
Revealing Graph bandits: Influence Maximization
Ignoring the structure again? The best we can do is eO �p

r⇤TN
�

We aim to do better: RT = eO �p
r⇤TD⇤

�
D⇤ - detectable dimension dependent on T and the structureI good case: star-shaped graph can have D⇤ = 1I bad case: a graph with many small cliques.I the worst case: all nodes are disconnected except 2Idea of the algorithm:
I exploration phase: sample randomly to find out ⇡ D⇤ nodes
I bandit case: use any bandit algorithm on these nodes
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Exp3-IX regret bound

RT  log N
⌘

+
⇣⌘

2 + �
⌘ TX

t=
1

E

2↵t log

✓
1 +

dN2/�e+ N
↵t

◆
+ 2

�

RT = eO
⇣p

↵?T ln N
⌘

Next step
Generalization of the setting to combinatorial actions
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LEARNING FASTER WITH GRAPHS, MICHAL VALKO

smoothness 
spectral bandits 

side observations  
on graphs

influence 
maximisation revealing bandits
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Next step
Generalization of the setting to combinatorial actions
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Spectral Bandits Summary
I Spectral bandit setting (smooth graph functions).I SpectralUCB

I Regret bound
RT = eO

⇣

d

p
T ln

T

⌘

I SpectralTS
I Regret bound

RT = eO
⇣

d

p
T ln

N

⌘

I Computationally more e�cient.I SpectralEliminator
I Regret bound

RT = eO
⇣p

d

T ln
T

⌘

I Better upper, empirically does not seem to work well (yet)
I Bounds scale with e�ective dimension

d ⌧
D.
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dimension

independence 
number

noisy side 
observations  

on graphs

effective 
independence number

1

Graph Bandits 

Sequential problems where decisions are graphs nodes 
recommendation systems, advertising, sensor and social networks  

Ignoring the structure gets high error  

Independence between the decisions is too strong and unnecessary 

Agenda: strategies that replace N with a smaller graph-dependent quantity

Examples of usage 

Smoothness in rewards  

similar movies give similar rewards 

Side observations 

extra info for items (camera-> SD card) 

extra feedback from social contacts 

extra (noisy) sensor readings 

Influence maximisation 

find influential nodes to target

ICML 2014  
AAAI 2014  
ICML 2015

NIPS 2014

AISTATS 2016

AISTATS 2016



SEQUENTIAL LEARNING IN OTHER STRUCTURES

Matroid and polymatroid bandits 

Diverse set of recommendations (JMLR 2016) 

General combinatorial bandits 

Efficient online learning (ongoing work)  

Sleeping bandits (missing items in the stocks, SleepingCAT, NIPS 2014) 

Continuous bandits 

Optimistic function optimisation (StoSOO, POO, ICML 2013, CEC 2014, NIPS 2015) 

Infinitely many bandits with no topology (SiRI, ICML 2014) 

Extreme bandits 

Hunting for outliers (ExtremeHunter, NIPS 2014)

Estimating 1/𝑎𝑖
Kanade, McMahan & Bryan (2009): 
• devote first 𝐾 steps for exploration!
• use samples to construct  𝑎𝑖 s.t. 𝐄  𝑎𝑖 = 𝑎𝑖!

Feedback assumptions
• Full: ℓ𝑡

• Restricted: ℓ𝑡,𝑖𝟏 component 𝑖 is available in round 𝑡

• Semi-bandit: ℓ𝑡,𝑖𝑉𝑡,𝑖

Online Combinatorial Optimization 
with Stochastic Decision Sets and Adversarial Losses
Gergely Neu
gergely.neu@gmail.com

The learning problem

Michal Valko
michal.valko@inria.fr

For each time step 𝑡 = 1,2, … , 𝑇
• Environment chooses decision set 𝑆𝑡 ⊆ 𝑆
• Learner chooses action 𝑽𝑡 ∈ 𝑆 ⊆ 0,1 𝑑

• Environment chooses loss vector ℓ𝑡 ∈ [0,1]𝑑
• Learner suffers loss 𝑽𝑡

⊤ℓ𝑡
• Learner observes feedback based on 𝑽𝑡 and ℓ𝑡

Decision set:
𝑆 = 𝒗𝑖 𝑖=1

𝑁 ⊆ 0,1 𝑑

𝒗𝑖 1 ≤ 𝑚

Example: sequential routing

𝑅𝑇 = max
𝜋∈Π

𝐄  
𝑡=1

𝑇

𝑽𝑡 − 𝜋 𝑆𝑡
⊤ℓ𝑡

Regret definition

Loss estimation by Counting Asleep-Times (CAT)
Restricted feedback

Define 
• 𝐴𝑡,𝑖 = 𝟏 component 𝑖 is available in round 𝑡
• 𝑎𝑖 = 𝐄𝑡 𝐴𝑡,𝑖 , and

 ℓ𝑡,𝑖 =
ℓ𝑡,𝑖

𝑎𝑖
𝐴𝑡,𝑖

… but how do we compute 𝑎𝑖?

