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Abstract

Traditional Reinforcement Learning from Human Feedback (RLHF) often relies
on reward models, frequently assuming preference structures like the Bradley—
Terry model, which may not accurately capture the complexities of real human
preferences (e.g., intransitivity). Nash Learning from Human Feedback (NLHF)
offers a more direct alternative by framing the problem as finding a Nash equilib-
rium of a game defined by these preferences. While many works study the Nash
learning problem directly in the policy space, we instead consider it under a more
realistic policy parametrization setting. We first analyze a simple self-play policy
gradient method, which is equivalent to Online [PO. We establish high-probability
last-iterate convergence guarantees for this method, but our analysis also reveals
a possible stability limitation of the underlying dynamics. Motivated by this, we
embed the self-play updates into a proximal point framework, yielding a stabilized
algorithm. For this combined method, we prove high-probability last-iterate con-
vergence and discuss its more practical version, which we call Nash Prox. Finally,
we apply this method to post-training of large language models and validate its
empirical performance.

1 Introduction

Aligning powerful pre-trained Large Language Models (LLMs) with complex and often subjective
human preferences and values is a central challenge for safe and beneficial Al. Reinforcement
Learning from Human Feedback (RLHF) (Christiano et al., 2017) addresses this by learning from
human preference signals rather than sparse or hand-engineered reward functions. RLHF has been
successfully used to fine-tune LLMs for tasks such as summarization (Stiennon et al., 2020), dialogue,
and question answering (Ziegler et al., 2019; Ouyang et al., 2022; Bai et al., 2022).

A common approach within RLHF, rooted in contextual dueling bandits (Yue et al., 2012; Zoghi
et al., 2014; Bengs et al., 2021), is to posit an underlying reward model. The most prevalent choice is
the Bradley—Terry (BT) model (Zermelo, 1929; Bradley & Terry, 1952), which assigns each action a
scalar reward and models pairwise preferences as a function of reward differences. Under BT, the goal
reduces to learning the reward and choosing an action that is preferred, on average, to alternatives. In
Social Choice Theory, this corresponds to a Condorcet winner.

However, reward-model approaches can be misspecified (Dudik et al., 2015; Munos et al., 2023). In
particular, BT imposes transitivity: if a is preferred to b and b to ¢, then a must be preferred to c. Real
human judgments often violate this property, exhibiting intransitivity (Gardner, 1970; Tversky, 1969;
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Klimenko, 2015). Moreover, even when individual preferences are transitive, group aggregation can
create cycles (May, 1954; Kreweras, 1965). Such non-transitive preferences can preclude a Condorcet
winner and, more broadly, a consistent scalar reward function matching all comparisons.

Nash Learning from Human Feedback (NLHF). To avoid assuming a consistent reward or a
Condorcet winner, Dudik et al. (2015) proposed a preference-based approach for dueling bandits,
later termed Nash Learning from Human Feedback (NLHF) by Munos et al. (2023). NLHF models
pairwise preferences via a symmetric two-player game in which each player proposes an action.
The objective is to find a symmetric Nash equilibrium (NE, von Neumann 1928; Nash Jr 1950),
called a von Neumann winner (VNW) in the dueling bandits literature (Dudik et al., 2015). Unlike a
Condorcet winner, a VNW is a mixed policy and remains well-defined under intransitive preferences.

Regularization and the parameterized setting. In LLM post-training, we want to align to prefer-
ences while staying close to a fixed reference policy (for example, an instruction-following model).
We therefore consider the NE of a regularized preference game, adding a penalty proportional to the
Kullback-Leibler (KL) divergence from the current policy to the reference policy. While many works
analyze algorithms for regularized NLHF by exploiting convexity in the policy space (Sokota et al.,
2023; Munos et al., 2023; Cen et al., 2024), less is known when the policy is parameterized (as in
neural networks) and trained via stochastic gradient methods.

Our approach. We close this gap by analyzing the simplest self-play policy gradient (SPG) under
parameterization. Under a leave-one-out advantage estimator, SPG iterations coincide with Online
IPO (Calandriello et al., 2024). We prove high-probability last-iterate convergence and identify a
stability condition on regularization; beyond it, the dynamics may be unstable.

Motivated by this observation, we wrap self-play updates in an (inexact) proximal-point outer
loop (Martinet, 1970). The resulting method uses two anchors: the reference policy (to limit drift
from the base model) and the previous outer iterate (to stabilize dynamics). This yields high-
probability last-iterate convergence without a stability restriction on the regularization parameter.
We also propose a practical variant, Nash Prox, which approximates the proximal anchor via an
exponential moving average (EMA), and show competitive performance on synthetic preference
games and LLM post-training.

Contributions. We summarize our contributions as follows.

* We analyze SPG (equivalently, Online IPO under leave-one-out advantage estimator) for regularized
NLHF under general policy parameterization, which includes softmax parametrization, proving
high-probability last-iterate convergence under a stability condition on the regularized game.

* We embed SPG into an inexact proximal-point framework (PP-SPG), achieving high-probability
last-iterate convergence in the parameterized setting without extra stability conditions.

* We develop a practical deep-learning implementation of PP-SPG called Nash Prox, based on an
EMA target anchor, and show competitive results on synthetic games and LLM post-training.

2 Related work

Nash Learning from Human Feedback. The NLHF framework was introduced by Munos et al.
(2023), building on the formulation of contextual dueling bandits as a symmetric two-player game
by Dudik et al. (2015). They proposed the NashMD algorithm and showed that it enjoys last-iterate
convergence to the VNW of a regularized preference game at a polynomial rate.

Subsequent work studied how to approximate a VNW in the unregularized preference game, e.g.,
via regret-minimization tools (Swamy et al., 2024; Wu et al., 2025a), optimistic mirror descent
variants (Zhang et al., 2025a; Wu et al., 2025b), and meta-algorithms that ensure asymptotic con-
vergence (Liu et al., 2024b). A separate line of work improved guarantees in the regularized
setting (Zhang et al., 2025b; Wang et al., 2025; Tang et al., 2025), but these methods typically
operate in the policy space via direct distributional updates. A notable exception is the work by
Zhou et al. (2025), which provides a policy-gradient interpretation but requires samples from a
uniform distribution over the action space, which is impractical in the LLM setting where actions are
sentences.

Separately, Calandriello et al. (2024) showed that the online version of [PO (Gheshlaghi Azar et al.,
2024) converges to the VNW, but without explicit rates. In this work, we give high-probability



last-iterate convergence guarantees for Online IPO in the parameterized setting. The result follows
from its equivalence to SPG under a leave-one-out advantage estimator and holds under a condition
on the regularization coefficient. We also introduce a stabilized proximal-point variant that uses
Online IPO as a building block.

Most of the above work focuses on single-step preference feedback. Addressing multi-turn decision
making, Shani et al. (2025) studied preference feedback in settings requiring planning, proposes a
self-play mirror descent based algorithm, and proves convergence to a Nash equilibrium. Another
line of work extends the NLHF to a Stackelberg principal-agent formulation, breaking the symmetry
between max and min-players (Choi et al., 2025; Pasztor et al., 2025).

Policy gradient methods. A large body of work studies policy gradient (PG) methods for unregular-
ized reinforcement learning with general parameterized policy classes. A widely used set of sufficient
conditions combines regularity of the score function with Fisher non-degeneracy and (approximate)
compatibility (Sutton et al., 1999), enabling global convergence and finite-sample guarantees beyond
the tabular setting (Papini et al., 2018; Huang et al., 2020; Liu et al., 2020; Agarwal et al., 2021;
Yuan et al., 2022; Ding et al., 2022; Fatkhullin et al., 2023; Lu et al., 2024). These analyses typically
consider a fixed objective and quantify progress using smoothness and gradient-dominance conditions
on the induced objective in parameter space.

Regularized policy gradients. Less is known about Kullback-Leibler (KL)- or entropy-regularized
objectives under parameterization, despite their prominence in RLHF and preference optimization.
For entropy-regularized MDPs, Mei et al. (2020) proved global convergence of softmax PG and
showed gradient dominance is non-uniform without control of the minimum action probability.
Subsequent work analyzes regularized gradient flows and stability (Leahy et al., 2022), and uses
projection/truncation to maintain a minimum action probability (Zhang et al., 2021; Labbi et al.,
2025); see also Liu et al. (2024a) for convergence over a wider range of step sizes. For two-player
zero-sum Markov games, Zeng et al. (2022) studied regularized gradient descent—ascent with softmax
policies under partially decoupled updates (alternating steps and unequal step sizes). In contrast, our
self-play policy gradient uses a single timescale with simultaneous updates and a shared learning rate,
so the opponent evolves at the same rate each step, making the analysis more challenging.

3 Setting

We consider a contextual dueling bandit setting (X', Y, P), where X’ is a context space, ) is a finite
action space, and P(y > ¢’ | «) € [0, 1] is the probability that action y € ) is preferred to ¢’ € )
given context x € X, which satisfies the symmetry condition: P(y =y’ |z) =1—-P(y = y | x)
forall z,y,y’. A policy m: X — Ay maps contexts to probability distributions over actions, where
Ay is the probability simplex over ). Let II be the space of all such policies. For a context z € X,
we define the expected preference of a policy 7 € II over 7/, as:

P = 7'|2) £ Eymon(fa)ymn (1) [Py = ¥ |2)].

For a context distribution p € Ay we define the expected preference and Kullback-Leibler (KL)
divergence as P(m > 7’') = Ep,[P(7 > 7’|z)] and KL, (7||7") = Ep,[KL(7 () |7’ (x)].

Regularized preference game. For a fixed reference policy 7™f € II we define a (-regularized
preference as Ps(n = ') & P(r = n') — BKL(x||7™f) + BKL(x'||7"f), where 8 > 0 is a
regularization parameter. The 3-regularized preference function induces a S-regularized preference
game (Munos et al., 2023), which is symmetric, so it admits a symmetric Nash Equilibrium (NE)
(7‘(’;7 71'2‘3) (von Neumann, 1928; Nash Jr, 1950). We call a policy 7 a S-regularized von Neumann
winner (VNW, Dudik et al. 2015) and in particular it satisfies

T € argmax, ey mingen Pg(m = 7).

The [-regularized suboptimality (also known as exploitability gap) of m against 7’ is

SubOpt(m,7') £ 3 — Pg(m = 7'). The worst-case 3-regularized suboptimality of m is:
SubOpt () £ 1 —mingenPs(m = 7). )]

A policy 7 is an e-VNW in the S-regularized game if SubOptg(7) < e. Our goal is to learn an
e-VNW given (i) sampling access to the context distribution p, (ii) the ability to sample from context-
conditioned policies, and (iii) a stochastic estimate of P(y > v’ | z) (e.g., from pairwise comparisons).



We measure efficiency via the iteration complexity Nite, (), i.€., the number of algorithmic updates,
and the sample complexity Ngampie(€), i.€., the number of queries to a comparison oracle.

Value and best-response. Due to the symmetry of the game, it is enough to consider only the point
of view of the min-player, the value of its policy 7 € II against a competitor policy p € IT is

V(mip) & P(p = ) + BKL,(r[|7™") . )

Thus, we can define a best-response policy v5(u) € argmin, . V(s p1) and its value as Vi ().
We can rewrite the worst-case suboptimality in terms of value as SubOptg(m) = Vj(m;m) — Vi ().

Additional notations. For a vector z € R? we define a span seminorm of z as |z|ls, =
infeerl|® +c1||oo, where 1 = (1,...,1)"is a vector of all ones. For M > 0 define clip_ s r(z) =

max{—M, min{z, M}}. For a distribution p € Ay and two functions f: X — R?, define
I£1I% o = Eanplll £ (2)17] and [ 112, = Eanplllf(@)113,]

4 Self-Play Policy Gradients

In this section, we consider a simple algorithm for finding a VNW of a S-regularized preference
game with a general parameterized policy class and a finite action space. We call this algorithm the
Self-Play Policy Gradient (SPG) method.

For a parameter § € © = R?, we define 6 ~ 7y € II as a differentiable policy parameterization.

Define a parametrized value as J3(0; 1) = V(mg; ) where p is a competitor policy. Given this
definition and an initial parameter 6, € ©, we define the iterates of SPG as follows

Orr1 = T(0r — 119t), T4l = T4y s 3)
where g, is a stochastic gradient estimator of V.Jg(0;; 7;), and 7 is an optional projection-like policy
improvement operator (e.g., clipping). As a main example, we consider the following mini-batch
pairwise REINFORCE gradient estimator (Williams, 1992), defined as g; = (1/By) Zf:tl G, (6)
for

G (0) = (Vologma(ysla;) — Vologma(yjlz;)) - clipp_aran(4;), 4)

where M is a clipping threshold and A is an advantage estimate defined as

Aj =5 —pi+ B(log T —log el E“’y'ﬁ))) ’ ©

and where z; ~ p, y;,y; ~ m(z;) and p; is a sample from a Bernoulli distribution of parameter
P(y; = y;|x;). This gradient estimator can be considered as a leave-one-out (LOO) advantage
estimator (Kool et al., 2019; Ahmadian et al., 2024) with a group of size 2, which was also applied to
estimate the KL-divergence.

