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Distributed sequential sampling for adaptive kernel DL

What is Dictionary Learning (DL)?

X[ X[ ] X[ ]

Finding an accurate representation of the input data as a linear
combination of a small set of basic elements (atoms)
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What is Dictionary Learning (DL)?

X[ X[ ] X[ ]

Finding an accurate representation of the input data as a linear
combination of a small set of basic elements (atoms)

Representation /Unsupervised learning
“Most important open problem in ML” Y. LeCun, NIPS 2016
“Already solved” J. Schmidhuber, NIPS 2016
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Distributed sequential sampling for adaptive kernel DL

Why DL for kernel problems?
Kernel methods have huge scalability problem

Problem: for a dataset D with 'n samples
O(n?) time to construct kernel matrix K
O(n3) time to compute solution
O(n?) space to store it
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Distributed sequential sampling for adaptive kernel DL

Why DL for kernel problems?
Kernel methods have huge scalability problem

Problem: for a dataset D with 'n samples
O(n?) time to construct kernel matrix K
O(n3) time to compute solution
O(n?) space to store it

Solution:
compute accurate, small dictionary Z to represent D
compute approximate solution on Z efficiently
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Why DL for kernel problems?

Problem: Existing DL methods guarantee either scalablility or accuracy

we want both

We present SQUEAK , a dictionary learning algorithm that guarantees
In all cases accurate reconstruction of the input
Adapts to the data:

on “easy” problems small (O(n)) space/time requirements
on “hard” problems not worse than storing whole input
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Distributed sequential sampling for adaptive kernel DL

Why DL for kernel problems?

Problem: Existing DL methods guarantee either scalablility or accuracy
we want both

We present SQUEAK , a dictionary learning algorithm that guarantees
In all cases accurate reconstruction of the input
Adapts to the data:

on “easy” problems small (O(n)) space/time requirements
on “hard” problems not worse than storing whole input

Only local data access, distributed version with O(log n) runtime
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Preliminaries: Setting and Kernels

Indexing [t] = {1,...,t}, notation K matrices, k vectors, k scalar
Dataset D, = {x;}_;, samples x; € X (e.g., RY)

Kernel function K(xi,x;) : X x X =R

Feature map o(x): X = H=0¢,

Kernel trick K(xi,x;) = ¢, 9;

Feature matrix & =[P, Py, .., 0] RE—H
Empirical kernel matrix =~ K; € R™" = Ky ) = ©; P,
New column kie—1, ERFI =) 10,
Kernel at a point kit € R = ¢,
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Preliminaries: Setting and Kernels

Indexing [t] = {1,...,t}, notation K matrices, k vectors, k scalar
Dataset D, = {x;}_;, samples x; € X (e.g., RY)

Kernel function K(xi,x;) : X x X =R

Feature map o(x): X = H=0¢,

Kernel trick K(xi,x;) = ¢, 9;

Feature matrix & =[P, Py, .., 0] RE—H
Empirical kernel matrix =~ K; € R™" = Ky ) = ©; P,
New column kie—1, ERFI =) 10,
Kernel at a point kit € R = ¢,

Find a small dictionary Z = {(w;, ¢;)}"; such that K = f(Z) close to K

n lrezia—
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Example: kernel ridge regression

Wy = (Kn + '7')_1Yn
:V\n - ann - Kn(Kn +7|)71yn - PnYn
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Example: kernel ridge regression

Wy = (Kn + '7')_1Yn
:V\n - ann - Kn(Kn +7|)71Yn - PnYn
If we can have accurate low-rank approximations . ..

Ky <Ky < Kyt ——1I
1—¢
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Example: kernel ridge regression

Wy = (Kn + '7')_1Yn
:V\n - ann - Kn(Kn +7|)71Yn - PnYn

If we can have accurate low-rank approximations . ..

Ky <Ky < Kyt ——1I
1—¢

...then we can used them for to get good approximate solutions:
Wy = (Rn + 7')71Yn

R(i) < <1+ : ! )R(wn)

— &
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Example: kernel ridge regression

Wy = (Kn + '7')_1)'n
:V\n - ann - Kn(Kn +7|)71Yn - PnYn

If we can have accurate low-rank approximations . ..

Ky <Ky < Kyt ——1I
1—¢

...then we can used them for to get good approximate solutions:
Wy = (Rn + 7')71Yn

R(i) < (1 + 11€> R()

&ndy = O(nm + m?) time to compute the approx. solution
&2 = O(nm) space to store dictionary
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Distributed sequential sampling for adaptive kernel DL

We consider Positive Semi-Definite matrices

m
A= Al/2 Al/2 Z a;a; A= Z WX;X]
i=1
Method w; x;  Accuracy Space Time
Whole Input 1 a; Yok kkk
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Distributed sequential sampling for adaptive kernel DL

We consider Positive Semi-Definite matrices

m
A = AV2(AY/2)T Zaa RZZW,‘X,’X,T
i=1
Method w; x;  Accuracy Space Time
Whole Input 1 a; Yok kkk
Empty dictionary 0 0 *kkkk  kokkkok
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We consider Positive Semi-Definite matrices

A = AY2(AY/?)T Zaa zm: X]

_|

Method w; x;  Accuracy Space Time
Whole Input 1 a; Yok kkk
PCA Aiui okokokok kokkkk ok
Empty dictionary 0 0 *kkkk  kokkkok
. &7/7@ Sequential sampling for kernel matrix approximation and online learning Sequel - 6/44




