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Movie recommendation: (in each time step)
» Recommend movies to a single user.
> Good prediction after a few steps (T < N).
Goal:

> Maximize overall reward (sum of ratings).
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Movie recommendation: (in each time step)
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» Unknown reward function f : V(G) — R.
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» Function f is smooth on a graph.
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Neighboring movies = similar preferences.
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Recap: Smooth graph functions

> f=(f,...,fy)": Vector of function values.
> Let £ = QAQT be the eigendecomposition of the Laplacian.

» Diagonal matrix A whose diagonal entries are eigenvalues of L.
» Columns of Q are eigenvectors of L.
» Columns of Q form a basis.

» «*: Unique vector such that Qa* = f Note: Q'f = a*
N
So(f) = FLE =FQAQ'f = a™ A" = [l |3 = ) Ni(a))?
i=1

Smoothness and regularization: Small value of

(@) Sg(f) (b) A norm of a*  (€) «f for large \;
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Online Learning Setting - Bandit Problem

Learning setting for a bandit algorithm

> In each time t step choose a node =(t).
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Learning setting for a bandit algorithm
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Learning setting for a bandit algorithm
> In each time t step choose a node =(t).
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Online Learning Setting - Bandit Problem

Learning setting for a bandit algorithm

> In each time t step choose a node =(t).

v

the m(t)-th row x.(;) of the matrix Q corresponds to the arm m(t).

v

Obtain noisy reward r; = Xo(@" T+ et Note: X (o™ = fr(y)

» ¢; is R-sub-Gaussian noise. VE € R, E[e*!] < exp (£°R?/2)

v

Minimize cumulative regret

T
_ T %) T *
Ry = Tm?x (x;a™) Zxﬂ(t)a .

t=1
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Online Learning Setting - Bandit Problem

Learning setting for a bandit algorithm

> In each time t step choose a node =(t).

v

the m(t)-th row x.(;) of the matrix Q corresponds to the arm m(t).

v

Obtain noisy reward r; = x;(t)a* + €t Note: x] (o™ = fr(r)

» ¢; is R-sub-Gaussian noise. VE € R, E[e*!] < exp (£°R?/2)

v

Minimize cumulative regret

T
_ T %) T *
Ry = Tm?x (x;a™) Zxﬂ(t)a .

t=1

Can't we just use linear bandits?
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Online Decision Making on Graphs: Smoothness

> Linear bandit algorithms

» LinUCB (Li et al., 2010)
> Regret bound ~ DvVTInT
» LinearTS (Agrawal and Goyal, 2013)

> Regret bound ~ DV T InN

Note: D is ambient dimension, in our case N, length of x;.
Number of actions, e.g., all possible movies - HUGE!
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» LinearTS (Agrawal and Goyal, 2013)

> Regret bound ~ DV T InN

Note: D is ambient dimension, in our case N, length of x;.
Number of actions, e.g., all possible movies - HUGE!

> Spectral bandit algorithms

» SpectralUCB (Valko et al., ICML 2014)
> Regret bound =~ dv TInT

» SpectralTS (Kocak et al., AAAI 2014)
» Regret bound ~ dv T InN

Note: d is effective dimension, usually much smaller than D.
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Note: D is ambient dimension, in our case N, length of x;.
Number of actions, e.g., all possible movies - HUGE!

> Spectral bandit algorithms

» SpectralUCB (Valko et al., ICML 2014)
> Regret bound =~ dv TInT
» Operations per step: D?°N

» SpectralTS (Kocak et al., AAAI 2014)

» Regret bound ~ dv T InN
» Operations per step: D? + DN

Note: d is effective dimension, usually much smaller than D.
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Effective dimension

» Effective dimension: Largest d such that

.
(@=Dha < ey

> Function of time horizon and graph properties

> )\;: i-th smallest eigenvalue of A.
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> Function of time horizon and graph properties
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Effective dimension

» Effective dimension: Largest d such that

T
d—DA\g < ———————.
(= < i/
> Function of time horizon and graph properties
> )\;: i-th smallest eigenvalue of A.

» \: Regularization parameter of the algorithm.

Properties:
> d is small when the coefficients A; grow rapidly above time.
» d is related to the number of “non-negligible” dimensions.
» Usually d is much smaller than D in real world graphs.

» Can be computed beforehand.
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Effective dimension vs. Ambient dimension

Barabasi-Albert graph N=500

B Flixster graph: N=4546

effective dimenstion
N

effective dimenstion
e

. . . . . . . . 1
1 50 100 150 200 250 300 350 400 450 500 500 1000 1500 2000 2500 3000 3500 4000 4500

time T time T

d< D

Note: In our setting T < N = D.
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Expected reward
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UCB style algorithms: Estimate ...

Expected reward
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SpectralUCB

1: Input:

2 N, T, {Az,Q}, \, 6, R, C L

3: Run:

4 N+ Nz + 2l

5. d<max{d:(d—1)Aa < T/In(1+ T/N)}
6: fort=1to T do

7 Update the basis coefficients &:

8: Xi [X.,r(l), e ,X,r(t_l)]T

9: v [r, ..., r—1]

10: V;: < XeX{+A

11: & < VX

12 ¢+ 2R\/dIn(1+t/A) +2In(1/5) + C
13:  7(t) « argmax, (x:& + ct||xa|\vt_1>

14: Observe the reward r¢

15: end for

. Cbreia—
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SpectralUCB: Synthetic experiment

Barabasi—Albert N=250, basis size=3, effective d=1

50 T T T T T T T T P
‘ﬂ
SpectralEliminator '4’

40F | ™ ™ = SpectralUCB s’ 4
- = = = LinUCB L=’
o ’
(@] '4'
L 30F . 1
g .=
= -
2 e
=] - |
g e
=] s 2
o -

-
10 s’ emm
—f _--------
-——-- -
‘:- - -
0‘ I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

time T
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Real world experi

SpectralUCB
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T

Movielens: Cumulative regret for randomly sampled users. T
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Flixster: Cumulative regret for randomly sampled users. T
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SpectralUCB: Regret Bound

d: Effective dimension.

v

v

A: Minimal eigenvalue of A = Az + Al

v

C: Smoothness upper bound, ||a*||]a < C.

v

xJa* € [—1,1] for all i.