Connection with Online IPO. Recall the Online IPO loss

2
T T ﬂ_rcf ’ T
L190(8) £ Eqnpy,y~og(ro (-[2)) prBer(P(ysy'|)) l(lOg (w;gﬁ'lz))wref(f.%c))) B 2%) 1 @

where sg as a stop-gradient operation. It is known (Calandriello et al., 2024, Proposition 4.2) that
expected gradients of Online IPO loss are the same of the self-play updates. However, it is easy to
check the sample-based version of (6) have exactly the same (stochastic) gradients as a pairwise
REINFORCE estimator (4) used in our analysis, up to a constant scaling and clipping. In particular,
it allows us to extend all our theoretical results to a parametrized version of online IPO, and also
directly interpret Online IPO as a LOO-variance-reduced self-play policy gradient update with a
group size of 2.

4.1 Theoretical Guarantees

We emphasize that the primary challenge in the parametrized setting lies in the intrinsic non-convexity
of the value J3(0; ;1) with respect to its first argument. Consequently, in the absence of additional
structural assumptions, global convergence of the method cannot be guaranteed.



Assumption 1 (Parametrization regularity, informal). A pair (§ — mg, T ) satisfies the following
properties: (A1) Lipschitz parametrisation ||mg — 7|1, < G| — 6'||2; (A2) L-smoothness of
0 — Jz(0;1); (A3) (approx.) Polyak—Eojasiewicz (PL) inequality: ||V.Jg(0;mp)||3 + epr >
2m SubOpt 5(779) for @ in the range of 7; (A4) 7 non-increase suboptimality; (AS) g; has a bias
< €grad and is subgaussian with a variance-proxy oc M? /By, where M is a clipping threshold and
B; is a batch size.

These conditions hold for context-free softmax policies mg(y) o exp(d,) with a suitable choice of T,
and more generally for Fisher-nondegenerate compatible parameterizations (Yuan et al., 2022), where
epr, reflects function-approximation error. Appendix C provides the full assumptions and verification.
The constants may depend on 3 and the reference policy 7™f; in particular, the clipping level M
depends on the bias €4,,q and regularity of aref,

Theorem 1 (Convergence guarantees of SPG, informal). Assume (A1)—(AS5) and fm > G?. Let
k £ L/m. For the iterates of self-play policy gradients (SPG, 3):

Deterministic: with exact gradients and v, = 1/(2L),

SubOptg(m) < (1 — ym/2)* SubOptg(mo) + O(epr/m).

Stochastic: with v, = O(1/(mt)) and a growing batch size B, = O(t/m), with probability at least
1-4,

SubOpt () = 6(52#2 + M2 /12 + G2M?/(Bm - t) + (epr + Egrad)/m) .

We refer to Propositions 3 and 4 in Appendix C for complete statements and proofs. In the bound
above, for the stochastic case, the first term corresponds to deterministic convergence, and the next two
terms correspond to different noise terms: the first comes from standard PL-SGD arguments (Madden
et al., 2024), whereas the second comes from a moving best-response. The last term corresponds to
an accumulated bias from an inexact PL inequality or biased gradient updates. Before discussing
the assumptions, we demonstrate the source of the 1/(/m - t)-term (moving best-response) in the
stochastic bound.

Lemma 1 (Descent Lemma I). Assume (Al),(A2), and (A4). Let L 2 L + G?/(4P). For the iterates
of self-play policy gradients (3), for any sequence (V;)¢>o and for any t > 0, it holds that

27 2 ~2 2
SubOptg(mer1) < \/SUbOptB<7Tt) — (VIO m), g0) + 155 [lgll3 + \/ %‘ﬁlgtu? :

We refer to Lemma 7 in Appendix for a complete proof. In the following, we provide a proof
sketch to demonstrate where the influence of moving baselines appears. In fact, the additional term

V#1194 113/8 is exactly the reason to introduce assumptions on /3 and a growing batch size.

Sketch of the proof. For simplicity of exposition, assume 7 = Id. Then the smoothness condition
(A2) implies for f,(8) = J3(0; m) = Va(me; 7)) and 0,41 = 0, — yegu

Je(Or1) < fi(0r) — vV £1(01), g1) + 7t22L||9tH§~

Define f; =V (m¢), and using a relation S2 = f,(0;) — f; and simple algebraic manipulations

21 < 2=V Fi(6), 90 + 5N gel3 + [fivr Besn) — Fo(Our)] + [FF — Fiu] -

=R

For the term R, we first notice that in the difference f;y1(0;11) — f¢(04+1) the KL-terms cancels
out, thus we have fi1(0;41) — fe(0i41) = P(mie1 > mer1) — P(me = miq1), which we denote
as P(ms41 — 7 = meq1) using the linearity of expectation. For the final term, we use a connection
between f; = V' (m;) and a convex conjugate of entropy, thus fi' — ff > P(m1 — 7 = viy1),
where 1,41 is a best response against m;41. As a result, using bilinearity and bi-Lipschitzness of
preferences

Ri < P(merr — 7 = T — verr) < sllmesn — mellnpllvien — mesall, -
Finally, using Assumption (A1), Pinsker’s inequality, and the connection 3 KL, (11 |v ) = S7,4,
we have R < (Wt/Z)\/GQHgt

S? -1 and S?2 and solving the resulting quadratic inequality, we conclude the statement. O

2.52 "1/ B- Plugging this inequality into the inequality connecting



Why growing batches? Unlike standard analysis of SGD under the PL-assumption on a fixed
objective, the exploitability SubOptg(m;) = Vj(mi;m) — Vi (m) uses a moving best-response
baseline. Controlling its drift yields an intrinsic noise term of order ~||¢;||3, which motivates the
need of a batch size B; increasing with ¢. We also note that an implicit assumption about growing
batch sizes appears in the existing analysis of the extragradient method (Zhou et al., 2025), where the
noise term is scaled by o2 /3%, with o denoting the gradient variance. As remarked by Madden et al.
(2024), similar issues arise in the analysis of projected gradient descent in the non-convex setting,
and are typically resolved by a similar growing mini-batch condition (Ghadimi et al., 2016) or by
variance-reduction techniques (J. Reddi et al., 2016).

Why 8m > G?? This condition ensures the best-response map is well-contractive and one-step
improvement is achievable; similar “sufficient regularization” assumptions also appear in Mirror-
Prox-style analyses, see Nemirovski (2004) for a discussion. We note that in the convex case (Sokota
et al., 2023), it was shown that a similar algorithm does not require such assumption; however,
in a parametrized non-convex setting, it is unclear whether this is an artifact of the analysis or a
necessity for the method’s stability. We note that empirically the method may not achieves monotonic
improvements in suboptimality over the course of training in the case of small /3, making the last-
iterate convergence non-achievable; see Appendix for numerical experiments. We leave the
complete identification of the gap between these two settings as a direction for future work.

For the tabular softmax and Fisher-compatible parameterizations, the following corollary summarizes
the resulting iteration and sample complexity. The rates depend on the regularity of the reference
policy under p: it controls the tails of the stochastic gradient estimator and hence the clipping level
M. This yields two regimes: the context-free and the contextual settings.

Corollary 1 (SPG iteration and sample complexity, informal). Fix confidence level § € (0, 1) and tar-
get accuracy € € (0,1). Assume IEINP[Iog2 (1/mref (2))] < oo, where miel (z) £ minyey 7 (y |
x). Then SPG returns an O(e + ep1,)-VNW for the [3-regularized game in the following settings:

(i) Context-free, tabular softmax (Mei et al., 2020). With clipping M = ©(log(1/¢)) and 8 2, Bmin
(where Buin depends on the minimum reference mass),
Niter(E) =T= 6(5_1)7 Nsample(g) = 6(5_2)-

(ii) Contextual, Fisher non-degenerate compatible parameterization (Yuan et al., 2022). With clipping
M =0(1/+/¢) and B Z Bmin (Where Bumin depends on the Fisher conditioning),

Niter(e) =T =O(e™),  Nuample(e) = O(c™%).

We refer to Corollary 2 and 4 in Appendix C for proofs and complete statements. We also notice that
under a stronger condition E,.,[1/7 ()] < 0o, one can use a milder clipping level and recover
the same improved rates in both the contextual and context-free cases. For general context spaces,
however, E[1/77¢f ()] < oo can be substantially more restrictive than the log-moment condition.

5 Proximal Point Method with Self-Play Policy Gradients

In this section, we propose a way to overcome a theoretical limitation of the self-play policy-gradient
(SPG) method by embedding it in the Proximal Point (PP) method.

5.1 (Approximate) Proximal Point Method

A well-known method for computing a NE is the Proximal Point (PP) method (Martinet, 1970;
Rockafellar, 1976). At each iteration, the PP method computes the NE of an auxiliary game that
is additionally regularized toward the previous iterate. To formally define the iterates (7 ) x>0, wWe
initialize 7o = 7"°f, and for a PP step size > 0 we define 73 as a solution to the following game:

maxenminyen {Po(r = 1) — (/1) KLy(rlm) + 8/ KLy(ulm) }, ()

which is equivalent to the original game, up to additional regularization toward the previous iterate
7. Alternatively, we can view 71 as a fixed point of the best-response operator:

Tt € argming ey Vi(mime1),  Vilmp) 2 V(s p) + (8/n) KLp(n 7). (®)



This approach often yields accelerated convergence rates for solving games, but it is primarily a
conceptual method rather than a practical one, since exactly computing the NE of the regularized
game can be just as challenging as solving the original game. The key observation is that the PP
subproblems in (8) induce stronger effective regularization than the original game (when 7 is small),
which allows us to address the theoretical limitation of self-play policy gradients. This motivation is
similar to the motivation behind the Mirror-Prox algorithm (Nemirovski, 2004), which efficiently
approximates a PP iteration by performing two best-response steps for a well-chosen value of 7.

PP residual and convergence guarantees. As discussed earlier, computing (8) exactly is challenging,
especially in the function-approximation setting. The exact iterates can equivalently be characterized
by Vi Vi(mk41, Te+1) o 1, i.e., the gradient vector becomes constant. This motivates the following
definition: we call 7111 an epp-approximate PP update if

IV Vi (g1, Tos1) 25,0 < €PP )
2

where || - ||5, , is an expected (over contexts) span seminorm of a vector; by definition, it equals zero
on constant vectors. Under this definition, it is possible to derive the following guarantees; for the
full statement and proof, see Appendix

Proposition 1 (Approximate PP convergence). Assume that (9) holds for all £ > 0. Then the iterates
of approximate PP converge toward 7 up to a residual floor:

KL, (wjllm) < (1+n/2)7% KL,(75m0) + 2epp /82, (10)

and similarly SubOpt(m;) and || log ), — log 75]lsp,, decays at the rate (1 + n/2)~* with an
additive O(epp) term (see Proposition 2 in the Appendix B for explicit constants).

Choice of 7). Larger n improves the outer contraction factor in (10), but it also weakens the proximal
regularizer $/n and can make the inner games harder to solve. This is the same trade-off that
motivates the choice n = O(f) in Mirror-Prox-style algorithms for this problem (Cen et al., 2024),
which resolves the inner problem using two iterations of the best-response operator.

5.2 PP-SPG Method

We now describe how we implement the inexact PP step (7) using SPG, and summarize the resulting
convergence guarantees.

Outer—inner structure. We set 7y = 7*¢f and run K outer PP steps. At outer iteration k, we fix 7y,
and (approximately) solve the proximal subgame (7) by running SPG for 7}, inner steps. Denote

Brarget = B/n, A2 B + Brarget = B(l + %1)7 T X [Wmf]ﬁ/)\ X [Wk]ﬁmg“/)\-
The inner problem is exactly a A-regularized preference game anchored at 7y, i.e., it is of the same
form as the game analyzed for SPG in Section

Inner objective for SPG. Let 7y be a parametrized policy. The min-player objective against policy
m at the outer step k is

Jk(9§7r> £ 7)(7'(' > 71-9) + B KLp(ﬂ-GHﬂ-ref) + 6target KLp(ﬂ-GHﬂ'k)- (1 1)

Self-play corresponds to using m = 7y in Jj, (as in Section 4), and updating parameters with stochastic
gradients and an appropriately chosen improvement operator 7 : © — © to ensure regularity:

Ok,t41 = Tr(Ok,t — Voot Grert)s Thyt+1 = T 4yq - (12)

At the end of the inner loop, we set 741 = T 7, . A concrete example of gy, ; is the clipped pairwise
REINFORCE estimator as in Section 4, see Algorithm | in Appendix D for a formal definition and
the pseudo-code.

Connection to COMAL (Liu et al., 2024b). Our method is closely related in spirit to COMAL,
which is motivated as a practical implementation of the conceptual prox method for unregularized
preference games. COMAL proceeds by repeatedly solving a KL-regularized subgame centered at a
reference policy, and then updating the reference to the newly computed iterate. In contrast, our goal
is to compute the Nash equilibrium of the fixed [5-regularized game (anchored at 7,¢), and we apply
an (inexact) proximal-point outer loop on top of this baseline regularization. Concretely, each PP
outer step adds an additional KL term toward the previous iterate, which strengthens the effective
regularization of the inner problem and yields an improved contraction guarantee for the outer loop.
This additional proximal regularizer allows us to overcome the limitation of plain self-play policy
gradients in our setting and derive end-to-end convergence rates.