Distributed sequential sampling for adaptive kernel DL

We consider Positive Semi-Definite matrices

A= Al/2 Al/2 Zaa ;&:ZWxxT
i=1
Method w; x;  Accuracy Space Time
Whole Input 1 a; Yok kkk
PCA Ai Ui kokkokk hkkkk Xk
RLS (this) 1/ a; Ykkk 0. 8.8, ¢ * %k k
Empty dictionary 0 0 *kkkk  kokkkok
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Distributed sequential sampling for adaptive kernel DL

We consider Positive Semi-Definite matrices

A= Al/2 Al/2 Zaa ~=ZWXX
i=1

Method w; x;  Accuracy Space Time
Whole Input 1 a; Yok kkk
PCA Aiup Yodkokdkok dkokkokok ok
RLS (this) 1/ ai Skkk %k k 2.0, 8.1
Uniform n/m a; %k * % Yk kK
Empty dictionary 0 0 *kkkk  kokkkok

n lrezia—
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Reconstruction Guarantees

Given dataset D, and dictionary Z,, the selection matrix S, is defined as

L Sn @S,
(o] X I 4
n m
S wiid] = 3 (VW) (Vi) = ©,5,S5®]
i=1 i=1

. lreia—
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Reconstruction guarantees

Consider the regularized projection P,
P,=K,(K,+1)!

= (Ko + 1) 72KE2KY2(K, + 1) 72 = Zvv

<

Pr = (Kn +71)"2KY?S,STKY2(K, + 1) 71/2 = Z
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Reconstruction guarantees

Consider the regularized projection P,
P,=K,(K,+1)!

= (Ko + 1) 72K (K + A1) 2 = Zvv
P, = (K, +~1)"Y2KY/28,STKY/2(K, + 41)71/2 = Z

An accurate dictionary satisfies

[P, — ISn||2 <e

Sequential sampling for kernel matrix approximation and online learning
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?

It appears in many problems e.g.,Kernel Ridge Regression
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?
It appears in many problems e.g.,Kernel Ridge Regression

wn = (Kn + 7')_1yn
yn = ann = Kn(Kn + 'YI)_IYn =Py,
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?

We can compute accurate low rank approximations. Let
Kn = KnSn(SaKnSn +1)7'S,K,,

then

1Py =Pl <= Ky S Ky S Ky 4

See Musco&Musco’16
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?
We can compute accurate low rank approximations. Let
Rn = Knsn(SnKnSn + 'VI)_lsnKn

then - - ~ v
||Pn_Pn||2S5:>Kanann+§l

e.g., Kernel Ridge Regression
W, = (Ky + 1) lys

R(W,) < <1+ - ! )R(W,,)

— &

&Edy = O(nm + m3) time to compute the approx. solution
&fnad = O(nm) space to store dictionary
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?

We can compute accurate low rank approximations. Let
K, = K,S,(S:KnS, + 1) 71S,K,

then - - ~ v
||Pn_Pn||2S5:>Kanann+§l

e.g., Kernel Ridge Regression* *Gaussian Processes
w, = (Kp+ 'YI)_IYn

R(W,) < <1+ 1;) R(Wy,)

&Edy = O(nm + m3) time to compute the approx. solution
&fnad = O(nm) space to store dictionary

n lrezia—
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Reconstruction guarantees

Why would bounding ||P,, — P,]|> be useful?
We can compute accurate low rank approximations. Let
Rn = Knsn(SnKnSn + 'VI)_lsnKn

then - - ~ v
||Pn_Pn||2S5:>Kanann+§l

e.g., Kernel PCA, K, and R,, have close leading eigenvalues/vectors
e.g., Kernel K-Means can be formulated as a quadratic form

min Tr(K, — CC'K,CCT) ~ min Tr(K, — CC"K,CC")
C

See Musco&Musco'16
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Distributed sequential sampling for adaptive kernel DL

How do we compute an accurate (||P, — P,||2 < ¢) dictionary?
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Distributed sequential sampling for adaptive kernel DL

How do we compute an accurate (||P, — P,||2 < ¢) dictionary?

Sample m points w.p. p,;, add to Z with weight 1/p,; (unbiased)

Sampling dist. p VAV Tn={m8.2.4

’DD_DDDDD

? How to choose the sampling distribution?
? How to choose m?

n lrezia—
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Ridge Leverage Scores and Effective Dimension

Given a kernel matrix K, € R"™"  define

v-RLS Tni = €n i KN (K, +91,) e,
= ¢} (0] + 1), (1)
effective dim. et Yn = Z;:l i = Tr (Ka(Kn +91,)71)  (2)

Sequential sampling for kernel matrix approximation and online learning Sequel - 11/44



Ridge Leverage Scores

Intuitively, RLS capture orthogonality
Tni = €ni KL (Kn +715) Ten = @] (9,0] + )~

If all ¢; are orthogonal, we have

i = ¢; i 1o =7 T 1y Db
Tni = O; (@@, + )", = P (P;p] + Y1) ", = P 1
If all ¢; are identical (collinear), we have
i = ST (@07 )T, = T (nb T+ 1)Ly = — D1
s i n i i iYi i n(ﬁ}—(ﬁ,‘ +,_)/

Sequential sampling for kernel matrix approximation and online learning
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Ridge Leverage Scores