Semi-bandit feedback
Define 𝑞𝑡,𝑖

∗ = 𝐄𝑡[𝑉𝑡,𝑖] and

 ℓ𝑡,𝑖
∗ =

ℓ𝑡,𝑖

𝑞𝑡,𝑖
∗ 𝑉𝑡,𝑖

… but this requires perfect knowledge of 𝑃!
Another idea: define 𝑞𝑡,𝑖 = 𝐄𝑡 𝑉𝑡,𝑖 𝑆𝑡 and

 ℓ𝑡,𝑖 =
ℓ𝑡,𝑖

𝑞𝑡,𝑖𝑎𝑖
𝑉𝑡,𝑖

… but that needs 𝑎𝑖 again.

The magic trick: Counting Asleep-Times

Expected downtime: 
𝐄 𝑁𝑡,𝑖 = 1/𝑎𝑖

…

Results
Full info Restricted info Semi-bandit

Kanade et al. 2009
(𝑚 = 1 only) 𝑇 log 𝑑 ??? 

(𝑇3/4 conjectured)
(𝑑𝑇)4/5log 𝑇

SleepingCAT
general bound

𝑚3/2 𝐿𝑇
∗ log 𝑑

𝑚 𝑑𝑇 log 𝑑 𝑚𝑑𝑇 2/3 log 𝑑 1/3

SleepingCAT
when 𝑎𝑖 ≥ 𝛽 𝑚

𝑇 log 𝑑
𝛽 𝑚𝑇 2/3 𝑑 log 𝑑

𝛽

1/3

• Define independent copies  𝑆 ∼ 𝑃 and  𝒁 ∼ 𝒁1
• Define hypothetical forecaster

 𝑽𝑡 = argmin
𝑣∈  𝑆

𝑣⊤  𝑳𝑡 −  𝒁

so  𝑽𝑡 ∼ 𝑽𝑡+1 given history up to round 𝑡
• Then,

𝐄𝑡  𝑽𝑡−1
⊤  ℓ𝑡 = 𝐄𝑡 𝑽𝑡

⊤ℓ𝑡

𝐄𝑡 𝜋  𝑆
⊤ ℓ𝑡 = 𝐄𝑡 𝜋 𝑆𝑡

⊤ℓ𝑡

Experiments
Setup follows Kanade et al. (2009):
• 5 arms, available independently of each other w.p. 𝑝
• Losses are symmetric random walks truncated to 0,1

Scaling with grid size in a shortest-path problem:

𝑤

Algorithm: SleepingCAT (FPL)

Parameter: learning rate 𝜂 > 0,  𝑳0 = 0
For each time step 𝑡 = 1,2, … , 𝑇
• Draw perturbation vector 𝒁𝑡 with

𝑍𝑡,𝑖 ∼ Exp 𝜂 i.i.d. for all 𝑖 ∈
1,2, … , 𝑑

• Play
𝑽𝑡 = argmin

𝑣∈𝑆𝑡
𝑣⊤  𝑳𝑡−1 − 𝒁𝑡

• Compute  ℓ𝑡 and let  𝑳𝑡 =  𝑳𝑡−1 +  ℓ𝑡

Efficient whenever the optimization
min
𝒗∈𝐷

𝒗⊤ℓ

can be solved efficiently for all 𝐷 ∈ 𝑆

Usual goal: minimize regret against 𝑆

Comparator might not be available!

A sensible comparator class:

Our goal: minimize regret against Π

𝑅𝑇 = max
𝒗∈𝑆

𝐄  
𝑡=1

𝑇

𝑽𝑡 − 𝒗 ⊤ℓ𝑡

The set of policies Π = {𝜋: 2𝑆 → 𝑆 } s.t.
𝜋  𝑆 ∈  𝑆 ⊆ 𝑆

Restricted
 ℓ𝑡,𝑖 = ℓ𝑡,𝑖𝐴𝑡,𝑖𝑁𝑡,𝑖

𝑖 𝑖

𝑡 𝑡 + 1 𝑡 + 2 𝑡 + 𝑁𝑡,𝑖

IID availability:
𝑆𝑡 ∼ 𝑃

Semi-bandit
 ℓ𝑡,𝑖 = ℓ𝑡,𝑖𝑉𝑡,𝑖𝑁𝑡,𝑖𝐾𝑡,𝑖

𝑢 𝑤𝑢

𝑤𝑢

𝑤𝑢

SequeL team
INRIA Lille – Nord Europe
France

 ℓ𝑡,𝑖 =
ℓ𝑡,𝑖

𝑎𝑖
𝐴𝑡,𝑖

 ℓ𝑡,𝑖 =
ℓ𝑡,𝑖

𝑎𝑖𝑞𝑡,𝑖
𝐴𝑡,𝑖

𝐄𝑡 𝐾𝑡,𝑖 = 1/𝑞𝑡,𝑖

Computing 𝐾𝑡,𝑖: 
• use Geometric Resampling (Neu & 

Bartók, 2013)
• requires 𝑑 calls to oracle on average

Lemma 1: for any policy 𝜋 ∈ Π,

𝐄  
𝑡=1

𝑇

 𝑽𝑡 − 𝜋  𝑆
⊤

 ℓ𝑡 ≤
𝑚 log 𝑑 + 1

𝜂

Analysis idea

Lemma 2: for any  ℓ𝑡 ≽ 0,

𝐄𝑡  𝑽𝑡−1 −  𝑽𝑡
⊤ ℓ𝑡 ≤ 𝐄𝑡  𝑽𝑡−1

⊤ ℓ𝑡
2
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Optimal policy
0-greedy policy
OPM

Movie title Movie genres
American Beauty Comedy Drama
Jurassic Park Action Adventure Sci-Fi
Saving Private Ryan Action Drama War
Matrix Action Sci-Fi Thriller
Fargo Crime Drama Thriller
Shakespeare in Love Comedy Romance
L.A. Confidential Crime Film-Noir Mystery Thriller
E.T. Children’s Drama Fantasy Sci-Fi

Figure 4: Left. The return of three movie recommendation policies in up to 10

4 episodes. Right. Eight most
popular movies in the optimal solution, {e : x⇤

(e) > 0}. The movies are reported in the order of
decreasing popularity. The movie genre is highlighted if the respective movie is the most popular
movie in that genre.

Second, OPM outperforms the "-greedy policy. The movies from x

⇤ are reported in Figure 4. The solution x

⇤

contains 13 movies and therefore is extremely sparse.

6. Related Work
Polymatroids (Edmonds, 1970) are a generalization of matroids (Whitney, 1935). Therefore, our work can be
viewed as a generalization of stochastic matroid semi-bandits (Kveton et al., 2014). We significantly extend
the work of Kveton et al. (2014) and essentially show that the problem of learning to maximize a modular
function on a polymatroid can be solved efficiently. Our generalization is by far non-trivial. For instance, the
key part of our analysis is a novel regret decomposition (Section 4.1), which leverages the submodularity of
our constraint. This structure is not apparent in the work of Kveton et al. (2014).

Our problem is an instance of a stochastic combinatorial semi-bandit (Gai et al., 2012). Gai et al. (2012)
proposed and analyzed a UCB-like algorithm for solving this problem, which we call CombUCB1. Chen et al.
(2013) and Kveton et al. (2015) proved O(K2L(1/�) log n) and O(KL(1/�) log n) upper bounds on the
n-step regret of CombUCB1, respectively. The latter is known to be tight. OPM is a variant of CombUCB1 with a
greedy combinatorial optimization oracle. Because of the structure of our problem, we can prove a factor of
K tighter gap-dependent upper bound (Theorem 5) than Kveton et al. (2015). Our gap-free bound is of the
same magnitude.

COMBAND (Cesa-Bianchi and Lugosi, 2012), follow-the-perturbed-leader (FPL) with geometric resam-
pling (Neu and Bartok, 2013), and online stochastic mirror descent (OSMD) (Audibert et al., 2014) are three
recently proposed algorithms for adversarial combinatorial semi-bandits. FPL does not achieve the optimal
regret, but it is computationally efficient when the offline variant of the combinatorial optimization problem
can be solved efficiently (Audibert et al., 2014). OSMD achieves the optimal regret, but it is not guaranteed
to be computationally efficient if the projection on the convex hull of the feasible set cannot be implemented
efficiently. In our problem, the convex hull is BM (2) and the projection can be implemented in O(L6

) time
(Suehiro et al., 2013). So the time complexity of a single step of OSMD is O(L6

). This is several orders of
magnitude higher than the time complexity of OPM, O(L logL); and not very practical for large values of L.
Finally, COMBAND is not guaranteed to be computationally efficient. Based on Section 5.4 of Cesa-Bianchi
and Lugosi (2012), even on the problem of learning the minimum spanning tree, an instance of maximizing
a modular function on a polymatroid.

Several recent papers studied the problem of learning how to maximize a submodular function (Guillory
and Bilmes, 2011; Yue and Guestrin, 2011; Gabillon et al., 2013; Wen et al., 2013; Gabillon et al., 2014).
These papers are only loosely related to our work because they study a different problem, which is learning
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