5.3 Theoretical Guarantees

Approximate PP requires a bound on the residual (9), which is a gradient in policy space. Our
inner solver operates in parameter space. We bridge this gap via a gradient-compatibility condition
(Assumption || in Appendix D.2) showing that, up to constants,

IV Vi(mo, 7o) 13,0 S 1V0 Tk (05 70) 13 -

SP,p
Notably, this assumption holds under both tabular softmax and Fisher-compatible parameterizations.
Combined with the smoothness of J, this yields the key implication (Lemma 24): if the inner loop
returns 71 wWith SubOpt}* (m41) < €in, then

IV Vi (g1, 7rk+1)||§p7p < epp with epp = O(eyn) (explicit in Appendix D). (13)

Therefore, controlling the inner SPG suboptimality suffices to control the outer PP residual, which
allows us to provide end-to-end guarantees for the combined method. The main caveat in the analysis
is that, because our anchor sequence (7 ) x>0 depends on the previous iterate 74, we cannot uniformly
control its behavior over all contexts, but we still can control the second moment thanks to established
convergence in [[log 7x — log 7 [|sp,p-

Theorem 2 (PP-SPG sample complexity, informal). Fix arbitrary 8 < 1, confidence § € (0, 1),
and target accuracy € € (0,1). Run PP-SPG for K = 5(1) outer steps, and set the inner target
accuracy i, = ©(g). Then, with probability at least 1 — 6, the output 7 satisfies SubOpt () <
O(e + ep1,). Moreover, the combined method achieves the same order of total iteration and sample
complexity as in Corollary 1.

See Corollaries 7 and 8 in Appendix for full statements and proofs. The contextual rate improves
to O(¢~2) under stronger assumptions on 7 and 7**. With PP alone, we control only a second
log-moment, so gradients may be heavy-tailed. SVRG-style variance reduction could further reduce
sampling complexity (J. Reddi et al., 2016); we leave this direction to future work.

5.4 Nash Prox: Practical Deep Learning Implementation

Next, we provide a practical implementation, which we call Nash Prox. We consider the following

P . . . . target __ . target
policies: an online policy 7, with parameters 6;, a target policy m, with parameters 6, ,and a
fixed reference policy 7**f. Next, we define the following TPO-style loss function (cf. (6))

2
ﬁProx(Q; Wtarget’ ,R_ref) = Eﬂf’\’m%y""s%(ﬂe("ﬂf)) [(69(1’, y) - ég(.’b, y/) - %) :| ) (14)

where lo(z,y) £ (B/A) - log(mo(yla) /7™ (y|2)) + (Brarget/A) - log(mo (ylz) /7t (y|2)) for
A2 B+ Brarget, and p is an estimator of P(y > y’ | ). As explained before, the stochastic
gradient of this loss function corresponds to our method, but it is easier to implement in practice. To
implement the algorithm exactly as we discussed in Section 5.2, we need to update the target policy
with the weights of the online policy every T} steps, where T}, defines the update schedule. However,
following a very common strategy in deep reinforcement learning (Mnih et al., 2015; Lillicrap et al.,
2016), we employ a more practical and elegant approach and update the target with an exponential
moving average instead, resulting in the following updates:

target f target target
0t+1 :Ot—at-VQ,Cprox(Ht;wt & ,ﬂ're ), 9t+1g = (1_’%)'915 & +"€'9t+17

where «; is a learning rate and the parameter s € [0, 1] implicitly controls the number of steps for
one proximal update. Thus, we approximate the solution of one proximal subproblem with T}, ~ 1/
gradient steps. Also, we found it empirically beneficial to anneal the value of K as k; = 1/(c-t + 1)
for some value of ¢, where K ~ 1/c¢ corresponds to the approximate number of outer PP iterates.

6 Experiments

We use the simple contextual dueling bandit problem as an initial experiment to study the deep
learning implementation of Nash Prox. We refer to Appendix for an additional small-scale
experiment on the Rock-Paper-Scissors game.



Game definition. Let us fix a number of actions Y > 2 and a positive integer » > 1. We consider
a dueling bandit game with a context space X = R"*" and an action space J) = {1,...,Y}.
Preference probabilities are defined as follows

Ply =y |z) & 0(Ayy — Ay y),

for A £ UO, VT, where U € RY*" and V &€ RY*" are fixed matrices, ©, € R"*" is a corre-
sponding context matrix, and o(-) is a sigmoid function. This type of dueling bandit instance is a
generalization of a low-rank linear bandit problem. Notice that for any » > 2 this problem does not
admit a Bradley-Terry model. The distribution over contexts p is assumed to be a standard Gaussian
random matrix (i.e., elements of ©,, are i.i.d. with distribution N (0, 1)). We aim to find a policy
m: X — Ay that approximates a S-regularized VNW. We refer to Appendix E for more details on
the setup.

Regularized suboptimality over time

Results. We compare our method with
the following baselines: Online [PO (Ca-
landriello et al., 2024), Online DPO (Guo
et al., 2024), EGPO (Zhou et al., 2025),
Nash MD (Munos et al.,, 2023), and
Nash Prox. The results are presented in
Figure |. We can observe that Nash Prox
with an adaptive k; = 1/(0.3- ¢+ 1) and
Brarget = 10 x 3 outperforms all the base-

lines. We also observe that the two-step 00 2000 4000 6000 8000 10000
stabilization procedure of EGPO is insuf- freining step

ficient to stabilize training in the function Figure 1: Comparison of Nash Prox (in violet) with
approximation setting, while Online DPO  baseline methods. Suboptimality is averaged over 25
diverges because it is not designed to solve random seeds; shaded regions indicate standard error.
the underlying preference game in the first

place. Additionally, we observe non-monotonous behavior of suboptimality for all the baselines,
including online IPO. This empirical fact is a direct demonstration of a necessity of the stability
condition on ( for last-iterate convergence guarantees, which is typically relies on contraction prin-
ciple. In Appendix E, we provide an additional ablation study on the choice of « on the optimization
procedure as well as a comparison between hard and soft updates.

—— Online IPO
Online DPO
—— EGPO
—— Nash MD
—— Nash Prox
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6.1 LLM Alignment

Experiment setup. For our LLM-based experiments, we use the Gemma-3-4B (Team et al., 2025)
pretrained model checkpoints and train on the RLHFlow (Dong et al., 2024) datasets for all the
analysis. In particular, we first perform SFT on the RLHFlow SFT dataset (RLHFlow Team, 2024c¢)
and then all our NLHF experiments use LoRA adapters (Hu et al., 2022) of rank 16 with « = 32 on
the resulting checkpoint, using a subset of RLHFlow Prompt collection (RLHFlow Team, 2024b).
The pairwise judge model is Gemma-2-2B trained via the Robust Reward Models (Liu et al., 2025)
method. All the experiments were performed using the TRL library (von Werra et al., 2020).

Baselines. We compare the practical version of Nash Prox against Online DPO (Guo et al., 2024) and
Online IPO (Calandriello et al., 2024). We also considered NashMD (Munos et al., 2023) and EGPO
(Zhou et al., 2025), but did not include them in our experiments because their current implementations
are prohibitively slow in our setting (we estimate on the order of 102> GPU-hours per configuration).
For NashMD, the main bottleneck is the need to sample from geometric mixtures, while for EGPO
the reference implementation incurs substantial overhead due to repeated optimizer off-loading and
reloading. Additional details on baselines and hyperparameters are provided in Appendix

Results. We report in Table | the pairwise win-rates between the different methods on a held-out
test set of prompts for the separate Gemma3-27B-IT judge model. We observe that Nash Prox
outperforms all the baselines. From the implementation side, the main difference between Nash Prox
and Online IPO is the use of additional regularization with respect to a target model, and our results
show that this regularization can be valuable.



Table 1: Pairwise win rates (mean £ 99.9%-confidence intervals). Statistically significant wins are in
bold. Confidence intervals are in a smaller font size. Row/column for Nash Prox is highlighted.

Win rate SFT Online DPO Online IPO Nash Prox

SFT — 0.0674+0.011 0.0636+0.011  0.0567+0.010
Online DPO  0.9326+0.011 — 0.5283+0.017 0.465640.017
Online IPO 0.9364+0.011  0.4717+0.017 — 0.4373+0.017

Nash Prox 0.9433+0.010 0.5344+0.017 0.5627+0.017 —

7 Conclusion

In this work, we study the problem of computing Nash equilibria in KL-regularized preference
games that arise in NLHF, where the regularizer enforces proximity to a reference policy. We
first analyze a simple self-play policy gradient method under general policy parameterizations
and establish last-iterate, high-probability convergence guarantees. The analysis also highlights a
structural difficulty of self-play, namely that the best-response baseline changes across iterations
and may force a stringent effective-regularization condition. To remove this restriction, we embed
self-play within a proximal point scheme, whose proximal subgames induce stronger regularization
and yield last-iterate convergence without requiring a lower bound on the original regularization
strength. Finally, we instantiate this framework with practical stochastic policy-gradient updates and
EMA-based stabilization mechanisms, resulting in a concrete algorithm, Nash Prox, that matches
state-of-the-art empirical performance while retaining guarantees in the parameterized setting.
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A Notation

Symbol Meaning

X,y Context space and finite action set; | Y| =Y.

p Distribution over contexts x € X

T, Policies X — Ay; w(y|z) is action-probability.

Ply =y | x) Preference probability; satisfies P(y = y'|z) + P(y’ = ylz) = 1.
P, Preference matrix at context z: (Pz),,,» = P(y = ¢'|z).

P(rm > p|x) Contextual preference: () P,u(x).

P(m = ) Overall preference: Ey,[7(2) " Pypu(z)].

(£:9)0 Inner product: By, [(f (), 9(x))].

11105 - Hloo,p VEznpo[ll - 3] and /Eanp[l] - [Z]-

Il llsp.p Span seminorm in context: y/Eq~ [ - [|2,].

KL, (|| ) Contextual KL: E,, [KL(7 ()| p(z))].

T Anchor/reference policy (generic).

PL (7 = ) A-regularized payoff: P(m > p) — AKL,(7||7) + A KL, (p||7).
SubOpt] (7, 1) Regularized suboptimality: 1 — P (r > ).

VT (7, 1) Regularized value: P(u > ) + AKL, (7||7).

) Best response: arg min, V' (7, ).

Vf’*(li) Best-response value: min, Vy (7, ).

B Regularization strength of the “outer/original” preference game.
n Proximal-point (PP) step size; Starget = (/7 is the proximal penalty.
Tt Outer PP iterate (policy at PP step ?).

Vi(m, ) PP inner value: Vg (7, 1) + (8/n) KL, (7||7¢).

Gt+1 PP residual: V Vi (me41, Te41)-

€ PP inner-solve accuracy target: [|Gi41]|2,,, < €.

0, Parametric policy: parameter § € R with induced policy 7.
J7(0;7) Best-response objective: P(m > m9) + A KL, (7| 7).

G, &, by, By Stochastic gradient, noise, bias, and mini-batch size in SPG.
M7, EPL (Approx.) PL constant and additive PL slack in Assumption 4.

Table 2: Notation used in Appendix B—

The space of discrete probability measure of dimension d is denoted by Ay = {p € R? : p; >

0, Zle p; = 1}. In the same manner, we associate for any set ) of size Y = |J| Ay with Ay..
Given two discrete probability measure p, g € Ay, let us define the KL-divergence between them

as KL(p|lq) = Zle p;log(pi/q;). For two vectors 2,y € R?, we define an inner product as
CNIEDIEST

B Analysis of Proximal Point Method

In this section, we analyze the exact and approximate proximal point methods.

B.1 Preference Properties

We work in the contextual dueling bandit setting (X, ), P, p) described in Section 3. The action
space ) is finite with |Y| = Y > 2, and in each round, a context € X’ is drawn from p. We assume
that the context space is finite or countable for simplicity. We define a policy space 1I as a functional
space with a domain X" and a codomain Ay .

For every context € X and actions y,y’ € ), we are given preference probabilities P(y = v’ |
x) € [0, 1] that satisfy the symmetry assumption

P~y |lz)+Pl »-ylz)=1 VeeX yy el
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(>

For each context x, we define the preference matrix P, € [0, 1]/l with entries (P),.,/
P(y =y’ | z). For policies 7, u: X — Ay, we define the contextual preference

,P(W - | LL’) £ ]EyNﬂ'(m),y’N;L(m) [P(y - y/ | {L‘)} = F(:E)TPI/L(LU),
and the overall preference

P(m = ) £ Ez~p [,P(ﬂ- = z)] =Eznp [w(x)Tqu(:c)] .

More generally, for measurable functions v, u: X — R (not necessarily probability distributions),
we extend the notation as

Pl =ul|z)=v(x)Pyu(), P(v = u) £ Epep [v(z) " Pru(a)]. (15)
On such functions, we use the following inner product and norms:

(f:9)0 = Eanp[(f(2), 9@)], 115 = \/BapllF @3] [ fllop = \/Banplllf (2)]12] -
For a function g: X — RIYl, we extend the span seminorm by
9135, = Eann[llg(2)13:],
where || - [|sp on RIY! is the span seminorm introduced in Section 3.