Intuitively, RLS capture orthogonality
Tni = €ni KL (Kn +715) Ten = @] (9,0] + )~

If all ¢; are orthogonal, we have

_ - b ¢;
ot = BH(®,0) 1) L = B (3,0 + 1) 1 = L1
i =oi( Wb = ¢i(did] +1) ¢ B+
If all ¢; are identical (collinear), we have
i = S (00T 4 A1), = BT (npyT + A1) 1ep, = — L% L
) 1 n 1 1 1 1 1 n¢);|—¢, +7 n

Given ®;_1, adding a new column to it can only reduce the RLS of
columns already in ®;_4

Tei < Te—1,i

n lrezia—
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Ridge Leverage Scores

=
K
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Ridge Leverage Scores
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Effective Dimension
Intuitively, the effective dimension is a soft version of matrix rank

>

eff. dim. deg <7

rank k& 0

dimension n

t
Ai(Ky)
= — K
deff Ve ;:1 MK+ = Rank(K4)

o lrezia—
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Effective Dimension
Intuitively, the effective dimension is a soft version of matrix rank

>

eff. dim. deg <7

rank k& 0

dimension n

Given dqy:—1, adding a new column to ®;_; can only increase defy:

defrye > defryi—1

n lrezia—
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Effective Dimension
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Nystrom Sampling

Theorem (Alaoui, Mahoney, 2015)

Given ~y be the Nystrom regularization, & the accuracy, § the confidence.
If the dictionary T, is computed using the sampling distribution p, j < T, ; and using

at least m columns
2deffYn) n
m>(——|lo (7) ,
> (2 ) og (3

[Pn—Pal2 < e

then with probability 1 — §

n lrezia—
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Nystrom Sampling

Theorem (Alaoui, Mahoney, 2015)

Given ~y be the Nystrom regularization, & the accuracy, § the confidence.
If the dictionary T, is computed using the sampling distribution p, j < T, ; and using

at least m columns
2deffYn) n
m>(——|lo (7) ,
> (2 ) og (3

[Pn—Pal2 < e

then with probability 1 — §

Done!
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Nystrom Sampling

Theorem (Alaoui, Mahoney, 2015)

Given ~y be the Nystrom regularization, & the accuracy, § the confidence.
If the dictionary T, is computed using the sampling distribution p, j < T, ; and using

at least m columns
2defFYn) n
m>(——|lo (7> ,
> (2 ) og (3

[Pn—Pal2 < e

then with probability 1 — §

Done!
If someone gave us the RLS

Computing 7, ; = e, /Kl (K, +v1,) e, also requires storing and
inverting the full K,

n lrezia—
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Distributed sequential sampling for adaptive kernel DL

»

P11 =T11
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Distributed sequential sampling for adaptive kernel DL

P21 = T2,1/71,1
P22 =T22
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Distributed sequential sampling for adaptive kernel DL

~ ~ ~ )
P21 =T21/T11 ©

9

P22 =T22
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Distributed sequential sampling for adaptive kernel DL

P31 = T31/T21
P32 = T3,2/T2,2
P33 =T33
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Distributed sequential sampling for adaptive kernel DL

~ ~ ~
P31 = 7'3,1/72,1~>
~ ~ ~ {.h
P32 = 7'3,2/7'2,2 S
~ _~ @
P33 =T33~
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Distributed sequential sampling for adaptive kernel DL

Pa1 = 7'4,1/7’3,1
Pa2 = T4,2/T3,2

sz

Pas = Taa
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Distributed sequential sampling for adaptive kernel DL

~ o~ ~
Pa1 = 7'4,1/73,1»
Pap = Tap /T30

P33

»

o~ _ o~ \‘_ »
Pas = Ta 4"
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Distributed sequential sampling for adaptive kernel DL

Ps1 = 7'5,1/7'4,1
Ps2 = T5,2/T4,2

S )

P33

P54 = 7'5,4/74,4
P55 = Ts5

Sequential sampling for kernel matrix approximation and online learning



Distributed sequential sampling for adaptive kernel DL

~ ~ ~ »
P51 = Ts1/Ta1’"
P52 = 7'5,2/7472
~ (&

P33

P54 =Ts4/Tas"

~ ~ »
P55 = Ts 5"

»
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Distributed sequential sampling for adaptive kernel DL

~ ~ ~ »
P51 = Ts1/Ta1"

== = D
P52 = Ts2/Tan"
(€]

P33
Ps.a = Toa/Taa"

~ ~ »
P55 = Ts5 "

»
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Distributed sequential sampling for adaptive kernel DL
Instead of sampling from multinomial consider the sampling process

qii ~ B(pi,i,q)
qe,i ~ B(Pe,i/Pr—1,is qe—1,i)

Similar to importance sampling. If the p;; were fixed in advance

P(zt,ij = 1) = P(B(pr,i/Pr-1,i) = 1)Ze—-1,i,j
=P(B(pt,i/Pe—1,i) = 1)P(B(Pe—1,i/Pe—2,i) = 1)zt—2,i
_ Pti Pe-1i  Pit1iPii _ ~
= oL B o By
Pt—1,i Pt—2,i pii 1

.01/2&2:,
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Estimating RLS

~ 1+e¢
Te,i =

(ki,i — ke;iS (§TKt§ 4 7') 1§Tkt,i> ;