The cumulative regret Rt of SpectralUCB is with probability 1 — §
bounded as

Rt < <8R\/dln)\—f\T+2ln%+4C+4> dTIn)\T\T.

Rr~dvTInT

. Cbreia—
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SpectralUCB: Regret Bound

» Derivation of the confidence ellipsoid for & with probability 1 — 4.
» Using analysis of OFUL (Abbasi-Yadkori et al., 2011)

(@) <l (Ryf2n (3482) + )

> Regret in one time step: r = X, — X7 (0" < 2¢¢[[Xr () [y

> Cumulative regret:

V7|

2T In
TO\RTINTA
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SpectralUCB: Regret Bound

» Derivation of the confidence ellipsoid for & with probability 1 — 4.
» Using analysis of OFUL (Abbasi-Yadkori et al., 2011)

. . . T % T *
> Regret in one time step: r = X, — X7 J 0" < 2¢¢[[ Xz () [y

> Cumulative regret:

V7|

=
TY r2<2(cr +1)4/2T1n A

t=1
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SpectralUCB: Regret Bound

» Derivation of the confidence ellipsoid for & with probability 1 — 4.
» Using analysis of OFUL (Abbasi-Yadkori et al., 2011)

. . . T % T *
> Regret in one time step: r = X, — X7 J 0" < 2¢¢[[ Xz () [y

> Cumulative regret:

T, V7]
TE rf §2( cr + ) 2T In |’\\
1

> Upperbound for In(|V,|/|A])
Vel VT g <>‘+T>

Al A} A

-
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SpectralUCB: Regret Bound

Sylvester’s determinant theorem:
|A +xx"| = |A|[l + A~ Ixx"| = |A|(1 + x"A"1x)

Goal:
> Upperbound determinant |A + xx"| for ||x|]2 <1

» Upperbound x"A~1x
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SpectralUCB: Regret Bound

Sylvester’s determinant theorem:
|A +xx"| = |A|[l + A~ Ixx"| = |A|(1 + x"A"1x)

Goal:
> Upperbound determinant |A + xx"| for ||x|]2 <1

» Upperbound x"A~1x

N
XA =X QAT Qx = y Aty = ST A2
i=1
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SpectralUCB: Regret Bound
Sylvester’s determinant theorem:
|A +xx"| = |A|[l + A~ Ixx"| = |A|(1 + x"A"1x)
Goal:

> Upperbound determinant |A + xx"| for ||x|]2 <1

» Upperbound x"A~1x

N
XA =X QAT Qx = y Aty = ST A2
i=1

v

lyll2 < 1.
> y is a canonical vector.

» x = Qy is an eigenvector of A.
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SpectralUCB: Regret Bound

Corollary: Determinant [V7| of V7 =N+ ZLI X¢X] is
maximized when all x; are aligned with axes.

V7| < gmax [Tv+t)
|n|\|/AT|| max Zln(l—i- t’)
" <Z' (143 > o (1)

i=d+1
T T

< dlIn 1+> +
( A Ad+1

T
<2dIn(1+ +—
<2dm (14 1)
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SpectralUCB: Improving the running time
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> Getting J eigenvectors: O(Jmlog m) time for m edges
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SpectralUCB: Improving the running time

> Reduced basis: We only need first few eigenvectors.

> Getting J eigenvectors: O(Jmlog m) time for m edges

» Computationally less expensive, comparable performance.
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SpectralUCB: Improving the running time

> Reduced basis: We only need first few eigenvectors.
> Getting J eigenvectors: O(Jmlog m) time for m edges

» Computationally less expensive, comparable performance.

»—\
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cumulative regret
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SpectralUCB: How to make it even faster?

» UCB-style algorithms need to (re)-compute UCBs every t

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 19/59



SpectralUCB: How to make it even faster?

» UCB-style algorithms need to (re)-compute UCBs every t

» Can be a problem for large set of arms — D*N — N3
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» Can be a problem for large set of arms — D*N — N3

» Optimistic (UCB) approach vs. Thompson Sampling
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» UCB-style algorithms need to (re)-compute UCBs every t

» Can be a problem for large set of arms — D*N — N3

» Optimistic (UCB) approach vs. Thompson Sampling
» Play the arm maximizing probability of being the best
» Sample ji from the distribution N(f1, v’ B™1)
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SpectralUCB: How to make it even faster?

» UCB-style algorithms need to (re)-compute UCBs every t

» Can be a problem for large set of arms — D*N — N3

» Optimistic (UCB) approach vs. Thompson Sampling
» Play the arm maximizing probability of being the best
» Sample ji from the distribution N(f, v’ B™1)
» Play arm which maximizes b" i and observe reward
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SpectralUCB: How to make it even faster?

» UCB-style algorithms need to (re)-compute UCBs every t

» Can be a problem for large set of arms — D*N — N3

» Optimistic (UCB) approach vs. Thompson Sampling
» Play the arm maximizing probability of being the best
» Sample ji from the distribution N(f, v’ B™1)
» Play arm which maximizes b" i and observe reward

» Compute posterior distribution according to reward received
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SpectralUCB: How to make it even faster?

UCB-style algorithms need to (re)-compute UCBs every t

v

v

Can be a problem for large set of arms — D?>N — N3

v

Optimistic (UCB) approach vs. Thompson Sampling
» Play the arm maximizing probability of being the best

» Sample ji from the distribution N(f, v’ B™1)
» Play arm which maximizes b" i and observe reward

» Compute posterior distribution according to reward received

v

Only requires D? + DN — N? per step update

. Crzia—~
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Thomson Sampling: Estimate

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 20/59



Thomson Sampling: Sample
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Thomson Sampling: Estimate
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Thomson Sampling: Sample
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Thomson Sampling: Estimate ...
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SpectralTS for Graphs

1: Input:

2 N, T,{MA:,Q}, N6, R C

3: Initialization:

4:  v=Ry\/6dlog((A+T)/6N)+ C
5: & = ON

6: f =0y

70 V=~A:+ Ay

8: Run:

9: fort=1to T do
10:  Sample & ~ N (&, v?V™)
11:  7(t) « argmax, x]é&
12:  Observe a noisy reward r(t) = x; " +¢¢
130 f < f 4 xpr(t)
14:  Update V <= V + Xz (1)Xy(y)
15: Update & < V7If
16: end for

. Cbreia—
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6: f =0y

7 V=~A,+ Ay

8: Run:

9: fort=1to T do
10:  Sample & ~ N (&, v?V™)
11:  7(t) « argmax, x]é&
12:  Observe a noisy reward r(t) = x; " +¢¢
130 f < f 4 xpr(t)
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16: end for
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SpectralTS for Graphs

1: Input:

2 N, T,{MA:,Q}, N6, R C

3: Initialization:

4:  v=Ry\/6dlog((A+T)/6N)+ C
5: & = ON

6: f =0y

70 V=~A:+ Ay

8: Run:

9: fort=1to T do
10:  Sample & ~ N (&, v?V ™)
11:  7(t) « argmax, x]é&
12:  Observe a noisy reward r(t) = x; " +¢¢
130 f < f 4 xpr(t)
14:  Update V <= V + Xz (1)Xy(y)
15: Update & < V7If
16: end for
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SpectralTS for Graphs

1: Input:

2 N, T,{MA:,Q}, N6, R C

3: Initialization:

4:  v=Ry\/6dlog((A+T)/6N)+ C
5: & = ON

6: f =0y

7 V=NAz+ Ay

8: Run:

9: fort=1to T do
10:  Sample & ~ N (&, v?V™)
11:  7(t) + argmax, x}é&
12:  Observe a noisy reward r(t) = x; ya™ + &
130 f < f 4 xpr(t)
14:  Update V <= V + Xz (1)Xy(y)
15: Update & < V7If
16: end for
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SpectralTS for Graphs

1: Input:

2 N, T,{MA:,Q}, N6, R C

3: Initialization:

4:  v=Ry\/6dlog((A+T)/6N)+ C
5: & = ON

6: f =0y

7 V=A~A,+ Ay

8: Run:

9: fort=1to T do
10:  Sample & ~ N (&, v?V™)
11:  7(t) « argmax, x]é&
12:  Observe a noisy reward r(t) = x; " +¢¢
130 f < f 4 xpr(t)
14: Update V < V + xﬂ(t)x;(t)
15: Update & + V7If
16: end for
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SpectralTS: Regret bound

> d: Effective dimension.

> \: Minimal eigenvalue of A = A, + Al

> C: Smoothness upper bound, ||la*||]a < C.
> xja* € [—-1,1] for all i.

The cumulative regret Rt of SpectralTS is with probability 1 — §
bounded as

11g\/4+4)\ A+ T 1 g<11 2
Ry <—= dT | — = ([ — 2l /oog =
T < o X og X -I—_,_-I-p \/X+ og(S

where p = 1/(4e\/7) and

T T2
g —+/4log TN <R el (’\;—/\) + C) + R\/leog (%) +c

Rr~d+/TlogN
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Spectral

Bandits: Synthetic experiment

cumulative regret
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Spectral

Bandits: Synthetic experiment

0 Barabasi—Albert N=250, basis size=3, effective d=1
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Spectral Bandits: Real world experiment

MovielLens dataset of 6k users who rated one million movies.

300 : T T T
= = = SpectralUCB -
= = = LinUCB .-

Movielens data N=2019, average of 10 users, T=200,d =5
T T T T T

250

200 SpectralTS e 7
150 LinearTS -

cumulative regret

I I I I I
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= = N N
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o o o o
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a1
o
o

computational time in seconds
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Spectral Bandits Summary

> Spectral bandit setting (smooth graph functions).
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> Spectral bandit setting (smooth graph functions).
» SpectralUCB
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Spectral Bandits Summary

> Spectral bandit setting (smooth graph functions).
» SpectralUCB
> Regret bound =~ dvTInT

» SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.
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Spectral Bandits Summary

v

Spectral bandit setting (smooth graph functions).
SpectralUCB
> Regret bound =~ dvTInT

v

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.

v

SpectralEliminator
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Spectral Bandits Summary

v

v

SpectralUCB
> Regret bound =~ dvTInT

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.

v

SpectralEliminator
» Regret bound ~ vdT In T

Spectral bandit setting (smooth graph functions).
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Spectral Bandits Summary

v

Spectral bandit setting (smooth graph functions).
SpectralUCB
> Regret bound =~ dvTInT

v

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.

v

SpectralEliminator

» Regret bound =~ vVdT InT
» Better upper, empirically does not seem to work well (yet)
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v

Spectral bandit setting (smooth graph functions).
SpectralUCB
> Regret bound =~ dv'TInT

v

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.
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SpectralEliminator
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Spectral Bandits Summary

v

Spectral bandit setting (smooth graph functions).
SpectralUCB
> Regret bound =~ dvTInT

v

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.

v

SpectralEliminator

» Regret bound =~ vVdT InT
» Better upper, empirically does not seem to work well (yet)

v

Bounds scale with effective dimension d < D.
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Spectral Bandits Summary

v

Spectral bandit setting (smooth graph functions).
SpectralUCB
> Regret bound =~ dv'TInT

v

v

SpectralTS

» Regret bound ~ dv TInN
» Computationally more efficient.

v

SpectralEliminator

> Regret bound =~ vdTInT
» Better upper, empirically does not seem to work well (yet)

v

Bounds scale with effective dimension d < D.
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SpectralEliminator: Pseudocode

Input:
N : the number of nodes, T : the number of pulls
{N;,Q} spectral basis of £
A\ @ regularization parameter
3, {tJ}JJ parameters of the elimination and phases
A1 < {Xl7 AN 7XK}.
for j=1to Jdo
th — Nz + A
for t=t; to min(tj;1 —1,7) do
Play x; € A; with the largest width to observe r;:
Xy 4= argmaxxea, [[X|y -1
Vit < Vi + XX}
end for
Eliminate the arms that are not promising:
G Vi e, xe][rys o]
Ai1 = {x € A (@, %)+ [xll - 8 > maxxen, | (e, x) — ||x|\v;15}}
end for

. brezia~
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Graph bandits: Side observations

Example 1: undirected observations
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Graph bandits: Side observations

Example 1: undirected observations
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Graph bandits: Side observations

Example 1: Graph Representation
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Graph bandits: Side observations

Example 2: Directed observation
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Graph bandits: Side observations

Example 2
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Graph bandits: Side observations
Learning setting
In each timestept=1,..., T

» Environment (adversary):

» Privately assigns losses to actions
» Generates an observation graph

. brezia~
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Graph bandits: Side observations
Learning setting