For any functional F defined on a policy space 1I, we define its derivative at 7 as the function
VF(m): X — RIYI satisfying the directional derivative identity

d
&]:(77 +th) 0 (VF(r),hy,  Yh: X = RY (h(z),1) =0forallz € X.
t=
In particular, it can be characterized as (VF(7))(x,y) = #ylw)}_ (7) for p-almost all = and all

ye ).
Finally, for policies 7, i we set

KL, (7| 1) = Eqrep [KL(7(2)[|1(2))],
and we recall Pinsker’s inequality applied pointwise in x:

(@) = (@) < 2 KL(r ()| (),
which implies
Im = llf , < 2 KL, (w|). (16)
We assume throughout that all policies have full support on ) for p-almost all z, so that the expressions
involving log 7(y|x) are well-defined.

Lemma 2 (Lipschitz property of preferences). Let u,v: X — RIY| be measurable functions such
that (v(z),1) = 0forall x € X. Then

1
[Plu =)l < 3 llufls,p o] [oll1,p-

1
o P 0] <3l

Proof. Fix any x € X. Using Zy/ v(z,y’) = 0, for any y € ) we can write
(Pov(@))y =D Ply =y |o)o(z.y) =Y (Ply =y |2) = 1/2)v(z,y).
y/

y/
Hence

1
|(Pav(2))y| < max|P(y = y' | 2) —1/2] > lo(y)| < 3 lo(@)ll,
y/
which implies [|P,v(z)||oe < 3|lv(2)]]1. Therefore,

1
[Plu=v|2z)] = |u(z) " Po(@)] < u@)]1[Pev(@)llo < 5 llul@)lh[lo()]]1-
Taking expectation over z ~ p and applying Cauchy—Schwarz,

1 1
[Pu=v)l < 5 Eanplllu(@)lllv(@)l] < 5 llulls,

[oll1,p-

The bound for |P(v > u)| is obtained in the same way. O
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B.2 Regularized Preference and Value

Fix a reference policy ™ € Il and A > 0. We consider the contextual A-regularized preference game

maxmin{Pf(w = 1) 2 P(r = 1) — NKL, (x| 7) + )\KLP(MH%)}. (17)

mell pell

The (contextual) regularized suboptimality is defined as

- 1 _ - -
SubOpt} (m, 1) £ 5~ Pl (m = 1), SubOpt} (1) £ r/?eal%{ SubOpt? (7, p).

We introduce the regularized value function
VY (m,10) & P = ) + AKLy([|7) | (18)
and denote

vyt (n) € argmin VT (m, ), V(i) 2 min Vi (m, ).
mell mell

Note that Vf’*(u) might be non-unique on p-zero measure sets, but Vf’*(u) is always well-defined.

Lemma 3 (Exploitability gap via value function). For any policy © € 11, it holds

SubOpt} () = Vi (m,7) — Vi (7).

Proof. By definition of SubOpt} (rr, 1) and using P(p = 7) = 1 — P(m > 1),

x 1 ~ ~ x ~
SubOPHS (m, 1) = 5 — P = 1) + AKL, (xl|7) ~ AKL, (ul7) = Vi (. 1) — &~ AKL (7).
Maximizing over p yields

SubOpt} (7) = max SubOpt} (, 1) = maX(Vf(ﬁ, 1) — 3 — AKL,(u[7)).
2 1
In particular, evaluating at ;x = 7 gives
- 1 _
Vi(m, ) = 3 + AKL,(7||7).

On the other hand,

Vi (m) = min(P(r = v) + AKL,(v||7)),

vell
SO _
Vi (m,m) — Vit () = mealgl((% + AKL,(7||7) — P(m = v) — AKL,(v||T)),

where the right-hand side exactly matches the definition of SubOpt} (7). O

Lemma 4 (Strong convexity in 7 with respect to KL,). Fix p, 7 € IL Then, for any m, 7" € 1I,
Vi () = V(' ) = (V2 VT (' ) = ')y + AKL (|) (19)

where V VT (', 1), defined as a Fréchet derivative of Vi (1, j1) with respect to the first argument,
is given element-wise by

(VT (', ) @) 2 (PLua(a)), +A(1+log ;fyy”f)))’

In particular; if T = Vf’* (1) € argmin, Vi (m, u), then

VT () = V0™ (1) 2 X KL (e[ (1)
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Proof. Write

VT () = Eamy (@) Pon(z) + Ma((@) |, £ plog=ts
yey

Fix p1, 7 and 7. Let h: X — R be any direction and consider
O(t) £ VT (x' + th, ).

For each x and y, the derivative of p — plog £ at p = p’ is

/

p

d D _
o Poe ),y = e R
Thus, pointwise in z,
d T /! T
S @ P (@) + th(2)] = p(@)Poh(a),
%[Afz( '(2) + thx } —)\Zh:py( ((yy||x)>+1).
Therefore
=Es~p {Z ( y T )\(1 +log Z ((;‘r))))h(x, y):| = <V7TV)\%(7T17 ), h>Pa
with

(VVE (', ) (,9) = (PLa(a), + (1 +log ZH).

7 (ylz)
Now consider the difference
V3 (1) = V3 (s 1) = B [1(2) P () = 7/ () + A(fo (@) = ful'(2)))].
Similarly,

(VVE (1), T=)p = By 1) P (m(w) ' () 42 Y (1-+10g T (m(yla) - (y]2)) .

Subtracting, we isolate the Bregman term:
V() = VX (', ) = (V= VT (7 ), = ),
= Ao [ fu(7(2)) = o7 (@) = D (1 +1og T (r(yl2) — 7 (yle) ]

Y

Fix z and abbreviate p, = 7(y|z), p, = 7'(y|z), 7, = 7(y|x). Then

Dy afz py
=(p) = log ==, =lo
fz(p) Ey Py gTy 8py( p') =log =~ -

The inner expression is the Bregman divergence of f at p||p’:

8;,0 ,
) = 1:01) - X L= 44) v, - 9.

3py

A standard calculation gives

8f;v Py
fo(p Z ap. ¢ — 1) = _pylog 177 = KL(plp).
y " y

Thus
VI () = V(o) = (Vo VT (7 )y = ') p = ABam o [KL(m(2) |7’ ()] = AKL, (w| "),
which gives (19).
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For the final claim, let 7’ = uf’*(,u) be a minimizer of V7 (-, 1). First-order optimality implies
(VL V(' p),m—7'), >0  Vrell
Plugging 7/ into (19) and using V¥ (7', 1) = Vy** (1) yields
Vi (1) = Vi (1) = A KL (wl|7') = AKL (w13 (1))
as claimed. O

Lemma 5 (Smoothness of the best-response value). Fix a reference policy 1 € Il and A > 0. Then,
Sor any policies u, 1/ € 11,

Pl — 1 = v (1) S V() = Vi (@) < Plp—p' = vy (1)

Proof. Note that the lower bound follows automatically from the upper bound by multiplying both
sides by —1 and renaming p and p':

V() = VT (W) S Pl = 00 () = V() = VI () 2 P = o= v ()

Thus, it is enough to prove only an upper bound. Fix an arbitrary context = € supp(p) and consider
the regularizer ¢ € Ay as

2(q) = AKL(ql|7(2)),
and we define its convex conjugate ¢ on g € RY as

¢r(9) = sup {{g.9) = vu(a)} = sup {(g,9) — AKL(q||7(x))}.
q€Ay qely
We note that the convex conjugate is always a convex function. As a result, we have
Vg, h € R : @i (g) = ¢h(h) — (Vei(h).g — h) > 0, (20)
where V?(g) is the unique maximizer in the definition of % (g).
Next, we relate Vf’* () to ¢, For any p, ,
Vi (m,18) = P(i = ) + AKL (]|T) = Eunp [(PLp(2), w(2)) + AKL (7 (2) |7 (2))],

Thus, using the fact that optimization is performed over all functions from X’ to Ay,

VI (i) = min Vi (m,p) = = sup Bonp[(=Pu(z), 7(2x)) — AKL(7(2)||7(2))]

= —Eunp | sup (=P u(z),q) — AKL(q||T(2)) | = —Eanp[er(=Pu(x))] .

qEAy

Also, for any = € supp(p), the unique minimizer of V7 (-, 1) at context z is given by

Wi (w)(z) = aféglin@;u(w% ) + AKL(¢g|[7(2)) = Vi (—Pu(z)) .

Using these relations, we can now prove the smoothness property of Vf’*. Applying (20) pointwise
at each = € supp(p) with g = =P u(x), h = =Py (x), we get

0 (—Pop(r) — @i (=Pop'(2)) = (Vi (=P (), =P (u(x) — p'(x))) 2 0.

Taking expectation over z ~ p and multiplying by —1, we obtain
Eorp[ =03 (=PLu(@))] = Eanp[— 05 (~PLp (2))] = Banp (Vi (=P (2)), Po (u(z) — 4'(2)))] < 0.

Rewriting using the relations to Vf’* and Vj\f’*, we get

V() = Vet (') = Pl — ' = v* (') < 0.
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Lemma 6 (Suboptimality decomposition). Let wf’* be a solution to (17). Then, for any policies
m, 1 € 11, it holds

_ 1
SubOpt} (m, 1) < SubOpt} (7,73 ") + =

I =23 - = 3
D) A e I A -

Proof. By definition,

= 1 ~ ~
SubOptX(m, u) = 5 = P(m = p) + AKLy(r[|7) — AKL (ul|7)
1 % ~ x|~
— 5 = P(r = A7)+ AKL,(rl[7) — AKL, (] |7)

SubOpti (Tr,ﬂ'f’*)

1 ok Tk ||~ =~
5 = Py = )+ AKL (n7[7) = AKL (4| 7)

SubOpt% (wf’*,#)
+P(m — ’/Tf’* - Wf’* —u,
where, by bilinearity (15) and symmetry, we used
Plr -7y =i —p) =P = 13%) = P = p) — P(my™ = m3) + P(ry™ = ),

and (73" = 73%) = 1/2.

T,

Since 7y * is a Nash equilibrium of the regularized game, we have

T Tk 1

PI(my™ = p) > 3
for all p, hence SubOpti(wf’*, 1) < 0. It remains to bound the last term. For each z, both ﬂi’*(x)
and y(z) are distributions, so 3, (7} *(y|z) — p(y|z)) = 0. Therefore, by Lemma 2 applied to

u(e) = w(a) - 73" (), (@) = 73" (2) - pu(a),

[P =y = w7 = )| < Sllw = a3 - I — g

L,p-

N

Combining the above inequalities yields

_ _ ~ 1 ~ -
SubOpt3 (, 1) < SubOptx (m, 73*) + S I = X[l - I — 73

Lp-

B.3 Proximal Point Method

We now specialize to the 3-regularized contextual game with respect to 7! € II:

3 4 _ ref ref
maemin{ Py (x> 1) 2 P(r = ) — BKL, (xl}w"") + KL (x|

We define

Va(m, ) £ Pl = m) + BKL(x|7), Vi (u) 2 min Va(m, ).,
and let 7 denote the S-regularized von Neumann winner in this contextual game. The suboptimality

is
SubOptg(, 1) 21 _Ppy(n=p), SubOpt () £ max SubOpt(m, ).
“w
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Method description. The iterates of the approximate proximal point (PP) method can be written as
follows:
i1 R argmaxmm{?g(w - ) — s KL, (7||m) + = b KL (/1,”7'1})} (21)
mell  MEIl n n
where 1 > 0 is a PP learning rate. To define the success criteria for approximation, we introduce the
regularized value

B « .
Vi(m, ) £ Va(m, ) + o KLo(mlim), Vi) £ min Vi (. ).

For the exact solution to (21), the updated policy m;4; is its own best response, i.e.,
VaVi(mip1, mep1)(x) o< 1 for all z € X. In the contextual setting, we measure the approximation

error by
HV Vi(Tig1, Tig ||Spp =Esnp [HVth(ﬂ't-s-l,7Tt+1)($)’|:p]-

We say that 7,4 is an e-approximation of (21) if

||V7th(7Tt+177Tt+1)H:p’p <e.

