 (D).
Since |w! — wa*\g < 2R, iterating and averaging yields
1 k 8R?  4Cqi (1
ﬁzm B G*|2_ hk nJr h2k?2 ;+X)\ '
Moreover, by Lemma 8, for every w € B(R) and k > 1 it holds that

2 Omax <& 1
k L max
|WMWMﬁ%mJﬁH%TT;n
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Thus, by L-smoothness and Holder’s inequality,

(NI

n—1
U3 (el ) — Tt o))
k=1

where

1
2 4 ri 4
C = (Cgraa + LR)2 max{SR, Cdet} .
K K

APPENDIX I. AUXILIARY RESULTS
I.1. Proof of Lemma 5.

Lemma 5 (Entropy of a squashed Gaussian policy). For every s € S and every w € B(R), it

holds that
M M
(2m) 2 Vdet X M / '
log < o + 5 2 » ;1 log cosh(u;)qy (duls) (40)

M M
2 (2m) 2 Vdet X M
—2VMR — 2\/;;:1 o; — |log <M> + —

2 2
=: —KxR.

H(mu(-[s))

v

Proof. Since the Jacobian of u — tanhw is D(tanhu), the change-of-variables formula gives, for
every a € A with u = tanh™! q,

0y = — 2 Lo (20— ) TE )
T (27T)%\/det2detD(a) A2 b “ ‘
Therefore, by Definition 1 it holds that
H(my(-[s))
_ _/ (M log 2 — log((27) ¥ Vet =) — %(u () TS — mw(s))> g (dus)
RM
M
log(1 — tanh? u;) gy (d
+/RZ og(1 — tanh® ui) gy (duls)
M M
o (@enFVaeas\ M / |
= log < o0 + 5 2 - zZ;log cosh(u;)qy(duls),

where the second equality uses 1—tanh? u; = cosh™ u; and [gar (u—mu(8)) TS (u—1m4(8))qu (duls) =
M. Finally, log coshu; < |u;| and

[ lhultnls) < o)l + [ u=mo(s)haudals)

M M

2 2
= w — lS M - [2]
|may ()1 + ﬂ_;a vMR+ ﬂ_;a

where |m,(s))1 < VM |z(s) Tw|s < /M R. Substitution into (40) concludes the proof. O
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1.2. Proof of Theorem 5.

Theorem 5. Let Assumption 1 hold and suppose that 0 < 7\ < 1. Then there exists a non
negative constant Ckr, < oo such that for alln € N and s € S it holds that

1
[H(mwn (s)) = H(@"(-]s))| < Cxr (KL(mwn (-[s)|7"(-[5)))? -
Proof. Firstly observe that, by definition of the entropy, for all s € S and for all n > 0 we have
H(mun ([s)) — H(m"(|s))

/A tog 7" (5, a) (dals) + / log (5, )" (dal )
:—/Alog (d;:;jj (s,a)‘g:(s,a)> Tn (dals) + /log Cim( a)7"(dals)

dm™

= — KL(mun (-[s)[7"(:|s)) — / log —=(s,a) (myr — ") (dals).

Therefore, by the triangle inequality, it holds that
[H(myn (-[s)) = H(@"(-]s))] (41)
< KL(7ryn (] 8) 7" ( ‘/ log — dA (s a) (myn — ") (dals)| .

Furthermore recall the standard identity
dmy,

KL(mun (19" (19)) = [ 108 T4 (5. ) (dals)
/Al gd:iTA (s,a)wwn(dals)—/Alog Ciii/:(s,a)wwn(dab)

4o dn™
&N

< —H(mun (t[s)) +

Bb(SXA)

Since myn € Iy for all n > 0, Lemma 5 provides the following bound
—H(myn(-]s)) < Ksr.
Therefore, it holds that

KL (o ([3) 7" (-5))F < (KEW ) | (42)
By(SxA)

Multiplying both sides by (KL(ﬂ'wn(-‘S)’ﬂ'n("S)))% > 0 we have

drm™ 2
KL(mur ([s)l7"(1s)) < | Kr. + |log KL(mun (fs)la"(s))2.  (43)
dA (SxA)
Using Pinsker’s inequality we bound the second term of (41) by
log ——(s,a) (myn — 7") (dals)| < |log —— |7t (+]s) — 7" (+]9)| (44)
a4 dA dA | g, 5 ) M(4)
< V3 log T (KL(mun (-[3)[7" (-]5)))2 .
dA Bb(SXA)
Substituting (43) and (44) into (41), we arrive at
[H(myn (+]5)) — H(7"(-]s))] (45)
" : dm” 1
< | | Kzr + |log - + V2 |log —— (KL(mwn (-|s)[7" (-[5)))2 -
dA Bb(SXA) dA Bb(SXA)
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We now prove that the log densities are uniformly bounded. To that end, by iterating (5) from
70 = A we have

dr"*! (s,a) = = ! exp A% TA)"HEQR (s, a) (46)
dA 7 Zn+1(s) 7
with Zp41(s) = [, exp ( AL (1 — )k QR (g a)) A(da). Therefore, by assumption 1
we have ‘Q” < Qmax thus it also holds that
Bb(SXA)
log 47" = |—~log Zn(s) — 1— A RQh! 4
o I (s.a) ‘ o8 Zn(s) A D1 =T Qs (47)
< log Zu(s)| + XD (1 — A" QF (s, a)
k=1
S 2Qmax
T
Therefore, substituting this bound into (45) gives
[H(mwn (-[s)) — H(7"(:|s))]
1
2 max : 2 max =
< <Km+ 2 ) + f( Qus ) KL ()" (1))
1
= Ok KL(mwn (-] s)[7"(-]5))2,
with )
2Qmax | © 2Qmax
CKL = <KE,R+ Q a > —+ \/§ (Qa>
T T
O