> 7oi = e/Ke(Ke + 1) 2e; would fail
» Instead, approximate 7, ; directly in H, and then reformulate using
kernel trick 7t; = ¢ (®SS @' + y1) 19,
» 7. can be computed in O(|Z;|?) space and O(|Z;|3) time
Ls independent from t

» T ; for i € Z; can be computed using only samples contained in Z; .

o lrezia—
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Estimating RLS

Lemma Assume that the dictionary Z,_; is accurate, and let S; be con-
structed by adding (1, ¢,) to Z;_1. Then, denoting a = (1+¢)/(1 —¢),
for all i such that i € {Z;_1 U {t}},

~ l+e

Tt,i

o _ —1__
(k,-,; — k¢S (STKtS + 7I> sTkt,,) 7 (3)

ary

is an a-approximation of the RLS 7 ;, that is 7 ;(v) /o < i < 7i(7y)-

Sequential sampling for kernel matrix approximation and online learning Sequel - 19/44



SQUEAK https://team.inria.fr/sequel/software/

Dictionary Z¢ = {(J, @}, Gc.js Pr,j) }, weights w; = J-2

Input: D, regularization ~,q, €, Output: Z,
1: Initialize Zy as empty, p1o =1

2: fort=1,...,ndo

3: Receive new sample x;

4 Compute a-app. RLS {7;; : i € Z;_1 U {t}}, using Z;_1, x, and Eq. 3
5. Set py;i = min {Tei, Pe—1,i}

6: Initialize Z = 0
7
8

forall j € {1,...,t —1} do
: if g:—1,; # 0 then
9: Aej ~ B(Pt,j/Pr—1,j>qt—1,)
. J/Pt—1, : L
10: Add (j, @}, Gt,j, Pt,j) to Z¢. SHRINK + DicT-UPDATE
11: end if
12:  end for
13: gt ~ B(ptt,q) +
14:  Add gt copies of (t, ¢y, qe,e, Pr,e) to It | EXpAND

15: end for

n Crzia~
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SQUEAK

Let a = (£) and v > 1. Forany0<e <1, and 0 < § < 1, if we run
SQUEAK with q = O(5 log(§)), then w.p. 1 -6, for all t € [n]

(1) ||P. — Pel2 <.
(2) 1Tl = 32 at,i < O(Gderye) < O(Sdesryn log(§))).
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SQUEAK

Let a = (£) and v > 1. Forany0<e <1, and 0 < § < 1, if we run
SQUEAK with q = O(5 log(§)), then w.p. 1 -6, for all t € [n]

(1) ||P. — Pel2 <.
(2) 1Tl = 32 at,i < O(Gderye) < O(Sdesryn log(§))).

» Accuracy and space/time guarantees

» Anytime risk guarantees

> In worst case, no space gain (stores full K,)

> In worst case, no space overhead (stores full K,)

» RLS estimator not incremental, not easy because of changing weights
» Unnormalized p; ;, no need for appr. defry:

n lrezia—
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SQUEAK

Let a = (£) and v > 1. Forany0<e <1, and 0 < § < 1, if we run
SQUEAK with q = O(5 log(§)), then w.p. 1 -6, for all t € [n]

(1) [|Pe— Pl <e.

(2) 1Tl = 325 gei < O(Gderrye) < O(Sder log(5)))-

» Only need to compute 7 ; if i € Z;, never recompute after dropping
Ls Never construct the whole K,
Ls subquadratic runtime &6a&} = O(n|Z,[?) < O(ndes3)
» Store points directly in the dictionary
L @(deff’yrz, + defrynd) space constant in n
L, single pass over the dataset (streaming)

n lrezia—
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Proof sketch

Need to bound

P(t€ (Lo in}: IPe— Bull > € UIT > Sadr
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Proof sketch

Need to bound
P(t€ (Lo in}: IPe— Bull > € UIT > Sadr

After a union bound
n o~
S P(IPe~ P >¢)

t=1

+ P (\L| > 3Gdairye N {Vt’ {1l t}:|P— P2 < 5})
t=1

Sequential sampling for kernel matrix approximation and online learning



Proof sketch

We start by bounding P (HPt — I3t||2 > 5)_

Indicator of keeping copy j of sample i at step s

Ps—

= 14 coin-fli Psii -
Zsij = coIn-Tlip W.p. ——— ¢ Zs—1,i j, Zsi,j = Qs,i
1,i -
J
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Proof sketch

We start by bounding P (HPt — I3t||2 > e).

Indicator of keeping copy j of sample i at step s

. . ﬁs,i
zs ;=1 {com—fllp W.p. = ¢ Zs_1 ], E Zsij = Gs,i
Ps—1,i ;

s —

Random object

Yt:Pt—ﬁt::’ZZ(l—z:’i’_j>v,-v,T

Sequential sampling for kernel matrix approximation and online learning



Proof sketch

We start by bounding P (HPt — I3t||2 > e).