For brevity, we denote ;1 2 Vi Vi(Tii1, Teg1)

Equivalence with a mixed-reference value. For each x € X, consider the regularization term

BKL(r(z)||l7 () + g KL(7(2)]|m (2))-

A direct calculation shows that there exists a policy 7; such that

iy | @) oc (1 (y | 2)]V D [y (y | )]/ O,
and

ref B m(x)||me(x)) = 1 m(x)|| 7 (2 T
BRLx(o)7(2)) + £ KL(a(a) (o) = 5(1+ 1) KL(n(@)lu(2) + Ci(a),

where Cy(z) is independent of 7(z). Averaging over x ~ p, we obtain
Vi(m,p) =P =)+ B(l + %) KL, (||7:) + const(7", 7;).
Hence, by Lemma 4 with A = 5(1 + 1/n) and reference 7, we have
Vi(m, ) = Vil p) = (VaVile', ), m = '), + B (14 n) KL, (r ") 22)

for all m, 7', u € 1L

Proposition 2 (Convergence of approximate PP method). Assume that each iterate 7, is an e-

approximation in the sense that ||V V;(m41, Wt“)Hip,p < eforallt > 0. Then, for any ¢ € N, it

holds 9¢
KLy(msllm) < (1+n/2)7" KLy(m]|mo) + 7

and

SubOptg(m;) < (1 + n/2)7" (5 + 28 + 3) - KL, (m5]|m0) + (2 + % + % + 662)57

and, moreover,

2(1+6%) ¢
(1+1)~*|| log mo—log wﬁuspﬁm KL (7T2|7r0)-(1+77/2)—t+(—|—[£)
Remark 1 (On the choice of 7). The present bound suggests that taking 7 — +oc0 is the best solution
since it will drive convergence in just one iterate. However, the actual tradeoff is implicitly hidden
in the value of ¢: the speed of convergence of the internal subproblems depends on 7 and a smaller
7 makes these subproblems better-conditioned thanks to stronger regularization. In particular, the
convergence of Mirror Prox-style methods requires n = O(f) if transferred to our setting (Cen et al.,
2024).

|| log Wt—logm;”sp , S

Proof. We split the proof into three parts: convergence in KL, convergence in suboptimality, and
convergence in the span seminorm of log-probabilities.
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Convergence in KL,. Define 4, = KL,(75||m). Applying (22) with 7 = 7, 7' = 41,

[ = 41, We obtain
ﬁ(l + ) KLy (mjllme1) = Vi(mh, mev1) — Vi(merr, megr) + (VaVilmopr, Teg), T — m3)p

= V(g i) + 2 KL(m70) = Vi (s, o) = & KLy(meralm)
+ (a1, M1 — T5) -
Using the definition of Vg and Pg, we have
* * 1 *
Va(mg, miv1) — Va(migr, me1) = Pa(mep = 7j5) — 5=~ SubOptg(miy1,75) < 0.

Dropping the non-negative term % KL, (7417, we get

B( )Af+1 614 + (G415 Te41 — 75)p — SubOptg(mer1, 75) (23)

where we can drop the last term too since it is non-positive. For each , since >, (m41(y|z) —
m5(y|z)) = 0, we have for any scalar function c(x)

(Ger1(@), mpa () = m5(2)) = (G () — c(x) - 1, meqa (2) — w3 ().
Thus
(Certs o1 = 75)p < Banp [IGer1(2) — (@) - Ul lImesa (2) — 5 (2)[]1]-
Using Cauchy—Schwarz,

(Gorts Mot = 75)p < Ban[IGe41(2) = (@) - L ollmesn (@) = w5 (@)11]
< \/Ez~p[||Ct+1($) (@) - LZ] - Eany |1 me21(2) = w5 (@) 3]

Finally, minimizing over ¢(z), we have

(Gt i1 — T30 p < Gt llsp,p - 1me+1 — 751, -

By Pinsker’s inequality (16),

I7es1 = 75010 < \/2KLp(mhlme1) = V2 Appa,

(Ct1, o1 — Th)p < V2 |Cestllspp At
Substituting into (23), we obtain
5(1 + n)Angl <
Dividing by 8(1 + 1/7), we have

1 ny/ 20t 12,
42, ) \/ Sp.p

P2 Ay
VT 25-(+n)
Solving this quadratic inequality in At+1
WQHCMHSP, 72 Geea 12
Ap1 < A7 + 271”12'
(1+mn) 1+n 26%2-(1+mn)

Taking the square of both sides and using an inequality (a + b)? < (1 + a)a® + (1 + 1/a)b? for any
a>0

hence

B
EAf + \/5 |‘<t+1||5p,pAt+1~

772 HCt-‘rl ||§p,p
252 - (14 1)

1
A7, < 1+ A7+ (2+a+1/a)
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Taking «v as a solution to (1 + ) /(1 +7n) = 1/(1 +n/2), wehave 2 + a + 1/a = (1 +1)?/(n/2 -
(1+mn/2)), thus we achieve
1 77||Ct+1||2 1 n-¢€
A2, < 2 DL < A BNE By
T 1427 B2 (14n/2) T 14m/27 T B2 (L4 0/2)

where the condition on a gradient error ||(;41/|2, , < € is applied. Unrolling this inequality, we
achieve forany 7' € N
AR n-e 1 < Al n 2e .

(1 +n/2)T B2

A S TR T R e TR

Convergence in suboptimality. Rearranging (23), we have
SubOptg(mir1,75) < (B/mA7 + V2/|Cerallspp - Avtr -
Let yify; € argmax, SubOptg(miy1, 1) be a worst-case opponent so that SubOptg(m11) =

f %

SubOptg(mey1, i741). Applying Lemma 6 with 7r§\rre ’
inequality, we get

1
SubOpty(mi1) < (B/MA? + V2[Girallsp,p - Avrr + 5 lImeen = whlh - lfen = 75l

=npand A = 8,7 = 7 and triangle

1
< (B/m) A7 + V2| Cerillspp - Ars1 + §||7Tt+1 = mhllp - Hier — vl

1
+ 5\\7Tt+1 ] ?,p-

By Pinsker’s inequality (16),
1741 = 5l < \/2KLp(7f I Te41) = V2 Appa,

N 1
KLp(mqa i) < 3 SubOptg(me41).

Next, we show that

For any 7, u, a direct calculation gives
Va(m,m) Vi (u,m) = Plr = m)+B KL (a7~ P(x = 1)~ BKL, (1} x™) = SubOpt (, ).
Therefore, for fixed 7,
SubOpt () = max SubOpt (7, u) = Va(m, ) — min Vg (u, 7).
2 7

This implies that p7, | is a minimizer of Vg (-, 7;11) in its first argument. Applying Lemma 4 with
A= f, = mTpq1, ™ = Teq1, and 7' = p, , we obtain

V(mer1 meq) — Va(uipr, meqr) = BKLy (gl piy)-
The left-hand side is precisely SubOpt(7441), hence

BKL, (41 ]|1i41) < SubOptg(meta).
Using Pinsker’s inequality once more,

e = il < KL (i) < 15 8ubOBts(mr).
Combining the two bounds, we get
1,0 < V/1/B Apy11/SubOpt s (mei1).
Denoting B;y1 = |/SubOptg(m¢41), we have

B2 < A2+ (B/m)A? + V2| llsppAirt +2¢/1/(48) Avs1 Biga -
Solving this quadratic, we have

Biy1 < V/1/(46) - Apgr + \/(1 +1/(48)) - AZ ., + (B/m) A + V2 G35, - A,

and, after taking square and using an inequality (a + b)? < 2a? + 2b? and 2ab < a® + b?

Bfy < (2+1/B) AL +2(8/m AT +2 /201G l12, o Avrr < (1/B+3) AZ 1 +2(8/m) AF+2]|Gera 12, -

After plugging in the bound on A7, ,, A7, and ||¢;11]|2, , we conclude the statement.

1
§||7Tt+1 - WEHLp ey — Mfﬂ
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Convergence in log-probabilities. Finally, we establish convergence in the span seminorm of log-
probabilities. Define C; = || log 7; — log 75lsp,p- A first-order optimality analysis of the regularized
best response in V; shows that, for each context z, the best response to ;41 (denoted v441) satisfies

B(L+1/n)logvis (ylz) = Blog ™ (y|z) + (8/n) log m(yla) — P(misa(z) = y | ) + crar (@),
where ¢;11(z) is a normalizing constant. Similarly, the regularized VNW 7 satisfies
B(L+1/n)log s (y|z) = Blog 7! (ylz) + (B/n) log w5 (ylz) — P(wj(z) = y | ) + ¢ ().
Subtracting these two expressions and computing sp, p-norm yields
AL+ 1/n)[logvitr —logmhllsp,p < (B/n)l[logme —log w5 lsp,p + [P(75 — Tg1 > -)llspp-

Using Lemma 2 and Pinsker’s inequality, one can bound

1
IP(h ~ w1 = Wy < 5 KLp(mbllmess) = 5 A%

Moreover, comparing the gradient expression

Gr1(@,y) = Va Vi, mesa ) (@, y) = Pmga(z) = y | 2)+Blog f:gfl((y”))+5/77 log er(1;|ycl))+dt+1(ﬂl?)1,

with the best-response equation for v, shows that
[Ce+1llsp,p = B(L +1/n)[[log i1 —log mepalsp,p -
Thus, we have
B(L+1/n)|log my1 —log mpllsp,p < (B/n)llog e —log mhllsp,p + Ats1 - V1/2+ [[Getallsp.p -
or, after rearranging and dividing by 5(1 + 1/7),

Cray < 1 o+ A ||<t+1||sp,p

S 147 ﬁ(1+1/n)-\/§+,3(1+1/77)'

Taking the square and applying the inequality (a + b)? < (1 + a)a® + (1 + 1/a)b? twice: first time
with a = 7 and the second one with o = 1 implies

1 Apy1 )2 1 n- A 20 - |Gy lI3
Cct 02 + o) < ——CF+ S 2L
b O g ( Henlee) S SOt g
Plugging in the bound on A7, ; and [|G;11 |2, , implies
1 1 - KL,(m5]lm0) 2(1+5°) -«
C? CE + 14p/2)~¢D p 0 2 7 =
S TG gy RS A1 +n)
Unrolling this recursion, we achieve for any ¢ € N
2KL, (75 m0) 29(1+p%) ¢ 1
C2<(l+n)~tC3+ 2P0 (14 9/2) " + : ;
t ( 77) 0 52 ( 77/ ) 64(1"_77) 1— 1/(1+77)
and simplifying the last term we conclude the statement. O

C Self-Play Policy Gradients

In this section, we study a symmetric preference game with KL regularization that appears as a single
inner problem of the proximal point method:

A N ~ =
1331%{7{“61%{% (m=7") 2 P(r = 7") — AKL,(n||7) + AKL, (7 ||7r)} . (24)

We solve this sub-problem using a self-play policy gradient method.
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Policy parametrization. We consider a general policy parameterization: for a parameter 6 €
© C R?let § + 7y € II be a corresponding policy. A canonical example is the standard softmax
parametrization with © = R**Y and g (y|z) ox v,

Best-response objective. For an arbitrary competitor policy 7 € II and a parameter § € R, define
JT(0;7) 2 P(r = mp) + AKL, (g | 7) .

We will repeatedly relate J™ to the value function V/\% and its best-response value Vf * (see Ap-

pendix B).

The corresponding parametrized best-response operator and value are defined as

0 £ argmin J(0; ), JT* () £ min J7(0; 7). (25)
SC) v€o

Our objective instead is to minimize the exploitability gap (or suboptimality) SubOpt} (7)) =
maxy cr{3 — P} (mg = 7’)}. Mirror Prox approximates the solution to (24) by two applications of
the best-response operator. However, it requires solving (25) exactly, which is infeasible beyond the
tabular setting.

Best-response approximation via gradient step. Rather than solving (25) exactly, we approximate
it using a single gradient step:

Ori1 =T Or — v - 9t) , T4l = Thyps (26)

where (7:):>0 is a sequence of step-sizes, 7 is a projection-like operator that guarantees policy

improvement, and g, is a stochastic estimator of V.J %(9,5; m¢) computed from a mini-batch of size
B; > 1. For an example of g;, we refer to Appendix

Parametrization assumptions. Let ©7 £ {7 (0) | 0 € O} denote the image of the improvement
operator 7, and assume 6y € ©7. Following (Yuan et al., 2022), we provide a set of assumptions on
the parametrization 6 — 7g.

Assumption 2 (Lipschitzness of parametrization). For all 6,0’ € ©
I — 7o ll1.p < Gl6 = ']

Assumption 3 (Smoothness). For any 7 € II, the function J%(G; m) is Lz x-smooth, i.e., for all
0,0’ € ©:

Lx ~ ~ ~ Lx
—=2R0 =03 < T m) =TT (O m) — (VI (O5m), 0 —0) < =0 — 6|3,
We notice that smoothness implies the following useful inequality (see, e.g., Nesterov et al. 2018,
Theorem 2.1.5)

VI (0;70) (13 < 2Lz A (J7(0;79) — J™*(79)) < 2Lz x - SubOpt} () .
Assumption 4 (Approximate Polyak—}.ojasiewicz inequality). The function J7 (6; ) satisfies the
approximate version of Polyak—Eojasiewicz (PL) inequality: there exists a constant mz € (0, Lz ]
such that for any § € O

epr + [|[VJI™(0;70)|12 > 2miz - SubOpt} (7g) -
In~particular, additive error epy, naturally appears in this bound since, in general, Vf’*(m) #*
J™*(mg) and, thus, we can guarantee only
SubOpt3 (1) = Vi (w3 m9) — V" (mg) > J7 (03 m9) — J™*(mg) ,
since the result of minimization of value over Ilg £ {7 }9co and the full policy class IT might be

different.
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Assumption 5 (Improvement operator). For any 6 € ©, the operator 7 does not increase exploitabil-
ity:
SubOpti(ﬂT(g)) < SubOpt] (7).

This assumption is always satisfied by 7~ = Id; however, for some particular cases, it is necessary to
consider non-trivial 7 to satisfy other assumptions (primarily Assumption 4). We notice that 7 is not

a projection in the usual sense: since our objective 6 — SubOptf(we) is non-convex, it means that a
usual (Euclidean) projection may be detrimental for the current optimization progress.