In each timestept=1,..., T

» Environment (adversary):

» Privately assigns losses to actions
» Generates an observation graph
» Undirected / Directed
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Graph bandits: Side observations
Learning setting

In each timestept=1,..., T

» Environment (adversary):

» Privately assigns losses to actions
» Generates an observation graph
» Undirected / Directed
> Disclosed / Not disclosed
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Graph bandits: Side observations
Learning setting

In each timestept=1,..., T

» Environment (adversary):

» Privately assigns losses to actions
» Generates an observation graph
» Undirected / Directed
> Disclosed / Not disclosed

> Learner:
» Plays action /; € [N]
» Obtain loss ¢, ;, of action played
» Observe losses of neighbors of /;
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Graph bandits: Side observations
Learning setting

In each timestept=1,..., T

» Environment (adversary):
» Privately assigns losses to actions
» Generates an observation graph

» Undirected / Directed
> Disclosed / Not disclosed

» Learner:
» Plays action /; € [N]
» Obtain loss ¢, ;, of action played

» Observe losses of neighbors of /;
» Graph: disclosed

. Crzia—~

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 31/59



Graph bandits: Side observations
Learning setting

In each timestept=1,..., T

» Environment (adversary):

» Privately assigns losses to actions
» Generates an observation graph
» Undirected / Directed
> Disclosed / Not disclosed

> Learner:
» Plays action /; € [N]
» Obtain loss ¢, ;, of action played
» Observe losses of neighbors of /;
» Graph: disclosed

> Performance measure: Total expected regret

;
Rt = E Loy, — Uy
T = max lZ( eh — L, )1

t=1
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Graph bandits: Typical settings

Full Information setting Bandit setting
> Pick an action (e.g. action A) > Pick an action (e.g. action A)
> Observe losses of all actions > Observe loss of a chosen action
» Rr=0(/T) > Rr = O(VNT)
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Graph bandits: Side observation - Undirected case

Side observation (Undirected case)

> Pick an action (e.g. action A)

> Observe losses of neighbors
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Graph bandits: Side observation - Undirected case

Side observation (Undirected case)

> Pick an action (e.g. action A)

> Observe losses of neighbors
Mannor and Shamir (ELP algorithm)

> Need to know graph

> Clique decomposition (c cliques)

> Rr=O(VcT)
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Graph bandits: Side observation - Undirected case

Side observation (Undirected case)

> Pick an action (e.g. action A)

> Observe losses of neighbors
Mannor and Shamir (ELP algorithm)

> Need to know graph

> Clique decomposition (c cliques)

> Ry = O(VeT)
Alon, Cesa-Bianchi, Gentile, Mansour

> No need to know graph

» Independence set of a actions

> Rr = O(VaT)
. lrzia—
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Graph bandits: Side observation - Directed case

Side observation (Directed case)
> Pick an action (e.g. action A)

> Observe losses of neighbors
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Graph bandits: Side observation - Directed case

Side observation (Directed case)
> Pick an action (e.g. action A)

> Observe losses of neighbors

Alon, Cesa-Bianchi, Gentile, Mansour
» Exp3-DOM
> Need to know graph
> Need to find dominating set

» Ry =O(VaT)
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Graph bandits: Side observation - Directed case

Side observation (Directed case)
> Pick an action (e.g. action A)

> Observe losses of neighbors

Alon, Cesa-Bianchi, Gentile, Mansour
» Exp3-DOM
> Need to know graph
> Need to find dominating set
> Rr =0(VaT)
Exp3-1X - Kocak et. al
> No need to know graph

> Rr =O(VaT)

. brezia~
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Reminder: Exp3 algorithms in general

» Compute weights using loss estimates lﬁn;.

i = exp ( nZk)
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Reminder: Exp3 algorithms in general

» Compute weights using loss estimates lﬁn;.
= exp ( nz& ,)

> Play action /; such that
Wt i Wt i

P(ly = i) = psi = Wt = 2:N7W
j=1 "Vt.j
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Reminder: Exp3 algorithms in general

» Compute weights using loss estimates lﬁn;.
= exp ( nz& ,)

> Play action /; such that
Wt i Wt i

P(ly = i) = psi = Wt = 2:N7W
j=1 "Vt.j

> Update loss estimates (using observability graph)
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Reminder: Exp3 algorithms in general

» Compute weights using loss estimates &7;.
= exp ( 77265 ,)

> Play action /; such that
Wt i Wt i

P(ly = i) = psi = Wt = 2:N7W
j=1 Wt,j

> Update loss estimates (using observability graph)

How the algorithms approach to bias variance tradeoff?

. Clreia—
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Bias variance tradeoff approaches

» Approach of Mixing
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
> p; = (1 —7)p: + st — mixed distribution
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s; — probability distribution which supports exploration

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 36/59



Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

» Loss estimates /; ; are unbiased

. brezia~
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (IX)

. brezia~
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

» Bias loss estimates ¢; ;
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

> Bias loss estimates ¢; ;

> Biased loss estimates — biased weights
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

> Bias loss estimates ¢; ;

> Biased loss estimates = biased weights
> Biased weights = biased probability distribution
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

> Bias loss estimates ¢; ;

> Biased loss estimates = biased weights
> Biased weights = biased probability distribution

» No need for mixing
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

> Bias loss estimates ¢; ;

> Biased loss estimates = biased weights
> Biased weights = biased probability distribution

» No need for mixing
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Bias variance tradeoff approaches

» Approach of Mixing

» Bias sampling distribution p; over actions
» p; = (1 — v)p: + st — mixed distribution
> s, — probability distribution which supports exploration

> Loss estimates /; ; are unbiased

> Approach of Implicit eXploration (1X)

> Bias loss estimates ¢; ;

> Biased loss estimates = biased weights
> Biased weights = biased probability distribution

» No need for mixing

Big difference in graph feedback case!
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[ét,] = {; ; — unbiased loss estimates
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Graph bandits: Mannor and Shamir - ELP algorithm

> ]E[l%,-] = {;; — unbiased loss estimates

> p;; = (1—")p:,i+ st — bias by mixing
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Graph bandits: Mannor and Shamir - ELP algorithm

> ]E[l%,-] = {; ; — unbiased loss estimates
> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, = {st1, ..., St} — probability distribution over the action set