Indicator of keeping copy j of sample i at step s

R in-fli _Psii . -
Zs,ij = coin-tlip w.p. = ) Zs—1,i,js Zs,i,j = Qs,i
J

Ps—1,i

Random object

Y.,=P,—P, == ZZ( - “’J>v,v,T

1111

Cannot use concentrations for independent r.v., because z; ;; and z; ;r
are both dependent on z;_1 j» j» through the estimates.

o lrezia—
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Proof sketch

We can use variants of Bernstein's inequality for matrix martingales
Lsneed deterministic bound on variance

_ Ze i
Variance W scales (roughly) with ||W/||3 ~ r%a} {#}
s=

s, i

Since P1,j > P2,i > -+ > Pe—1,i > Pr.i > pr.i/o > 1/(ta) we have

-1 [z Zs,ij «
max{ﬂ}: max {J}SSM‘
s=0 | Ps,i s€[t—1]:z5,;;=1 | Ps,i Pt

This looks too pessimistic. When 51_ is large, zs ; j should be zero.
s, i

n lrezia—
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Proof sketch

max‘_; {%} complex random variable
S,

Ls maximum of dependent variables
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Proof sketch

max g {—’} complex random variable

Ps.i

Ls maximum of dependent variables

Moreover maxt ! Z4i | depends on maxt el —2 o
=0 | 72 s=0
s,i

s,i i’
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Proof sketch

max g { 5”} complex random variable
S

Ls maximum of dependent variables

1) z,i, zg i1 it
Moreover max._ o{ } depends on max._ 0{ 2 }

s,i

We will find another set of dominating r.v. 1/w; j, indep. from each other
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Proof sketch

max g { 5”} complex random variable

Ls maximum of dependent variables

1) z,i, zg i1 it
Moreover max._ o{ } depends on max._ 0{ = }

s,i

We will find another set of dominating r.v. 1/w; j, indep. from each other

Random variable A stochastically dominates random variable B, if for all
values a the two equivalent conditions are verified

P(A>a)>P(B>a) < P(A<a)<P(B<a).
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Proof sketch

Imagine the sequence ps ; was fixed in advance. | can compute exactly
the distribution of all z ; ;.
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Proof sketch

Imagine the sequence ps ; was fixed in advance. | can compute exactly
the distribution of all z ; ;.

Ztej= 1

-

P(max{zl 7 } <a| Fluma)
IS Z

3

|
4

P <a| Flimny)

ST 1/, o /oy,
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Proof sketch

Imagine the sequence ps ; was fixed in advance. | can compute exactly
the distribution of all z ; ;.

Zt.«:,_/zl

1 pledeis i)

I

&1

A

Pok <a|Flomn)

c>1 1/5:,(‘ of /pm

) for a<l1
p(sc—z): =3 for 1<a<a/py.

Wo,i.j

1 for «a/pi<a




Proof sketch

We can now unwind the proof

s, i

. t—1 J Zs,ij .
5 dominate max,_; { = f} with 1/w;
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Proof sketch

We can now unwind the proof

: t—1 } Z.i, ; -
5 dominate max,_; { 'ﬁf,,—J} with 1/w;

4 apply Bernstein inequality for indep. r.v. to bound P(||W|| > ¢2)
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Proof sketch

We can now unwind the proof

: t—1 } Z.i, ; -
5 dominate max,_; { 'ﬁf,,—J} with 1/w;

4 apply Bernstein inequality for indep. r.v. to bound P(||W| > o02)
3 apply Freedman inequality to bound P(||Y]| > e N [|[W| < ¢?)
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Proof sketch

We can now unwind the proof

5 dominate max_ {Z'EE,J} with 1/w;
4 apply Bernstein inequality for indep. r.v. to bound P(||W| > o02)
3 apply Freedman inequality to bound P(||Y] > &N ||[W|| < o?)

2 apply another stochastic dominance argument to bound
P (|It\ > 3Gdairye N {Vt’ €{l,...,t}: P~ P2 < 5})
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We can now unwind the proof

5 dominate max_ {Z'EE,J} with 1/w;
4 apply Bernstein inequality for indep. r.v. to bound P(||W| > o02)
3 apply Freedman inequality to bound P(||Y]| > e N [|[W| < ¢?)

2 apply another stochastic dominance argument to bound
P (|It\ > 3Gdairye N {Vt’ €{l,...,t}: P~ P2 < 5})

1 union bound
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Proof sketch

We can now unwind the proof

5 dominate max_ {Z'EE,J} with 1/w;
4 apply Bernstein inequality for indep. r.v. to bound P(||W| > o02)
3 apply Freedman inequality to bound P(||Y]| > e N [|[W| < ¢?)
2 apply another stochastic dominance argument to bound
P (|It\ > 3Gdairye N {Vt’ €1, t):|Pi =Pyl < 5})

1 union bound

0 QED.
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Distributed sequential sampling for adaptive kernel DL

SQUEAK is a strictly sequential algorithm
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Distributed sequential sampling for adaptive kernel DL

SQUEAK is a strictly sequential algorithm

We just did a sequential analysis

I_‘—Il + X2 —‘—Iz +x3 —‘—Is + x4 —._14 + X5 —.
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Distributed sequential sampling for adaptive kernel DL

SQUEAK is a strictly sequential algorithm

h=5

Tian) + Zjazy
\
Tis.2 Iy h=3
a1y + L2 2y
/ \
Tiz2) Ti2a Tiza)  h=2

Tpay +Ipe)
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Distributed sequential sampling for adaptive kernel DL

DISQUEAK is the distributed equivalent

h=5

Zizay + T2z

Ty + Iy

Tia2) Ziz.3y
T2y T2y T2y
. . . . . e
Dy Dy Dy Dy
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DISQUEAK

Input: Dataset D, regularization v,q, €, Output: Zp

1: Partition D into disjoint sub-datasets D;