1.3. Proof of Lemma 7.

Lemma 7. Let p € P(S) and suppose that there exists a constant Ay < oo such that, for every
seSanda€ A,

dpP
‘(s,a,-) < As.
dp 12(p)
Then for any m € P(A|S) it holds that
ddy
T < (I—7)+~4
P 1L2(p)

Proof. Firstly we seek to identify the density of P, with respect to p for any = € P(A[S). To
that end, for any B € B(S) and any s € S we have

Pﬂ(Bls):/AP(B|s,a)7r(da|s)

_ /A /B Ccll];(s,a,s')p(ds’)ﬂ(da|s)
:/B</Ac(lif(s,a,s/)7r(da|s)> p(ds).

Since this holds for all B € B(S), we have

dPy , /dP ,
—(s,8) = —(s,a,s)m(dals).
) = [ a)e(dals



AN ANALYSIS OF MIRROR-DESCENT SOFT ACTOR-CRITIC 33

Therefore, by Minkowski’s integral inequality it holds that for all s € S,

dP; B dP Sy :
e, = ( L] Sts.as)mtaals)] s >> (19)
< /A ( i —(s,a,s")| p(ds )) m(dals)

< As.

We now prove a bound that holds for any initial state distribution p € P(S). Fix n > 1. We
wish to identify the density of [ P?(-|s)p(ds) with respect to p. To that end, observe that for
any B € B(S),

[ prmipas) = [ [ Pmis) Pz @s)9n(as)
- / . (BIs') ( [Pt
[ ot ([ P aslsiotas)
_ /B (/ ety ([ prtasionas) ) ) olas

Since this holds for all B € B(.S), it follows that

d(fsP#flfW(dS))(sff) [ ([ petastomas).

Consequently, by Minkowski’s integral inequality and (48), it holds that

d(fsPr(ls)plds)| dPy , o V[ :
dp L2(p) a ( S|JS dp( ’ )</SP7" (d | )p(d )> p(d )
dﬁ S .- n—1 8/8 s
= Jslan g, </SP (ds']s)p(d >)

S
< [ ([ rrasionas)

= A27

where in the final equality we used that [¢ P7~'(ds'|s)p(ds) is a probability measure on S. Now
recall that by definition, we have

dr(ds') Z’y /P" (ds'|s)p(ds),

with P?(ds'|s) = 6s(ds’). Hence applying the triangle inequality in L?(p) to the partial sums
and then taking the limit, we obtain
ddr
dp

Pr(s)p(ds))
dp

dp > d(/.
S(l—’v)’ + (A=) > "
dp|r2(y) 7;1

<AL= +1=7D> 74
n=1

= (1 —7)+~vAs.

L) 12(p)



34 AN ANALYSIS OF MIRROR-DESCENT SOFT ACTOR-CRITIC

I1.4. Proof of Lemma 8.

Lemma 8 (Uniform boundedness of the actor gradient). Let Assumption 1 hold. Then for all
n €N and all w € B(R), it holds that

n 2©max M 1
‘Van+1(w,7r +1){2 < 2\/M+ \/; - ; ;Z

Moreover, for any n € N, the same bounds holds for ‘VanH(w 7Tg+1)’2.

Proof. Firstly observe that for every n € N and every w € B(R), we can write

T m™) = [ KL ()l (1)) ()
= [ [ 108 S s pmatdals) )

= [ [ 0w () S 5,00 ) mudals)ona )
= [ o pnratis) — [ [ 105 B s, amdals s 45),

We now bound the gradients of these two terms separately. For the first term, using Lemma 5,
for every s € S we have

~H(m (fs) =2

RM

Zlogcosh(uz)qw(du] ) — log ((277)2Mdet> — %

M
om) ¥ VdetT\ M
/]RM E og cosh(my,(8); + 0i2;)q (dz) og( oM ) B

Therefore, differentiating under the integral, it follows that

VuH(my(:]s)) = =2 /RM x(s) tanh(my,(s) + E%z)ql(dz).