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 37/59



Graph bandits: Mannor and Shamir - ELP algorithm

> ]E[l%,-] = {; ; — unbiased loss estimates
> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
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Graph bandits: Mannor and Shamir - ELP algorithm

> ]E[l%,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> q:,; — probability that loss of j is observed according to s;

. lreia—
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[@t’,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> g:,; — probability that loss of j is observed according to s;

. lreia—
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Graph bandits: Mannor and Shamir - ELP algorithm

> ]E[l%,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> g:,; — probability that loss of j is observed according to s;

» Computation of s;

. Crzia—~
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[@t’,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] st JEIN]
keN;,;
> g:,; — probability that loss of j is observed according to s;

v

Computation of s;
» Graph needs to be disclosed

. Clreia—
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[@t’,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> g:,; — probability that loss of j is observed according to s;

» Computation of s;

» Graph needs to be disclosed
» Solving simple linear program

. Clreia—
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[@t’,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> g:,; — probability that loss of j is observed according to s;

» Computation of s;
» Graph needs to be disclosed
» Solving simple linear program

v

Needs to know graph before playing an action

. Clreia—
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Graph bandits: Mannor and Shamir - ELP algorithm

> E[@t’,-] = {;; — unbiased loss estimates

> Pé,i = (1 — ¥)pt,i + yst,; — bias by mixing

> s, ={st1, ..., St v} — probability distribution over the action set
S; = argmax | min | s;; + Z Stk = arg max {min qw}
st JEIN] KkEN, - st JEIN]
3]

> g:,; — probability that loss of j is observed according to s;

» Computation of s;

» Graph needs to be disclosed
» Solving simple linear program

v

Needs to know graph before playing an action
Graphs can be only undirected

v

. Clreia—
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

> ]E[l%,—] = {;; — unbiased loss estimates
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

> ]E[l%;] = {;; — unbiased loss estimates

> P;,/ = (1 —7)p¢,i + 7St,i — bias by mixing
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

» K[/, ;] = {;; — unbiased loss estimates
> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

» K[/, ;] = {;; — unbiased loss estimates
> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

» K[/, ;] = {;; — unbiased loss estimates
> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set

A

3 ifieR; |Rl=r
0 otherwise.

» R — dominating set of r elements
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

> ]E[l%;] = {;; — unbiased loss estimates

> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set
1 ifieR; |R|l=r B
Sti = . _
’ 0 otherwise.

> R — dominating set of r elements

» s; — uniform distribution over R
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

» K[/, ;] = {;; — unbiased loss estimates
> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set

A

3 ifieR; |Rl=r
0 otherwise.

> R — dominating set of r elements

» s; — uniform distribution over R

> Needs to know graph beforehand
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Graph bandits: Alon, Cesa-Bianchi, Gentile,
Mansour - Exp3-DOM

» K[/, ;] = {;; — unbiased loss estimates
> P;,i = (1 —)p¢,i + yst,; — bias by mixing

> s; = {s¢1, ..., St,n} — probability distribution over the action set

_ % ifieR; |R|l=r j
0 otherwise.

> R — dominating set of r elements
» s; — uniform distribution over R
> Needs to know graph beforehand

> Graphs can be directed
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Graph bandits: Comparison of loss estimates
Typical algorithms - loss estimates

eti:

)

5 Leifot,i if £;; is observed
0 otherwise.
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Graph bandits: Comparison of loss estimates
Typical algorithms - loss estimates

eti:

)

5 Leifot,i if £;; is observed
0 otherwise.

IE[El’l]— o Otl+0(1_otl)_£tl

t,i
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Graph bandits: Comparison of loss estimates
Typical algorithms - loss estimates

éti:

)

5 Leifot,i if £;; is observed
0 otherwise.

IE[El’l]— o Otl+0(1_ot1)_£t1

t,i

Exp3-1X - loss estimates

ét,i -

5 Leif(0ci+ ) if £;; is observed
0 otherwise.

-
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Graph bandits: Comparison of loss estimates
Typical algorithms - loss estimates

éti:

)

5 Leifot,i if £;; is observed
0 otherwise.

IE[El’l]— o Otl+0(1_ot1)_£t1

t,i

Exp3-1X - loss estimates

/.= Cei/(ori +7) if ¢, ; is observed
"o otherwise.
E[éti]: et?i Oti+0(1_oti):€ti_£tiLSgti
U0ty ’ T oty T

-
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Graph bandits: Comparison of loss estimates
Typical algorithms - loss estimates

éti:

)

5 Leifot,i if £;; is observed
0 otherwise.

IE[El’l]— o Otl+0(1_ot1)_£t1

t,i

Exp3-1X - loss estimates

/.= Cei/(ori +7) if ¢, ; is observed
"o otherwise.
E[éti]: et?i Oti+0(1_oti):€ti_£tiLSgti
U0ty ’ T oty T

No mixing!

-
brzia—
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Analysis of Exp3 algorithms in general

> Evolution of W;y1/W,;
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Analysis of Exp3 algorithms in general

> Evolution of W;y1/W,;

2

1 W, 1 N &
— | ;—‘rl<7| 1-— ,'é\,' ;2,‘2
7 og W, =7 og 77;:1 Pt,ike,i + 5 ;:1 pei(Cei)” |,
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Analysis of Exp3 algorithms in general

> Evolution of W;y1/W,;

N i=1

N

~ log W, log W,
E pt,i£t,i§|: SBT3 t+1] 772 Ptz
i=1

n

1 W, 1)2 N
= log VZI Liog (1—n2pt ,ﬁt,+7;pt,i(zt

,,)z),
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Analysis of Exp3 algorithms in general

> Evolution of W;y1/W,;

1 W, 1]2 N
— log Vi/-:l |°g (1 - Uzpt /Et: + ) ,z:; pt,i(zt,i)2> s

N i=1

N

~ log W, log W,
E pt,i£t,i§|: SBT3 t+1] 772 Ptz
i=1

n

» Taking expectation and summing over time

. Crzia—~
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Analysis of Exp3 algorithms in general

> Evolution of W;y1/W,;

N i=1

N

~ log W, log W,
E pt,i£t,i§|: SBT3 t+1] 772 Ptz
i=1

n

» Taking expectation and summing over time

Michal Valko — Online Decision Making on Graphs

1 W, 1]2 N
— log Vi/-:l |og (1 - 772 Pz, /Et i 5 ,z:; Pt,i(ft

,,)z),
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Graph bandits: Regret bound of Exp3-1X