2: Run SQUEAK on each D;, build set S; = {Zp, }& ;
3: forh=1,...,k—1do

4:  if |Sp| > 1 then >DICcT-MERGE
5: Pick two dictionaries Zp,Zps from Sy,

6 Z=TIpUZp

7 Ip,pr = DicT-UPDATE(Z) using Eq. (4)

8 Place Zp pr back into Spiq

9 else

10: Sh+1 = Sh

11:  end if

12: end for

13: Return Zp, the last dictionary in Sk

1-2¢

(kii — kIS(S'KS ++1)"'S k), (4)

TDUD! i =

n lrezia—
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DISQUEAK

Theorem

Let a = (ifgz) andy > 1. Forany0<e<1,and0< <1, if we run
DISQUEAK withq = O(% log(5)), then w.p. 1 -4,

for all nodes {h, I} in the merge tree

(1) Py — is{hJ}”Z <e.

(2) Zingy| < O(qderving) < O(Zderynlog(3)))-

» Same accuracy as SQUEAK but much faster
» Space/accuracy guarantees for all nodes
» Much more space used, but spread across many machines
» Runtime depends on exact merge tree
Ls Fully unbalanced tree: O(n|Z,|®), same as SQUEAK
Ls Fully balanced tree: O(log(n)|Z,|®) time, O(n|Z,|*) work!

. lreia—
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Comparison

Time |Za| (Total space = O(n|Z[)) | Increm.
Exact n n -
2 3
Bach'13 Ndmaxn , dmaxn v No
g £ 5
min T K,,
A&M'15 n(|Z))? <ﬂ) dur 4 K)o
Amin — nvye £
2 2 3
Cal&al'16 Abnax 1" dettn Amax et Vee
,72 52 v 62
ndeiry defn
SQUEAK = = Yes
RLS-SAMPLING % def2fn ]
€ €
M&M'16 et ety o
€ €
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SQUEAK - recap before application

SQUEAK and DISQUEAK
First method (with guarantees) to break O(n) time barrier using
DISQUEAK, with M&M'16 first to break O(n?) barrier
Strong reconstruction guarantees, suitable for many downstream
kernel (and not) tasks

Sequel - 33/44
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First method (with guarantees) to break O(n) time barrier using
DISQUEAK, with M&M'16 first to break O(n?) barrier

Strong reconstruction guarantees, suitable for many downstream
kernel (and not) tasks

Final dictionary can be updated if new samples arrive
Novel analysis, potentially useful for general importance sampling

Future work
Experiments

Ls Trivial to implement: 328 lines of python, single file, including
distributed task QUEUE nttp://researchers.1ille.inria.fr/~calandri/publications.html
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Future work
Experiments

Ls Trivial to implement: 328 lines of python, single file, including
distributed task QUEUE nttp://researchers.1ille.inria.fr/~calandri/publications.html
Preliminary results promising, easily scales to 100k of samples
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SQUEAK - recap before application

SQUEAK and DISQUEAK

First method (with guarantees) to break O(n) time barrier using
DISQUEAK, with M&M'16 first to break O(n?) barrier

Strong reconstruction guarantees, suitable for many downstream
kernel (and not) tasks

Final dictionary can be updated if new samples arrive
Novel analysis, potentially useful for general importance sampling

Future work
Experiments

Ls Trivial to implement: 328 lines of python, single file, including
distributed task QUEUE nttp://researchers.lille.inria.fr/~calandri/publications.html
Preliminary results promising, easily scales to 100k of samples

Beyond passive processing: SQUEAK for active learning

o lrezia—
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SQUEAK - recap before application

SQUEAK and DISQUEAK

First method (with guarantees) to break O(n) time barrier using
DISQUEAK, with M&M'16 first to break O(n?) barrier

Strong reconstruction guarantees, suitable for many downstream
kernel (and not) tasks

Final dictionary can be updated if new samples arrive

Novel analysis, potentially useful for general importance sampling

Future work
Experiments

Ls Trivial to implement: 328 lines of python, single file, including
distributed task QUEUE nttp://researchers.lille.inria.fr/~calandri/publications.html
Preliminary results promising, easily scales to 100k of samples

Beyond closed formulas: SQUEAK for gradient based methods (done)
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Online Kernel Learning (OKL)

Online game between learner and adversary, at each round t € [T]
1 the adversary reveals a new point ©(x;) = ¢, € H
2 the learner chooses a function fy, and predicts fiy, (X:) = ©(x¢) Wy,
3 the adversary reveals the curved loss /;,

4 the learner suffers ¢;(¢;w;) and observes the associated gradient g;.
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Online Kernel Learning (OKL)

Online game between learner and adversary, at each round t € [T]
1 the adversary reveals a new point ©(x;) = ¢, € H
2 the learner chooses a function fy, and predicts fiy, (X:) = ©(x¢) Wy,
3 the adversary reveals the curved loss /;,

4 the learner suffers ¢;(¢;w;) and observes the associated gradient g;.

Kernel
©(+) : X — H is the high-dimensional (possibly infinite) map
&, =[¢y,..., 0], P;P: = K; (kernel trick)
gt = li(diwi) P, = &b,
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Online Kernel Learning (OKL)

Online game between learner and adversary, at each round t € [T]
1 the adversary reveals a new point ©(x;) = ¢, € H
2 the learner chooses a function fy, and predicts fiy, (X:) = ©(x¢) Wy,
3 the adversary reveals the curved loss /;,

4 the learner suffers ¢;(¢;w;) and observes the associated gradient g;.