Assumption 6 (Mini-batch gradient noise). Let (F;):>o be the filtration induced by the algorithm

iterates: 7; £ o({6;,7;};<¢). For each ¢, let B; > 1 denote the mini-batch size used to construct gy,
and define the gradient bias and noise

&t égt—E[Qt\}—tL by éE[gtIFt] _v']%(eﬁﬂ't)-
Then, for any ¢ € N, conditionally on F;, the following holds:

(i) Bounded bias:
||bt||2 S Egrad -

(ii) Subgaussian tails with variance proxy scaling as 1/B;: there exists a constant U% » >0
such that for all w € R? and s € R,

s?o2 5 - llull3

log E[exp (s (u,&))|Fe] < 2B,

(iii) Subexponential tails for the squared norm with variance proxy scaling as 1/B;: there exists
a constant v2 , > 0 such that for all s € [0, B;/vZ ],

2
vz

logIE[exp (s||§t||§)|}"t] <s- B)\ .
t

Remark 2. Assumption 6 captures the standard 1/B; variance reduction from averaging a mini-
batch of B; independent samples. For example, suppose g; = B% Zf:"l §(04, mg,; Zy ), where
conditionally on F; the random variables {Z; ;} ?:‘ 1 are independent and the single-sample noises
9(0¢, 79,5 Z1i) — Bz, ,[9(04, 7,5 Zy ;)] are subgaussian with variance proxy 62 (possibly depending
on the dimension). Then the averaged noise &; is subgaussian with variance proxy 2/ By, and [|&;]|?

is also subexponential of the form 72 / By for some 72 > 0 (see, e.g., Jin et al. 2019). This covers, in
particular, the cases of bounded per-sample gradients and purely Gaussian noise.

In Appendix C.3, we explicitly verify these assumptions of a simple softmax parametrization, and in
Appendix C.4, we verify them for a general family of policies under compatible Fisher-nondegenerate
parameterization.

C.1 Convergence Guarantees

In the following, we analyze two cases separately: the deterministic and the stochastic. Before that,
we prove the following important result, which we split into two parts for the sake of better result
exposition.

Lemma 7 (Descent Lemma I). Assume Assumptions 2-3-5. For the iterates of policy-gradient
self-play (26), for any sequence of learning rates (7y,);>o and for any t > 0, it holds that

. 2072 - - G2~ A2
\/ SubOpt3 (m41) < \/%8)\||9t|%+\/SUbOpt,\(7Tt) = (VJIT (05 7). g¢) + (L%,A + E)%HQ:&H%-

Remark 3 (On the additional term.). Compared to standard descent-lemma arguments for a fixed
smooth objective, Lemma 7 contains an extra term. This term reflects that the best-response objective
is dynamic: after each update, the competitor policy 7, changes, so the objective function 6 —
J™(0; ;) shifts across iterations.
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Proof. We decompose one iteration of (26) as

0 £ 0, — vigt, 01 = T(0;), T & Tyt -

Step 1: Smoothness in 6. By Assumption 3, for any ¢t € N,

IO 5m) < T7 (O m) + (VI (05 m0), 0 — 6:) + 2’/\ 16;7 — 0115 -

Using Hj — 6 = —v:g¢, we obtain

Lz \vi

J%(ej;ﬂ—t) < J%(et;ﬁt) - '7t<vj%(9t§77t)7gt> + B

llgell3 - (27)

Subtracting Vf"*(ﬂ't) from both sides and using Lemma 3, which gives
J%(eﬁ ) — V)\%’*(Wt) = Vf(”t? ™) — Vf’*(m) = SUbOpti(Wt) 5
we obtain

Lz \v?
2

Vf(W;F?Wt) - Vf’*(ﬂt) < SUbOPti(ﬁ) - %<V<ﬁ(9t§7ft),9t> + ||9t||§ : (28)

Step 2: Relating J™ to SubOpt} (;"). Using the identity SubOpt} (mrg) = Vi (mrg; mp) — Vi * (70),
we have

VI (5 m) =Vt () = Vi (m s m) — Vot (o) + (Vi (s ) = VT (s )+ (Vi * () = V¥ () -

SubOpt] ()

Substituting this identity into (28) yields

~ . . L% 2
SubOpt} (7;7) < SubOpt} () — ’Yt<VJW(9t;7Tt)»gt> + TWHgtH% (29)

+ (V) = Vi (i sm) + (VT (m) = Vi () -
By definition of Vf ,
VI (mifsm) = VA (mifsme) = Pl —me =)
Moreover, the lower bound of Lemma 5 yields
VI () = Vi () 2 Plaf = mo= v

where v, is a best response to ;. Thus

Vi () = Vi () < =Pf = mo= ).
Substituting these into (29) and using bilinearity of P, we obtain

~ _ _ L% 2
SubOPE (") < SubOPE (1) =7 (V™ (B ), 1) + =25 - ol + P =y = =)
(30)

Step 3: Bounding the preference term. Lemma 2 implies

1
Pl —momml —v") < glmd = mlle - v =7,

Assumption 2 gives |77 — w1, < G||0F — 0illa = Grillgi]l2- By Pinsker’s inequality and
Lemma 4,

7 2 7
v =13, < 2KL, (7 [l") < <-SubOpti (7),  so  |vf == ||, < X SubOpt} (7;") .

> o
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Consequently,

G 2 =
Pl = wf =) < Zlllgilla - /5 SubOpt ().
As aresult, (30) becomes

2
_ L=
SubOpt)\(wt ) < SubOpt)\(m) 7t<VJ”(9t;7Tt),gt> + Mﬂgtﬂg

G 2 Gl
L llgell2 - 1/ 5 SubOPEE ()
Let S £ 1/SubOpt} (7). Then (31) can be written as
G? = 2. Lx
52— 25y S 3 < SubOpLF (m0) — (V7 (01 7). g0) + 252 g 3.
Adding G; 1’? l|g¢||3 to both sides and completing the square yields
G2 2 - - G2
(5 S alz) < SubODER (m) —~2e(P I 0im),n) + (e + 5o)
Taking square roots, we get
\/SubOpt] (r;") < I3
T F3 . G ’Yt
+ 1/ SubOpt3 (m) — v (VI (0s; 1), g¢) + ( Lz + Y ||9 13-
By Assumption 5, SubOpt (my41) < SubOpt} (;"), so
\/ SubOpt} (me41) < 8)\
5 ~ G?
+ \/SUbOPtA(Wt) — (VI (05 7). ge) + (L% At ﬂ) % lgell3 -
O
Lemma 8 (Descent Lemma II). Assume Assumptions 2-3-4-5 and Amz x > G*. For the iterates of

policy-gradient self-play (20), for any sequence of learning rates (v;)¢>o satisfying v¢ < 1/(2Lz »),
and for any t > 0, it holds that

SubOpt} (mr41) < (1 - %) SubOpt} (1) — o (VI (043 7m0), &)

3Lz 3G?
5 -%?(H&H%JrHMI%HW-%(H&II%HIth%)

+

3
+ 1 (e + [1Be]13)

where & = gy — Elg¢|F;] and by = Elgs|F;] — VJ(04;7;) are the gradient noise and bias
respectively, mx  is defined in Assumption 4, and

s L —=ymz /2
ap = ————— 00—
1 —ymz »

G? )

(1= ylsy —
%( Vel x 27

Remark 4. In this Lemma, we have introduced an additional condition on A to be a large enough
constant. Although hypothetically it might be possible that mz  decreasing with a value of A, in
any known examples mz  non-decreases with an increase of A, making an inequality Amz ) > 0
solvable. We refer to Proposition 5 and Proposition 6 for examples.
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Proof. Starting from Lemma 7, one can take squares and apply an inequality (a + b)? < (1 +
1/Az)a? + (1 + Ay)b? for any A; > 0:

= 1+ A; v2G?
SubOPI (me1) < —5 - -l G2
T T G
+(1+At)<SubOptA(7Tt)—%<VJ (9t;7rt),gt>+( wﬁ)% | t||2>

. . ¢ 2
= (1 40 (SubOp () ~ (T + (B + S (14 1)) Ehal3)

To simplify expressions, we also upper bound 1 4 1/A; by 2 + 1/A,; in the last term. The reasons for
this loose bound will be more evident lately.
Define the gradient noise £; £ g; — E[g;|F;] and bias b; = E[g;|F;] — VJ™ (0s; 7;). Then

gell3 = VI (Os ) +be +&cl13 < I1VT7 (003 70) 15+ 201613 + 211013+ 2(V T (B3 7). & +br)
Substituting this into (32) yields

SubOpt] (m11) < (14 A4;) (SubOpt§ (me) =7 (1 — L(Lay + & j L)
— (1= elLap+ G5 - “t+1)<w’f Ouim0), br)
— (1= u(Lap+ G5 - ) (VI (05m0), &)

2
(Lo + G- 246023 + Il) )

)|V I (0 m0) |5

Now, we set
BTN

2(1 —yemz)’
where ms  is defined in Assumption 4. Note that A, is positive since v, < 1/(2Lz ) < 1/(2mz )
thanks to Assumption 3, Assumption 4. One checks that

At:

1-— /2 1+2A4 1-— = 1 1
1+ A, = ’th,A/, t_ %m’/\Jr—:i.
1 —ymz a ANA; 2 yemz 2\ 2 ymz \
Simplifying the constants, we obtain
N 1 — ypmz 2 /2 =
bOpt} < 7< bOpt}
SubOpt} (m41) < [ SubOpt} (m;)
_%(1 23 )HV‘] (04; H £ (A)
2 4)\m~ ’ 2
G? ~
(1= Ly — )VJ”G; ,b)
%< Rt 22dmz z < (i) t>
L —vymz /2 ( G? ~ .
— ——— (1 =Lz — )VJ”F); , = (B
1 — yemz a n T 2 mz { (s me), &2 (B)
1 — ymz A/Q( G* N\t 5 A
= VemaE A A 2Xyemz A/ 2 I+ bellz ©)

Next, we verify that under our assumptions, the first (deterministic) term contracts. First, we verify
that 1 — y; - Lz » — G?/(2Amz ) > 0. Indeed, since v, < 1/(2Lz ») and Amz , > G2, we have
G? 1 1
— >1—=-—=-2>0.
A dmaa T 2 27

1= -Lx

Thus, the coefficient in front of <VJ (0 ), bt> is non-negative. By Cauchy—Schwarz and an
inequality ab < a?/2 + b?/2, we have

N (1 =7 La — 2)\m ,\)<VJ7T(9t’7Tt) bt> < ’Vt(% - %ém/\ - 4/\m A)HVJ ot’ﬂ-f ||;

Tt
+ 2 o3,
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and substituting this into (A) yields

1 —yemz /2

A) <
(A) 1 — ymz

(SubOpt3 (m) = 2V (B )5 + Ll

Thus, the coefficient in front of HVJ ™(0s; ) H; is positive. By Assumption 4,

||VJ%(9t§7Tt)H§ > 2mz SubOptf(wt) —epL,,

therefore (A) can be bounded as
7 1—ymza/2 (7 Ve
(A) < (1 —y¢mz2/2) SubOpt} (m;) + m : <§5PL + EHbt”%) :

To bound the last term, we use the fact that since Lz y > mz », we have v,mz » < 1/2 and thus
(1 —ymza/2) <3/2- (1 — vemz 5).

For (B), since the sign of (V.J %(Ht; m¢), &) can be arbitrary, we cannot provide a clear upper bound
on this term and we only define a coefficient in front of it as q:

(B) = —ar - (VI (03 7m0), &)
For (C), we also use the bound (1 — y¢mz »/2) < 3/2- (1 — ~yzmz »), thus

3L 3G2

(C) < == - (&l13 + [1be3) + Do (€3 + 11be3) -

Combining all the bounds, we conclude the statement. O

Remark 5 (On the necessity of the v;[|&; |3 term). Lemma 8 contains a noise contribution of order
v¢|l€¢||3, whereas in the usual PL analysis of SGD on a fixed smooth objective one typically pays
only O(72||&||3). This linear-in-; variance penalty is intrinsic to our setting.

The key difference is that our progress measure
SubOpti(ﬂ't) = Vi (myme) — V/\%’*(m)

uses the best-response value Vf *(m) as a moving baseline. After each update, the opponent

changes from 7, to 7441, SO V/\”’*(m) drifts. Controlling this drift is exactly what produces the extra
square-root term in Lemma 7; see (31), which contains (up to constants)

Ve llgel2 \/ SubOpt3 ().

With stochastic gradients g, = VJ;(Qt;m) + &, this term injects noise at the level s; £

SubOpt} (7;) as an additive perturbation ©(7¢||&;||2). Squaring to return to SubOpt, = s2

produces a cross term of size © (7 s¢||&¢||2). To close a recursion in SubOpt,, this cross term must
be absorbed into the deterministic PL decrease, whose scale is only ©(y;mz ) s7. Applying Young’s
inequality therefore leaves an unavoidable remainder of order ©(v;/mz )||&:||3 (with constants also
involving 1/ through the KL-based control of the baseline drift), which explains the v;||&;[|3 term
in Lemma

In particular, this term vanishes when & = 0, but in the stochastic case it becomes the dominant
noise contribution unless E||&||3 decays (e.g., via growing mini-batches as in Assumption 6 or via
variance reduction).