Hence, using |tanhuly < /M and |z(s)|op < 1 for all s € S, it holds that
[V H(mw (-[s))l; < 2V M. (49)

Before proceeding with the second term, let us simplify the notation with

(s,u) = )\Z )"k Q¥ (s, tanh ),

and thus recall that

drtl 1
dT(s,tanh u) = Zoa(s) exp (—F,(s,u)) .
n+
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Let Agy denote Lebesgue measure on RY . By Definition 1 it holds that

dmnt1
/Alog TA (s,a)my(dals)

dﬂn+1
/log i (s, a)(tanh)qy(dals)
dnnt1
= /RM log T(s,tanhu)qw(du\s)
- / (= Fu(s, ) — 108 Zn11(5)) qu(duls)
RM

1 _
= - —Fy(s,u) —log Zp11(s)
(27) % Vdet S Jrm ( )

exp <—;(u () TS (= mw(s))> Aga ().

Therefore differentiation under the integral also gives

dﬂn+1 B
Vw/Alog JA (s,a)my(dals) = — » Fo(s,u)x(8)2 7w — may(s))quw(duls).

Here the term containing log Z,,11(s) vanishes because [par qu(duls) =1 for every w € B(R).
Hence for all s € S it holds that

d n+1
Vw/Alog ZT(s,a)mU(dab)

< Pilyswaon [ 157 (0= ms)laga(duls)

S Qmax

T

2

/ 157w — 1(5)) o (] s),
RM

Since gy (-|s) is Gaussian with mean m,,(s) and covariance 3, the Gaussian first moment (John-
son et al., 1994, Ch. 13) yields

17 = () ual) <Z / )il (duls)

AN M
2Qmax 1
<y /= —. 50
9 ™ T ;Ji ( )

Combining (49) and (50), and using that p,4+1 is a probability measure, gives

|V T (w, 7, <2\ﬁ+\[c2mang

To bound ’ Vwdn+1(w, Wg“)

Hence it holds that

dmntl
‘Vw /A log dT(S’ a)my(dals)

Q\n(s)tanh u) < Qmax .
T — T

O

5> the same arguments hold with Fy,(s,u) =

APPENDIX J. IMPLEMENTATION DETAILS

In this section we give an overview on the environment used in Figures 1 and 2. In order to
validate the theory, we restrict to an MDP in which the critics can be solved exactly. To that end,
we require that for all s € S, ¢(s, ) : A — R is quadratic and the transition kernel is afﬁne in the
action variable. To ease notation, let g : S+ RM be g(s) = f(s)v with f(s) = Z +z 2 7 and

v=(1,- ;,1, 3.-..) € RM, Denoting&:ﬁzij\ilai with a = (a1, a2,...,ap) € , )M

351
(-1
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and sT := min(s + 1, |S| — 1), s~ := max(s — 1,0), the cost function and transition dynamics
are defined as
s

B 1 9 3 . )2 37
c(s,a) = 0 la —g(s)|5 + 100(M — 1) ;(az aj)” + 10[S] -1’

1 9 /1+a 1—a
P(s'|s,a) = 100S] + 10 (;58+ (s") + 5 ds- (s')>
Given that the state space is tabular, we parametrise the actor using the canonical basis function
on RIS, that is (s) = es ® Ins 50 that my,(s) = 2(s) Tw, |2(s)|op = 1 Which in turn implies that
Ap = ﬁ We take ¥ = 0.1521; and define the projection radius in Algorithm 1 as R = /|S|M.
In Figure 1, to compare the effect on Algorithm 1 in the regimes where the condition of
Theorem 2 is satisfied and not, we firstly learn the exact critic through a linear solve (Theorem
4), then add perturbations such that both resulting perturbed critics have the same approxi-
mation error €4 but different curvatures measures through R@. Concretely, we construct two

sequences of critics such that

4
Q\n(& a) = Q" (s,a) + Ecrit Z Q5 Cos (w}a)

j=1
with amplitudes oo = (0.55, 0.20,0.15,0.10), Z§:1 a; = 1, and such that w; = \;—jﬂlM. Then we
R~
construct two instances of r € R*, with r = (0.6,0.8,1,1.2) and » = (6,7,8,9) giving TQ <T
R ~
and TQ > 7 respectively, while ‘Qn — Qrwn e = ot in both.

In Figure 2, we use the same MDP with varying dimensions but with exact critics (it = 0) in
order to isolate the effect of the proximal step-size/ penalty A on the actor tracking error. Finally,
in all instances, we set the initial state distribution to p(s) = ﬁ, the entropy temperature to
7 = 1, discount factor v = 0.9, the actor step size to h = 0.01 and the exponential moving
average weight in the replay buffer dynamics to xy = 1.



	1. Introduction
	2. Related works
	3. Contributions
	4. Entropy Regularised MDPs
	5. Soft Actor Critic and Mirror Descent
	6. Policy Class
	7. Algorithm
	8. Main results
	9. Conclusion and limitations
	References
	Appendix A. Notation
	Appendix B. Background
	Appendix C. Proof of Theorem 1
	Appendix D. Proof of Theorem 2
	Appendix E. Proof of Lemma 9
	Appendix F. Proof of Lemma 2
	Appendix G. Proof of Theorem 3
	Appendix H. Proof of Corollary 1
	Appendix I. Auxiliary results
	I.1. Proof of Lemma 5
	I.2. Proof of Theorem 5
	I.3. Proof of Lemma 7
	I.4. Proof of Lemma 8

	Appendix J. Implementation details