Kernel
©(+) : X — H is the high-dimensional (possibly infinite) map
&, =[¢y,..., 0], P;P: = K; (kernel trick)
gt = li(diwi) P, = &b,

Learning to minimize regret R(w) = Z;l Li(p,wy) — Ci(pyw)
and compete with best-in-hindsight w* := arg min,, ¢, Z;l L w)

n lrezia—
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Curved losses?

We assume the losses ¢; are scalar Lipschitz
|6,(z)| < L whenever |z] < C

and curved

Le(piw) > L(Dfu) + VEe(ru) (w — u) + o (Ve(pru) (w — u))?.
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Curved losses?

We assume the losses ¢; are scalar Lipschitz
|6,(z)| < L whenever |z] < C

and curved

Le(piw) > L(Dfu) + VEe(ru) (w — u) + o (Ve(pru) (w — u))?.

You already use curved losses
weaker than strong convexity
Ls strongly convex only along V/;(¢iu)
satisfied by exp-concave losses
Ls squared loss, squared hinge-loss

n lrezia—
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Second-Order OKL (Kernel Online Newton Step)
Second-Order Gradient Descent

t
wer =we — A gy, A = Z ogeg; + ol
s=1
If o(x) = x: RY — R is the identity, Online Newton Step Hazan et al. 2006
L. O(d?) time/space per-step (Bottleneck: storing and inverting XIX;)
R(w*) < aflw* — wol|3 + dlog(T)

Sketched-ONS fast approximation, but only for ¢(x) identity and
low-rank X7X; Luo et al. 2016

If o(x) : RY — H is arbitrary, Kernel-ONS Calandriello et al. 2017c
Ls O(t?) time/space per-step (Bottleneck: storing and inverting K)
R(w*) < allw* = woll3 +dert (a/(La))log(T)
a b
(a) start cost, (b) effective dimension (degrees of freedom) of data

n lrezia—

Sequential sampling for kernel matrix approximation and online learning Sequel. - 36/44



Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

_ T
. (%) = Tr (KT (KT n %,) 1) -y Atirf < Rank(K7) = r
t=1 o
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Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

_ T
. (%) = Tr (KT (KT n %,) 1) -y Atirf < Rank(K7) = r
t=1 o

>a

eff. dim. degt <a

rank r 0

dimension t
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Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

d (ﬁ) —Tr (KT (KT n “|)1> - XT: M Rank(Ky) =

- «
LJ LU —1 )\t + 1o
>a Intuitively, it quantifies the number of
off dim. dor - |<@ relevant orthogonal directions played by the
adversary.
rank r 0

dimension t
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Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

d (ﬁ) —Tr (KT (KT n “|)1> - XT: M Rank(Ky) =

- «a
LJ LU —1 )\t + 1o
~a A direction (eigenvector) is relevant if its
off.dim. dor |58 importance (eigenvalue) is larger than the

Lipschitz discounted regularization a/(Lo)

rank r 0

dimension t

n lrezia—
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Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

_ T
. (%) = Tr (KT (KT + %I) 1) = . itf‘ < Rank(K7) = r
t=1 o

Assume ||¢,|| = 1, then if all ¢, are
orthogonal and a = /T then

= de7f—F( ﬁ) ~ ﬁ

eff. dim. degt <a

and

rank 1 ' RW*) < VT + di(VT)log(T) ~ VT

recover first order bound.

dimension t
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Effective Dimension

Formally d () is an % soft-thresholded version of the rank defined as

_ T
. (%) = Tr (KT (KT + %I) 1) = . itf‘ < Rank(K7) = r
t=1 o

If all ¢, come from a bounded distribution
or a finite set and a =1 then

dee(1) ~ O(1) < r

>a

eff. dim. degt <a

is constant in T and

rank r 0 R(w*) <O(1) + O(1) log(T) ~ log T

logarithmic in T.

dimension t
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Ideal method

How to achieve adaptive d(c)log(T) regret
but without computational complexity depending on t?
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Ls df(a)log(T) regret, but runtime still depends on t
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Ideal method

How to achieve adaptive d(c)log(T) regret
but without computational complexity depending on t?

Use approximate second order gradient in . Calandriello et al. 2017c¢

Ls df(a)log(T) regret, but runtime still depends on t

Use exact second order gradient in approximate H

th W) — Le(pw™) Zet Wr) _E( W)+ Le(PW) — (W)
t=1

b
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Ideal method

How to achieve adaptive d(c)log(T) regret
but without computational complexity depending on t?

Use approximate second order gradient in . Calandriello et al. 2017c¢

Ls df(a)log(T) regret, but runtime still depends on t

Use exact second order gradient in approximate H

th W) — Le(pw™) Zet Wr) _E( W)+ Le(PW) — (W)
t=1

b

(a) error between online and batch in H:
Ls dJ(a)log(T) bound using KONS analysis

. lreia—

Sequential sampling for kernel matrix approximation and online learning



Ideal method

How to achieve adaptive d(c)log(T) regret
but without computational complexity depending on t?

Use approximate second order gradient in . Calandriello et al. 2017c¢

Ls df(a)log(T) regret, but runtime still depends on t

Use exact second order gradient in approximate H

th W) — Le(pw™) Zet Wr) _E( W)+ Le(PW) — (W)
t=1

b

(a) error between online and batch in H:
Ls dJ(a)log(T) bound using KONS analysis

(b) error between W best in H and w* best in H: bound how?