T

g Z pt,f(gt,i)2:|

t=1 i=1

E

LA L log N
zzpt,,et,,] n [zet,k] <e[Eh]
n

t=1 i=1 t=1

A B

o

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 41/59



Graph bandits: Regret bound of Exp3-1X

T A L log N n u 5 N2

E ZZpt,,-zt,,] ~E [Zét,k] SE{ }HE 222%(&,)}
t=1 i=1 t=1 N t=1 i=1
A B c

Lower bound of A (using definition of loss estimates)

T N T N T
£ [zzpt,,-a,,] - [Zzpr%m‘ & [vZZ P

t=1 i=1 t=1 i=1

. brezia~
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Graph bandits: Regret bound of Exp3-1X

T T T
5 zzpt,,-za,,] -E[za,k} <e[Eh] gzzpt,,-@ﬂ
t=1 i=1 t=1 77 t=1 i=1
A B C

Lower bound of A (using definition of loss estimates)

T N . T N
E |:Z Z Pt,ift,i:| > E |:Z Z pe,ilei

. brezia~
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Graph bandits: Regret bound of Exp3-1X

Lower bound of B (optimistic loss estimates: E[{] < E[¢])

el

Upper bound of C (using definition of loss estimates)

T T N
gtzzpf,(et,z]gE[ZtZZ o7

. Cbreia—
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Graph bandits: Regret bound of Exp3-1X

Upper bound on regret Exp3-1X

log N LI ~
Rrgg7+(ﬂ+~y)21@l _Pei
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Graph bandits: Regret bound of Exp3-1X

Upper bound on regret Exp3-1X

logN /7 ’ L e
Rr< 2=+ (249) 3By P
! n 2 ; — Orit+ Y

|

N
Pt,i

= Onit 7

t=1

=
Rr~0O (J logN ) E
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Graph bandits: Regret bound of Exp3-1X

Graph lemma

v

Graph G with V(G) ={1, ..., N}
> d. — in-degree of vertex |

1

» « — independence set of G

v

Turan's Theorem + induction

1 N
< 2al 14+ —
Zl+d__aog<+a>
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Graph bandits: Regret bound of Exp3-1X

Discretization
1
NN SN 20 B
0 ' U ' U 1
N p N p N l’5
t,i t,i t,i
K — b S — b — + 2
— o+ ; P+ Xjen- Prit 7 ; Pr.i+ jen- Pr

. brezia~
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Graph bandits: Regret bound of Exp3-1X

Discretization
1
NN SN 20 B
0 ' U ' U 1
N p N p N 1’5
t,i t,i t,i
L : < = J — 4+ 2
— o+ ; P+ Xjen- Prit 7 ; Pr.i+ jen- Pr

Note: we set M = [N?/v]

. brezia~
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Graph bandits: Regret bound of Exp3-1X

Discretization
1
NN SN 20 B
0 ' N, ' U 1
N p N p N l’5
t,i t,i t,i
K — b S — b — + 2
— o+ ; P+ Xjen- Prit 7 ; Pr.i+ jen- Pr

Note: we set M = [N?/v]

N

Z Pe,i

i=1 Pt,i + ZjENr Pt.j

. Crzia—~
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Graph bandits: Regret bound of Exp3-1X

N A
Pt,i

,Z:; ﬁt,i‘FZJ-GNI,— Pt j

Example: let M =10

<
<
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Graph bandits: Regret bound of Exp3-1X

N N
Z MPt,i
—~ Mp:,i + ZJGN,_ Mp:.j

Example: let M =10

<
<
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Graph bandits: Regret bound of Exp3-1X

N A N
P e e D D) D
= Sl ZJGNF Mpej = keC; 1+d,

Example: let M =10

<
<
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Graph bandits: Regret bound of Exp3-1X

e D 9D
o Mp: i + ZjeN,_ Mp ; -

1 M+ N
— < 2alog (1 I a )
i=1 keG; 1+dk @

Example: let M =10

<
<
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Exp3-1X regret bound

-
log N N? N
R < £+ <ﬂ+7)ZE [2oztlog <1+%) +2}
n 2 P Qi

Rr=0 ( aTlog(N))

. Cbreia—
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Exp3-1X regret bound

-
log N N? N
R < £+ <ﬂ+7)ZE [2oztlog <1+%) +2}
n 2 P Qi

Rr=0 ( aTlog(N))

Next step

. brezia~
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Exp3-1X regret bound

-
log N N? N
R < £+ <ﬂ+7)ZE [2oztlog <1+%) +2}
n 2 P Qi

Rr=0 ( aTlog(N))

Next step

Generalization of the setting to combinatorial actions

. brezia~
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Graph bandits: Complex actions
Example: Multiple Ads

[Adm] [Ado4] [Ad07] [Adlo] [AdIBJ [Adlﬁj
() (M) () () () ()
() () () (M) () ()
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Graph bandits: Complex actions
Example: Multiple Ads

[Adm] [Ado4] [Ad07] [Adm] [AdIBJ [Adlﬁj
() (M) () () () ()
() () () (M) () ()

» Display 4 ads (more than 1) and observe losses
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Graph bandits: Complex actions
Example: Multiple Ads

[Adm] [Ado4] [Ad07] [Adm] [AdIBJ [Adlﬁj
() (M) () () () ()
() () () (M) () ()

» Display 4 ads (more than 1) and observe losses

» Play m out of N actions

. Crzia—~
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Graph bandits: Complex actions
Example: Multiple Ads

[Adm] [Ado4] [Ad07] [Adm] [AdIBJ [Adlﬁj
() (M) () () () ()
() () () (M) () ()

» Display 4 ads (more than 1) and observe losses

» Play m out of N actions

> Observe losses of all neighbors of played actions

. Crzia—~
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Graph bandits: Complex actions
Example: New feeds

usery

usery

e s
news feed; news feeds news feeds

contenty contents
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Graph bandits: Complex actions
Example: New feeds

usery  users

usery

e s |
news feed; news feeds news feeds

contenty contents
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Graph bandits: Complex actions
Example: New feeds

usery  users  uUSers

users

usery

e s |
news feed; news feeds news feeds

contenty contents
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Graph bandits: Complex actions
Example: New feeds

usery  users  uUSers usery, users

e | (Loeefecs vond s |
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Graph bandits: Complex actions