Proposition 3 (Deterministic rates). Assume Assumptions 2-3-4-5 and Amz » > G?. For the iterates
of policy-gradient self-play (26) with exact gradients (i.e., g; = V.J™(6;; 7)), let a sequence (y;)¢>0
be a constant such that vy, = v < 1/(2L% ) and for any ¢ > 0, it holds that

3-epL
b
ma

_ N _
SubOpt} (m) < (1 — AL SubOpt} (o) +
A 2 A

where mz  is defined in Assumption 4.
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Proof. Directly follows from Lemma 8 since in this case {; = b, = 0, combined with the fact that

Lz \ > mz » and, consequently, ymz »/2 < 1 due to the choice of a step-size. O
Proposition 4 (Stochastic rates). Assume Assumptions 2-3-4-5, Assumption 6 and Amz ) > G2
Define k) = Lz > 1. Define sequences (¢ ):>0 and (By);> as follows

mz A

4t + 32k7 5 — 2 1 t+ 8kx t
Tt = ha - - 2 =0 ) Bt - + o A =0 .
mz A (t + 8Kz, ) mz \t Mz A Mz

Let 6 € (0,1). Then, for the iterates of policy-gradient self-play (26), for any ¢ > 0, with probability
at least 1 — ¢ it holds that

_ 64 - k2 | log(e/d)
™ < ™
SubOpt} (m¢) < (t+8rzx— 1)2
2 e log(e/8) log(1 + 8/ (26z) (67503,
(t + 8:‘%%’,\ - 1)2 49 ?
6G2 - U%,A log(e/d) 6log(e/d)
Az y - (t+8l€%7,\—1) M.\

)

SubOpt} (7o)

- (epL 4+ 15/7- 5§rad) .

Remark 6 (On the growing mini-batch condition). Compared with a standard high-probability
analysis of stochastic gradient descent under a PL condition (Madden et al., 2024), our bound requires
a growing mini-batch size B; =< t. This is not merely a technical artifact: it compensates for a new
source of noise compared to the classical PL-SGD setting, as discussed in Remark 5. In particular, the
linear-in-v; noise term in Lemma 8 would lead to a noise floor of the iterates if a constant mini-batch
size were used even with decaying learning rates.

As remarked in (Madden et al., 2024, Appendix D), a similar issue appears in the analysis of projected
non-convex SGD, and can be addressed either via a comparable growing mini-batch condition
(Ghadimi et al., 2016) or via variance-reduction techniques (J. Reddi et al., 2016), which we do not
employ in our setting.

Proof. First, we notice that a proposed sequence of learning rates satisfies the assumption of Lemma 8.
Indeed,

4t + 3267 ) — 2 < 32Kz ) — 2 < 1 1

Tt = =% = = = .
m%)\(t + 8I€%’)\)2 Mz \ - 64 - I{%’/\ 2m;))\ * K7 2L%’)\

Thus, Lemma 8§ implies

SubOpt (1) — ay (VI (05570, &)

3 3G?
il U 24 16|12
+ 5 L7 ¥ (1ell5 + 116e][2) + Iz

_ e
SubOpt} (mi41) < (1 %TA)

(1615 + 10e)13)  (33)

3
+ Z%(EPL + [1be13) -

We notice that under our choice of (y;):> it holds

| mEA (t+8kz )% —2(t+8kz ) +1  (t—148kz))?
2 - (t+8/€%’)\)2 o (t+8/£%’)\)2

Thus, we can multiply both sides of (33) by (¢ + 8kz )% and denote X; = (¢t + 8kz\ — 1) -
SubOpt? ()

X1 < Xy — ot + 8“%,)\)2<VJ%(9t§7Tt)a§t>

37:G? 37,
SO el + k) + e+ ).

3
+ (t+ 8k )° <2L%,wt2 +
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Next, we denote Y; = —ay (t + 8kz2)2(VJ™ (64; ), & ) and for this bound we have

1—ymza/2 G?
| — au(t + 8/€%7,\)2| = 1—fytm~£ SVt <1 — YLz — AT (t+ 81?%7/\)2

t+ 8Kz A\ — 1/2 < 90 - (t+8l€;7)\ — 1)

M7\ Tms A

3
< §%(t+8/€%,>\)2 <12-

)

thus, Assumption 6 and Assumption 4 imply for any s € R

2 2

S 0% 7T
(a(t+ 8 )PP [V (0 m) 3

log Elexp(sY:)|Ft]

IN

2
52 28100 - Lz »
2

02, (t+ 8kz.\ — 1)2 SubOpt] (),
49 - mz x - (t + 8Kz 2) o7 ({1 8r7a 7 1)” SubOpA(me)

Xt
h
where for the last inequality we applied Assumption 3. Finally, we define
3 37, G2
Y 0 e L1 2 Zi
2 42m
3 37tG IN
t 4+ 8kx 2 —Lx 2 b =7
e+ 8mm0) (FLan? + e Il 2
3
+ 2 (t+8r70)% % - (epr + [[be]3) = Zus

4
To evaluate this tail behavior, we first bound the first term

3 3'th 241 3(t + 8I<Lﬂ- )\)
“Lx 2 ;
e+ o l6d < (s + e e,

and the similar bound of Z; 5 holds, where we replace || ||3 by ||b;
additional simplification that comes from a bound G? < Amz », thus

24k 3(t + 8kx
ags< 2 3 ”)mﬁ.

LUZION mz x

)

Zi1 = (t+ 8/-;%,92(

%, however, we perform one

For the last term, we have

3(t + 8I<E%7,\)

Mz \

)

3
Zis = z(t + 8k ) 2 (epL + [|be][3) < (epL + 11b¢]13) -

thus we can apply Assumption 6 and achieve
( 24L%7,\ 3(t + 8/&?%7,\)G2> 7}%7,\
(mz)? A(mz»)? By

24K 3(t 4+ 8kx 3(t + 8kx
+ S - ( 7)‘ + ( 7)\)>€§rad + S - ( 7)\)
mz A mz A (UZ 9N

log Elexp(sZ:)|Ft] < s

(5PL + 5§rad)

24k% » 3G% Y\ 24Kz ) - €oaa - 3+ (E+8kKz.) ~
<s T, 2 gra T, 2 2 é . C
< {(t . + )\m%)\)v”’A + M + M (epL + 2€5104) 5-Cy

for arange of s € [0,1/ C’t) Thus, Madden et al. (2024, Theorem 9) implies that for our system of
inequalities X;11 < Xy 4+ Y; + Z;, any t € N with probability at least 1 — ¢ it holds

X < Kylog(e/d),
where K, is a sequence that satisfies the following equations: KEH > (K + 2C’t)Kt+1 + BfKt
and Ky > Xy, which is satisfied for a sequence K; 1 = K; + QC't + BE and Ky =
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64r2 , SubOpt} (o) > Xo. In particular, we have

t—1 t—1

2
+8 + 48Kz ) - Uz ) -
s=0 o KA s=0

16200 - k7,
49

-G? dkz ) - €7
46t - < A grdd) +
A Mz Mz A

)

Ky = 64kZ SubOpt} (m) + ERE

$+8’€7r/\

t—1
262 . 8K
6750% N

< 64/-6%)\ SubOpti(wo) + 24k7 ylog(1 4+ t/(267.0)) - <49 + 2“%,/\>

v2,-G?  4kzy -2 6 tt + 16Kz 5 — 1
46t ( A + ) grad + -~ (EPL + 25§rad) . ( ™A ) )
7

)\ . m%)\ m;))\ 2

Before proceeding further, we notice that since k% » > 1, we can use the following bounds for any
t>0:

<1

t P 1 dtkx ) < 1 t(t + 16k7 \ — 1)
(t+8l€%7)\—1)2 _t+8:‘€%7)\—1, (t+8:‘€;7>\—1)2 -7’ 2(t+8:‘€;{,,\—1)2

Finally, we divide both bounds on X, and K, by (¢ + 8kz \ — 1)2 and thus we have the following
bound for exploitability that holds for any ¢ € N with probability at least 1 — ¢

SubOntT - 64 - k2 | log(e/d)
ubUp >\(7Tt) > (t+8“7ﬁ>\ _ 1)

| 24 kzlog(e/d) log(1+/(2mz)) (075 0% 4
(t+ 8kzx —1)2 49 ™A

6G* - v2 ) log(e/d) 6(epr 4 15/7 - £3,,q) log(e/d)
+ Amz (t+ 8Kz — 1) Mx ) '

SubOpt3 (o)

C.2 Gradient Estimator

As a particular instance, we employ the clipped gradient estimator that allows to control the variance
of the estimator via assumptions on the parameterization only.

Given § € O, a context x € X, two actions y,y’ € ), and an unbiased estimate p € [0, 1] of
P(y > y'|x), define the advantage estimator

o (y|) mo(y'|x)

7 (y|x) T(y'|)

Then, for a threshold parameter M > 0, we define the clipped advantage estimator

Awe(xay7y/7p) = 1/2 _p+A10g

_M ifATre(‘r7yay/ap) < _M
A3 (@, 9,9/, p) = clip_p 0 (A" (2,9,9',p)) = { A™ (2,y,y',p)  if A™(z,y,y',p) € [-M,M],
M if A" (x,y,y',p) > M.
Then we define two versions of the stochastic gradient estimator:
1
G(ble,y.y',p) = 5 - (Viogmo(yle) — Viegme(y'|2))A™ (2, 4,4/, p) , 34)
1 AT
Gu(Blz,y,y',p) = 5 - (Viogm(yla) — Vg mo(y'|2)) AT (4,4, ). (35)

Then we have the following properties of this estimator.

Lemma 9. Assume ||[Vlogmy(y|x)||3 < MZ for any x € supp(p),y € V,0 € O1. Then, the
stochastic gradient estimator defined in (34) satisfies the following properties:
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* A gradient estimator G(0|z,y,y’,p) is unbiased, i.e., for any 6 it holds E[G(0|z,y,y ,p)] =
VJ(0; 7).

o The clipped gradient estimator G (0|, y,y’, p) is biased, and its bias satisfies

g L M1
& 7’?min(x) QA +

+ 2M Ae” (M=1/2)/20)

IE[G (0], y,y',p)] = VI (0;70) |2 < 2MgA(Ean,y

* For any 0, it holds almost surely that
HG]\/[(€|xaya Zl//7p) - E[GM(9|x7ya y/,P)]||2 S 2Mg M.

Proof. For the first part of the statement, we notice that by linearity of expectation, zero expectation
of the score function E[V log 7y (y|z)] = 0, and symmetry of preferences, we have

E[G(0lz,y,y',p)] = E{V log o (y|x) <7>(7r =y |x)+ Alog 7;&53)] ;

where z ~ p,y,y’ ~ mg(-|z), and m = my. The last expression is a standard REINFORCE estimator
(Williams, 1992) for a regularized RL problem J™(6; g ), and it is known that the last expression is
equal to VJ™ (6; mp).

For the second part of the statement, we use the unbiasedness of G(6|z, y,y’, p) and the definition of
the clipped estimator to write

IE[Gr (Bla,y, y',p)] = VI (8 m)ll2 = [E[Gas (B2, .y, p)] — E[G (6], 4.y, p)]|2

1 AT ™
]E[ (V1ogmo(yle) — Vlogmo(y'|2)) (ATg(w,y,4/',p) — A 9<x,y,y’,p>)}

3

2

IA

1 AT iy
SE[IV log m(ylz) — Vieg mo(y' )l - |47 2.9,y p) — A™ (2,5,

< M, E[| A5 (e,y.4/,p) — A7 (2,59, p)]
Next, we notice that by definition of the clipping operator it holds

|AY (2, 9,9, p) — A" (z,y,9, )| = (|A™ (2, 9,9, p)| — M)+,

7o (y|z)
7 (ylz)

where (z); = max{0,x}. Next, define {y(z,y) = log as the log-ratio random variable.

Then, we can rewrite the advantage as
A" (z,y,y',p) = 1/2 = p+ Ml (2, y) — Lo(x,y)) -
Assuming M > 1, we can use the triangle inequality to write
E[(1A™ (2,9, p)| = M)4+] = E[(|1/2 = p+ Alo(x,y) — lo(z,y))| = M)4]
<E[([1/2 = pl + Allo(x,y)| + Allo(z,y/)| — M)+]
< E[(1/2+ Ao (2, y)| + Ao (2, )| — M)4]

(1ot - M;;”)J ,

where in the last inequality we used the fact that (a + b — ¢)+ < (a — ¢/2)+ + (b — ¢/2)+
for any a,b,c > 0, and the fact that y and y’ are i.i.d. samples from 7y (-|z). Next, defining
M’ = (M —1/2)/(2)), we can further bound

E[([to(z,y)| = M), ] <E[(lo(w,y) — M) ] +E[(—Llo(z,y) — M').].