. lreia—
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Subspace approximation error

H cannot be fixed

Ls the adversary will find orthogonal points and exploit this
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Subspace approximation error

H cannot be fixed

Ls the adversary will find orthogonal points and exploit this

Use Nystrom approximation instead and adapt it online
L. #, = Span(Z;) defined using m, inducing points Z, = {ps 1,
If the adversary plays a “sufficiently orthogonal” ¢,, add it to Z;;
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Subspace approximation error

H cannot be fixed

Ls the adversary will find orthogonal points and exploit this

Use Nystrom approximation instead and adapt it online
L. #, = Span(Z;) defined using m, inducing points Z, = {ps 1,
If the adversary plays a “sufficiently orthogonal” ¢,, add it to Z;;

H, is finite dimensional: runtime independent of t
Ls Easy to embed (project) points as

()= 'UTdLp()) : R — R™
with Kz = ®Ld; = UZEU"

O(m?) time/space cost to run exact KONS in H,

n lrezia—
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Aproximating what?
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Subspace approximation error

“sufficiently orthogonal” is measured using ~-ridge leverage scores

P(include ¢, in Z;) ~ ¢pp, — dpp(®z,_, @ +1)7' o,

Also computable in m? time.
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Subspace approximation error

“sufficiently orthogonal” is measured using ~-ridge leverage scores

P(include ¢, in Z;) ~ ¢pp, — dpp(®z,_, @ +1)7' o,

Also computable in m? time.

Guarantees that Calandriello et al. 2017c¢

m, < die(7)log?(T)  (space/time) , K, — K, =<~l (accuracy)
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Online/batch error

Use KONS guarantees to bound 2;1 Li(p,wy) — Ci(p,W)
separately for each H; and associated w;

T
;Zt(qbtﬁlt) — (P W) < JdE(a/(Lo))log(T) + Za”wj w3

1
i= start costs
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Online/batch error

Use KONS guarantees to bound 2;1 Li(p,wy) — Ci(p,W)
separately for each H; and associated w;

T
;Zt(qbtﬁlt) — (P W) < JdE(a/(Lo))log(T) + Za”wj w3

1
i= start costs

Every time we change # we pay «|[w; — w13

Ls the adversary can influence w;, and make it large
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Online/batch error

Use KONS guarantees to bound 2;1 Li(p,wy) — Ci(p,W)
separately for each H; and associated w;

T

D Le(@ewe) — Le(@eW) < Jdfy(a/(La)) log(T +ZO<||WJ wy 3

t=1 =1 start costs

Every time we change # we pay «|[w; — w13

Ls the adversary can influence w;, and make it large

Reset w; and A, when H, changes
L, Wasteful, but not too often. At most J < d_f(7) times.

Learning is preserved through ﬁt that always improves
Adaptive doubling trick

n lrezia—

Sequential sampling for kernel matrix approximation and online learning Sequel -



Final regret guarantees

For any curved loss

R(w*) < J (af|w* |3 + dfslog(a /(L)) + %T
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Final regret guarantees

For any curved loss

R(w*) < J (af|w* |3 + dfslog(a /(L)) + %T

Setting v = a/ T removes second term
L computational cost is O(df(1/T)?), still small in many cases
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Final regret guarantees

For any curved loss

R(w") < J (alw* |} + dif log(a/(Lo)) + 1 T

Setting v = a/ T removes second term

L computational cost is O(df(1/T)?), still small in many cases

For squared loss only and v = «
-
R(w*) < J (aflw*[|3 + ddlog(a/(Lo))) +J (Z le(PpwW") + aflw” 3)
t=1

Last term J(X2, Ce(¢p,w*) + allw*|3) replaces 2 T
Ls regularized cumulative loss of w*

if H is good, very small

n lrezia—
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Conclusions

cadata n = 20k, d =8

casp n =45k, d =9

Algorithm . .
Avg. Squared Loss #SV Time Avg. Squared Loss #SV Time
FOGD 0.04097 + 0.00015 30 — 0.08021 =+ 0.00031 30 —
NOGD 0.03983 + 0.00018 30 — 0.07844 + 0.00008 30 —
PROS-N-KONS 0.03095 + 0.00110 20 18.59 0.06773 + 0.00105 21 40.73
CoN-KONS 0.02850 + 0.00174 19 18.45 0.06832 + 0.00315 20 40.91
B-KONS 0.03095 + 0.00118 19 18.65 0.06775 + 0.00067 21 41.13
BATCH 0.02202 + 0.00002 — — 0.06100 =+ 0.00003 — —
. slice n = 53k, d = 385 year n = 463k, d = 90
Algorithm - -
Avg. Squared Loss #SV Time Avg. Squared Loss #SV Time
FOGD 0.00726 =+ 0.00019 30 — 0.01427 + 0.00004 30 —
NOGD 0.02636 =+ 0.00460 30 e 0.01427 + 0.00004 30 e
DuAL-SGD — — — 0.01440 =+ 0.00000 100 —
PROS-N-KONS did not complete — — 0.01450 + 0.00014 149 884.82
CoN-KONS did not complete — — 0.01444 + 0.00017 147 889.42
B-KONS 0.00913 + 0.00045 100 60 0.01302 + 0.00006 100 505.36
BATCH 0.00212 + 0.00001 — — 0.01147 + 0.00001 — —
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