Example: New feeds

usery  users  uUSers usery,

usery

contenty
o 4
€21 €22 €23

usery
news feeds news feeds .

contenty contents

news feed;

» Play m out of N nodes (combinatorial structure)
» Obtain losses of all played nodes

> Observe losses of all neighbors of played nodes
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Graph bandits: Complex actions

» Play action V; € S C {0, 1}V, ||v]s < mfromallve S

> Obtain losses V€,

> Observe additional losses according to the graph
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Graph bandits: FPL-IX algorithm

> Draw perturbation Z;; ~ Exp(1) for all i € [N]
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> Draw perturbation Z;; ~ Exp(1) for all i € [N]

> Play “the best” action V; according to total loss estimate Et_l
and perturbation Z,
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Graph bandits: FPL-IX algorithm

> Draw perturbation Z;; ~ Exp(1) for all i € [N]

> Play “the best” action V; according to total loss estimate Et_l
and perturbation Z,

V;=argminv' (nttt,l — Zt)
vesS
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Graph bandits: FPL-IX algorithm

> Draw perturbation Z;; ~ Exp(1) for all i € [N]

> Play “the best” action V; according to total loss estimate Et_l
and perturbation Z,

V;=argminv' (nttt,l — Zt)
vesS

» Compute loss estimates

~

Ui =€ iKe i1{l;; is observed}

-
brzia—
. Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 50/59



Graph bandits: FPL-IX algorithm
> Draw perturbation Z;; ~ Exp(1) for all i € [N]
> Play “the best” action V; according to total loss estimate Et_l
and perturbation Z,

V;=argminv' (nttt,l — Zt)
vesS

» Compute loss estimates

~

Ui =€ iKe i1{l;; is observed}

> K. geometric random variable with

1
or,i + (1 — ori)y

E[K:i] =

-
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Graph bandits: Complex actions

FPL-IX - regret bound
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Graph bandits: Stochastic Rewards

We do better if the losses/rewards are stochastic
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Graph bandits: Stochastic Rewards

We do better if the losses/rewards are stochastic

UCB-N - Follow UCB and update the estimates with extra info.
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Graph bandits: Stochastic Rewards

We do better if the losses/rewards are stochastic

UCB-N - Follow UCB and update the estimates with extra info.

UCB-MaxN - Follow UCB, but pick the empirically best node in
the clique of the node UCB would pick.
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Graph bandits: Stochastic Rewards

We do better if the losses/rewards are stochastic
UCB-N - Follow UCB and update the estimates with extra info.

UCB-MaxN - Follow UCB, but pick the empirically best node in
the clique of the node UCB would pick.

UCB-LP - linear approximation to the dominating set

http://www.auai.org/uai2012/papers/236.pdf

http://newslab.ece.ohio-state.edu/~buccapat/mabSigfinal.pdf

Known bounds in terms of cliques and dominating sets.
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Graph bandits: Very hot topic!
Last paper on arxiv: Fri, 20 Mar 2015 17:21:12 GMT
Extensions: Noga Alon et al. (2015) Beyond bandits

Figure 1: Examples of feedback graphs: (a) full feedback, (b) bandit feedback, (c) loopless
clique, (d) apple tasting, (e) revealing action, (f) a clique minus a self-loop and another edge.

5 Complete characterization: Bartok et al. (2014)
. lrezia—
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Graph bandits: Side Observation Summary

> Implicit eXploration idea

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 54/59



Graph bandits: Side Observation Summary

» Implicit eXploration idea

» Algorithm for simple actions - Exp3-1X

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 54/59



Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X

» Using implicit exploration idea

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 54/59



Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X
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» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X

» Using implicit exploration idea
» Same regret bound as previous algorithm
» No need to know graph before an action is played
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Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X

Using implicit exploration idea

Same regret bound as previous algorithm

No need to know graph before an action is played
Computationally efficient

vV vyVvyy
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Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X

Using implicit exploration idea

Same regret bound as previous algorithm

No need to know graph before an action is played
Computationally efficient

vV vy vVvYyy

» Combinatorial setting with side observations
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Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X
» Using implicit exploration idea
» Same regret bound as previous algorithm
> No need to know graph before an action is played
» Computationally efficient
» Combinatorial setting with side observations
» Algorithm for combinatorial setting - FPL-1X
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Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X
» Using implicit exploration idea
» Same regret bound as previous algorithm
> No need to know graph before an action is played
» Computationally efficient
» Combinatorial setting with side observations
» Algorithm for combinatorial setting - FPL-IX
> Extensions (open questions)
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» Using implicit exploration idea
» Same regret bound as previous algorithm
> No need to know graph before an action is played
» Computationally efficient
» Combinatorial setting with side observations
» Algorithm for combinatorial setting - FPL-IX
> Extensions (open questions)

> No need to know graph after an action is played
» Stochastic side observations - Random graph models

. lreia—

Michal Valko — Online Decision Making on Graphs DaSciM - LIX - 54/59



Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X
» Using implicit exploration idea
» Same regret bound as previous algorithm
> No need to know graph before an action is played
» Computationally efficient
» Combinatorial setting with side observations
» Algorithm for combinatorial setting - FPL-IX
> Extensions (open questions)

> No need to know graph after an action is played
» Stochastic side observations - Random graph models
» Exploiting the communities
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Graph bandits: Side Observation Summary

» Implicit eXploration idea
» Algorithm for simple actions - Exp3-1X
» Using implicit exploration idea
» Same regret bound as previous algorithm
> No need to know graph before an action is played
» Computationally efficient
» Combinatorial setting with side observations
» Algorithm for combinatorial setting - FPL-IX
> Extensions (open questions)

> No need to know graph after an action is played
» Stochastic side observations - Random graph models
» Exploiting the communities

» Stochastic losses
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SpectralTS: Analysis sketch

Divide arms into two groups
> Aj=blp—bipu<gl|bilg arm i is unsaturated

> Aj=bip—bipu>gl|bilg arm i is saturated
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SpectralTS: Analysis sketch

Divide arms into two groups
> Aj=bip—bip < g|bilg-: arm i is unsaturated
> Ai=bip—bip> glbilg- arm i is saturated
Saturated arm

» Small standard deviation — accurate regret estimate.

» High regret on playing the arm — Low probability of picking
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SpectralTS: Analysis sketch

Divide arms into two groups

> Aj=blp—bip < glbjg- arm i is unsaturated

> A;=blpu—blp> g||b,-||B:1 arm i is saturated
Saturated arm

» Small standard deviation — accurate regret estimate.

» High regret on playing the arm — Low probability of picking
Unsaturated arm

> Low regret bounded by a factor of standard deviation

» High probability of picking
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SpectralTS: Analysis sketch

» Confidence ellipsoid for estimate f1 of g (with probability 1 — 5/ T?2)
» Using analysis of OFUL algorithm (Abbasi-Yadkori et al., 2011)

T~ T |BT‘1/2T2 i
biHbIH|S<R“2|Og<|A|1/25 +C ”b'“Bt_l
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SpectralTS: Analysis sketch

» Confidence ellipsoid for estimate f1 of g (with probability 1 — 5/ T?2)
» Using analysis of OFUL algorithm (Abbasi-Yadkori et al., 2011)

- . |B7—\1/2T2 '
bl fx — bl p| < (R 2log (W +C ) lIbillg -

» The key result coming from spectral properties of B;.

|Bt| T
log — < 2d1 1+ —
og = og + N
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SpectralTS: Analysis sketch

» Confidence ellipsoid for estimate fi of g (with probability 1 —§/T?)
» Using analysis of OFUL algorithm (Abbasi-Yadkori et al., 2011)

X A+ T)T2
b7 — bl < (R\/zdlog (B525)+ c) Ibillg1 = llbilg—

» The key result coming from spectral properties of B;.

|Bt| T
log — < 2d1 1+ —
og = og + N
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SpectralTS: Analysis sketch

» Confidence ellipsoid for estimate fi of g (with probability 1 —§/T?)
» Using analysis of OFUL algorithm (Abbasi-Yadkori et al., 2011)

X A+ T)T2
b7 — bl < <R\/2d|og (B525)+ c) Ibillg1 = llbilg—

» The key result coming from spectral properties of B;.

|Bt| T
log — < 2d1 1+ —
og = og + N

» Concentration of sample fi around mean fi (with probability 1 — 1/T?2)

» Using concentration inequality for Gaussian random variable.

- X / A+ T
b/t —b] | < (R 6d log (T) + C) ||b;||B:1\/4Iog(TN) = vai“B:I V4 log(TN)
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SpectralTS: Analysis sketch
Define regret’(t) = regret(t) - 1{|bj i(t) — bjp| < {|[bi||g-1}

11g 1
regret’(t) < 7||ba(,f)||B;1 + 72
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SpectralTS: Analysis sketch
Define regret/(t) = regret(t) - 1{|b]fu(t) — bjp| < {||bi[g-1}
11g 1
gt (8) < E gl + 75
Super-martingale (i.e. E[Y; — Y, 1|7 1] <0)

1l1g 1
X: = regret’(t) — THba(t)HB:l -T2

t
Y, = ZXW.
w=1

(Yy; t=0,..., T) is a super-martingale process w.r.t. history F;.
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11g 1
gt (8) < E gl + 75
Super-martingale (i.e. E[Y; — Y, 1|7 1] <0)

1l1g 1
X: = regret’(t) — THba(t)HB:l -T2

t
Y, = ZXW.
w=1

(Yy; t=0,..., T) is a super-martingale process w.r.t. history F;.

Azuma-Hoeffding inequality for super-martingale, w. p. 1 —§/2:
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SpectralTS: Analysis sketch

Define regret’(t) = regret(t) - 1{|bj i(t) — bjp| < {|[bi||g-1}
11g 1
regret’(t) < 7||ba(,f)||B;1 + 72

Super-martingale (i.e. E[Y; — Y, 1|7 1] <0)

lig 1
Xi = regret/(t) — —|| a(t)”E’,;1 )
Y%
w=1
(Yy; t=0,..., T) is a super-martingale process w.r.t. history F;.

Azuma-Hoeffding inequality for super-martingale, w. p. 1 —§/2:

11g 1 11 2
E regret’( — g b, T +=4+= <+2> 2T In =
p | f)HB T p\V\ )
0 v sewe-sym



SpectralEliminator: Analysis

SpectralEliminator
» Divide time into sets (t; =1 < t, < ...) to introduce
independence for Azuma-Hoeffding inequality and observe

J * ~ *
Rr < So7olt1 — ) [ = xe,85) + (Ix*lly + [xelly)5]
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SpectralEliminator: Analysis

SpectralEliminator

» Divide time into sets (t; =1 < tp < ...) to introduce
independence for Azuma-Hoeffding inequality and observe

Rr < S ofti1 — 5[ = xe,5) + (Ix°ly— + 1xelly+)8]

» Bound (x* — x, &;) for each phase
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SpectralEliminator: Analysis

SpectralEliminator

» Divide time into sets (t; =1 < tp < ...) to introduce
independence for Azuma-Hoeffding |nequa||ty and observe

Rr < 5ot — 5)[0¢ — xe,é5) + (I lys + leelly-1)5]
» Bound (x* — x;, &;) for each phase

» No bad arms: (x* — x;, &;) < (||x* Hv 1+ fo”v 1)
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SpectralEliminator: Analysis

SpectralEliminator

» Divide time into sets (t; =1 < tp < ...) to introduce
independence for Azuma-Hoeffding |nequa||ty and observe

Rr < 5ot — 5)[0¢ — xe,é5) + (I lys + leelly-1)5]
» Bound (x* — x;, &;) for each phase
» No bad arms: (x* — x¢, &;) < (||x* ||V 1+ ||Xt||v 1)

» By algorithm: Hx||2 L0 Hxs||\,—11

—1 = tj—tj_1 Les=tj_1+1
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SpectralEliminator: Analysis

SpectralEliminator

» Divide time into sets (t; =1 < tp < ...) to introduce
independence for Azuma-Hoeffding |nequa||ty and observe

Rr < S ofti1 — 5[ = xe,5) + (Ix°ly— + 1xelly+)8]

Bound (x* — x¢, &;) for each phase

v

v

No bad arms: (x* — x¢, &;) < (||x* ||V 1+ ||Xt||v 1)

v

t;
By algorlthm HX||2—1 = # ZSJ:tj_l—‘rl HX5||V—11
s

tj

Sy e min (L Hxsnv;ll) < log [

v
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