7o (ylz)
7(ylz)

<2)\-E

1
o =

For the first term, we apply the following inequality; ¢p(x,y) = log < log

1

log = forany 2 € X,y € J since m (y|x) < 1. Thus, we have

1

E[(fg(l‘,y) - M/) ] S Ezwp

+
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Next, we study the second term. Let us fix a context z € X and define the set ), = {y € YV :
mo(ylz) /7 (y|z) < e ™'} Then, we have

E[(7€9(x’y) - M,)+] :Eacwp Z 7T9(y|17) <10g %(yp:) — M’)

T T
LyEYa e(y\ )

7 (y|z)
=E,.~ E o (y|x) lo -
P 3 0(y| ) geM Te(y\x)
LyEYz

and, applying an inequality log(z) < z — 1 for any = > 0, we achieve

E[(~to(e,y) — M),] < By | m(ym(ﬂy'@) - 1) <M,

eM’ . mo(ylx
YEYVL 9(y|

Finally, the last statement of the lemma follows directly from the definition of the clipped estimator.
O

Before proceeding further, we notice that the bias of the clipped estimator can be made arbitrarily
small by increasing the clipping threshold M ; however, its specific range depends on the behavior of
the reference policy 7. In particular, if 7 has a small minimum probability 7y, (2) for some contexts
x, then the bias can be large for moderate values of M. Thus, we need to introduce additional
assumptions on the reference policy to control this bias effectively.

Lemma 10. Assume ||V log mg(y|x)||5 < MZ for any x € supp(p),y € V,0 € 1. Then, for any
desired bias level egraq > 0, the clipped gradient estimator defined in (35) satisfies the following
properties.

« If the reference policy satisfies By, [log®(1/Tmin(z))] < Vi for some constant Vi > 0, then
under the choice M = Mj(€grad) 21/24+ 4)\2MQ(V% + 1) /egrad the bias is bounded as € grag
and it holds

HGIW(6|$7 Y, y/7p) - E[GM(9|J;7 Y, y/,p)]Hz S D2(5grad) )

where Da(€grad) £ M, - (1 + 78/\2]\/[9(‘/’7“)).

€grad

o If the reference policy satisfies By ,[1/Tmin(x)] < Dz for some constant Dz > 0, then under the
choice M = Mo (grad) £ 1/24 2\ log (%Djﬂ)) the bias is bounded as €graq and it holds

G (O, 9,9, p) — E[Gr (012, 9,5, p)]ll2 < Doo(Egrad) ;

where Do (€grad) £ M, - (1 +4X log(w)).

Egrad

Proof. We start from the bias bound provided in Lemma 9:

- 1 M—1/2
/ o T(O. < -
IEIG (012, 5,4/, p)] = VI7 (05 76) 2 < 2M ARy l(l‘)g Twin(®) 27 u

4 2M e (M-1/2/(N)
Let us define M’ = (M —1/2)/(2)) and then study the first term inside the parentheses and represent

it as
1 ) o0 1
log ——— — M <[ Pllog—— >u]du.
Tmin (ZL') + M’ 71—min('r)

For the first part of the statement, we apply Markov’s inequality to write

]P’(log m > u) < Eznpllog”(1/Tmin(2))] _ V&

Einp

<7
u? w2’
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and thus

1
E,- log—— — M’ .
’ K %8 Fin (@) ) /N =y

To control the bias at level €404, We set M’ such that 2M A(Vz/M' + e’M/) < €grad. Since

e < 1/M’, it is sufficient to set M’ = 2M A(Vx + 1)/€graa, which leads to the choice of
M>(egraa) in the statement of the lemma.

For the second part of the statement, we again start from the integral representation and apply
Markov’s inequality to write

P log - 1 Su) —pf - 1 St < Ezmp[1/Tmin(2)] < D~7
Tmin (2) Tmin (2) el el

1 > D /
<1og~ —M’) g/ —du—D% e M
71—min(‘r) + M’ et
As a result, we have

IBIG s (0l2,y, ', p)) = VT (0 70)ll2 < 2MA (D5 - o™ 4 M) = 2MA(D5 + 1) e

and thus

Eonp

To control the bias at level 4,54, we set M’ such that 2M, \(Dz + 1) - e=M "< E€grad, Which leads
to the choice of M (€grad) in the statement of the lemma.

O

Next, we provide the properties of the corresponding mini-batch stochastic gradient estimator. At
iteration ¢ we draw an i.i.d. mini-batch (z;, y;, ¥}, ;) je[B,) With z; ~ p, y;,y; ~ me,(+|z;) and p;
an unbiased estimator of P (y; > y; |z;), and set
By
gt ZGMK(Egrad)(9t|x]’yﬂ’y]7p]) (36)

where 4104 is a desired bias level and k € {2, co} indicates which choice of the clipping threshold
from Lemma 10 is used. Let (F);>¢ be the filtration generated by the iterates: F; = o ({0, 7k fr<t)-

Lemma 11. Assume that the conditions of Lemma 10 hold true for some desired bias level €graq > 0
and k € {2,00}. Then, the stochastic gradient estimator defined in (30) satisfies for any Fi-
measurable vector u € R?

Vs € R :log E[exp(s(u, &))|F:] < MH 13,

Vs € [O,Bt/(6D,%(5grad))] :logE[eXp(sH{tH%ﬂft} < 6s - Dk(zsgrad /Bt .

In particular, it satisfies Assumption 6 with a bias €graq, Subgaussian constant 0%, = D% (egraa)
and subexponential constant v2 , = 6D3(£grad)-

Proof. We have to compute an exact subgaussianity constant for a random vector &; bounded almost
surely by Dy (€grad), Which is standard (see, e.g., Vershynin (2018)) and we write the proof for
the sake of completeness. Let us fix a vector u € R? and define &}, .. ., f “ as the corresponding
components of the noise vector & = Gy, (0:]2;, y;, Y5, 05) — ElGar,, (0|25, yj, yj, pj)]- Then, we
define X; = (u, &) as a centered bounded random variable with | X;| < ||ul|2Dy(£graa), and thus
(conditional) Hoeffding’s lemma (Hoeffding, 1963) implies

. D2 (e,
A Sexp(s [ull3D7 (eg ad)) Vs €R,

E[esx"'

2

and, using independence, we have I[E[(%S(“@> |F] < 5" Iul3DE (5sraa)/(2Bt)  To control the norm of &,
we apply Pinelis (1994, Theorem 3.5):

u? - By
P > <2 T op2/-
(1€l > ulF] < eXP< 2Di(€grad)> ’
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thus, defining v? = D3 (€graa)/ Bt for a s > 0 the following holds

Elexp(s||€13)|7] =/0 Plexp(s|é13) > ulFi]du

(e o) 1 oo
< 1+/ P[”Et”Q > Slogu|}'t] < 1+2/ uwTdu.
1 1

The right-hand side is finite as s < 1/(4v?) < 1/(20?), thus we have

1 - 1+ 2v2%s

2
1T 120 exp(6vs).

Elexp(s[€[13)] <1+ 2—

202s

where in the last inequality we used an inequality (1 + z)/(1 — ) < exp(3z) forx < [0,1/2]. O

C.3 Verification for the Softmax Parametrization

In this section, we verify Assumptions 2—06 for the standard softmax parametrization with an ap-
propriate improvement operator and stochastic gradient estimator. For simplicity, we assume a
context-free setting, although a generalization to contextual setting is straightforward due to separated
optimization over any x € X.

Parametrization. We fix © = RY and define

7o = softmax (), mo(y) = o) . 37

5, exp(0)

We also fix a reference policy v € Ay with full support, and define an improvement operator
T := T in Section below, where 7 € (0, 7] is chosen as in Lemma 16. We will show that
this choice of 7 satisfies Assumption 5 and yields a uniform PL constant for Assumption 4.

Proposition 5 (Softmax parametrization satisfies Assumptions 2—6). Fix any full-support reference
policy ¥ € Ay, a constant £4:,q > 0, and let 7 = 79 be as in Lemma 16. Consider the softmax
parametrization (37) with improvement operator 7 := 7 and stochastic gradient estimator g,
defined in (36). Then, Assumptions 2—6 hold with constants

G=1, Lz,= %(1 + )\log(l/%min)) + A4 +1og|Y]), mzx= e~ 2/ 2, epp =0,
€grad = €grad, 0727,,\ = D%,,\(ggrad)a U%,/\ = 6D%,)\(‘€grad) )
where
¢, £ exp(min{—2||log ™ — log ¥||sp, 10g(Vmin/ (1 + Vmin))}) * Vmin »

2
2v/2 - A1 + T
D%,)\(Egrad) £2 (1 +4A 10g< \/> )»\v( ha Wmln)) + 4A log(l/ggrad)) :

Tmin
and Viin = ming v(y), Tmin = min, 7(y).

Proof. Assumption 2 follows from Lemma [2. Assumption 3 follows from Lemma 3. Assumption
and the uniform PL condition of Assumption 4 follow from Lemmas 16 and Corollary 3. Finally,
Assumption 6 follows from Lemma 17. O

Corollary 2 (SPG iteration and sample complexity: tabular softmax). Fixd € (0,1) and ¢ € (0,1).
Consider the context-free tabular softmax parametrization from Appendix with improvement
operator T = T from Lemma 16, and run SPG (26) with (7, By) as in Proposition 4. Assume
Tmin = Minyecy T(y) > 0 and let mz \ = Xe=2/Ac2 be as in Corollary 3 (so Az = Ne=2/2c2).

Assume dmz » > 1 (e.g., it suffices that A > max{2, e'’?/c,}).
Choose the clipped pairwise estimator from Lemma |7 with bias level

9 Tmze€

Farad = 180 log(e/d)

(so in particular M = % + 2X log‘(%) = 0(log(1/¢))).

TminEgrad
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Then with probability at least 1 — § the iterate wr satisfies SubOpti(ﬂT) < ¢ (equivalently, 7 is
an e-VNW for the \-regularized game) once

Niter(saa) T= O( A bg(e/5)>a Nsample(aa(s) = Z Bt = O( L )

Amiz ) 15 P Mz A

In particular (since here v%/\ = GD%/\(egmd) = O(log?(1/¢))), Nitex(e) = O(c1) and
Nsample(€) = (5(5’2) up to polylog factors.

Proof. By Proposition 5 and Lemma 17, Assumptions 2—6 hold with G = 1, epr, = 0, and the stated
mz, and v% - The condition Amz » > G? ensures Proposition 4 applies. With the chosen €graq,
the bias term in Proposition 4 satisfies

6log(e/d) 15 2

grad < 6/2

m%7)\ 7

Taking T" = (9( n: *A M) makes the remaining (decaying) terms in Proposition 4 at most €/2,

hence SubOpt} (77) < e. Finally, B; = [(t + 8kz.,)/mz.] implies Yoier Bi = 6(T2/m%7>\).
O

C.3.1 Lipschitzness and smoothness
Lemma 12 (Lipschitz parametrization, Lemma 24 of Mei et al. 2020). For any 0,6’ € © it holds

I = morflx < 116 = 6'[lspan < (16 — 6"]|2-

In particular, Assumption 2 holds with G = 1.
Lemma 13 (Smoothness, cf. Lemmas 2 and 14 of Mei et al. 2020). The softmax parametrization (37)
satisfies Assumption 3 with

Lz ) = 5(1 + )\log(l/%min)) + A4 +1log|Y]),

where Tyin = miny, 7(y).

Proof. The result follows from Mei et al. (2020) by (i) considering a one-state bandit MDP, (ii)
absorbing the cross-entropy part of the KL term into the reward and rescaling, and (iii) taking the
discount factor v = 0.

Lemma 14 (Non-Uniform Polyak-t.ojasiewicz inequality, Lemma 15 of Mei et al. 2020). A function
J™(0; ) satisfies non-uniform Polyak—Eojasiewicz inequality with a constant cx(6) = Amin, 73 (y),
i.e., forany 0 € © and m € 11

IVIT(0;m)l[5 > 2ex(0) (T (65) — J™*(m)) -
Proof. Follows from Lemma 15 of Mei et al. (2020) taking S = 1,y = 0. O]

We note that, according to Mei et al. (2020), this parameterization, by default, violates the usual
PL-condition (Assumption 4) because its coefficient depends on the minimal probability of the current
policy, which can become arbitrarily small during the algorithm iterates. To address this, we introduce
an improvement operator that enables control over the minimum probability.

C.3.2 Improvement Operator and Uniform PL

We use a minimal-probability truncation-style argument, similar to that of Zhang et al. (2021) and
Labbi et al. (2025). Let us fix a policy v € 11 with full support and a constant 7 > 0. For any policy

7 define a ratio w.r.t. v as 7, (y) = 7(y)/v(y), the low-ratio set Y, (1) = {y € YV | r,(y) < 7}, and
the max-ratio action yyax = arg max, ey 'y (y), where ties are resolved arbitrarily.
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Next, we define the improved ratios 7], by

T y € Y- (m),
() £ () = e Lseyn (m V(T = 10(2)) Y = Yumax (38)
7, (y) otherwise .

and the corresponding policy update 7+ = U¥ () via 7+ (y) £ v(y) - 7/, (y). It is easy to verify that
7+ defines a correct probability distribution.

Lemma 15. Let
0 2 min{exp(—% —2||log 7 — log 1/||Sp), (1+ l/ymin)*l},
where Uiy = mingecy v(y). Then for any T € (0, 70| and for 7+ = U () it holds
SubOpt} (7 ") < SubOpt3(r),  VyeV:mt(y) =7 v(y).
Proof. Without loss of generality, we can assume |V, (7)| > 0 since otherwise 77 = 7 and the

second condition is trivially satisfied. Let us define 0 () = >_ oy () ¥(y) - (T = ru(y)) = 0. In
terms of this accumulated ratio, we have

lr=xtll =D v -l = > v@)- @)= @)+ Ymax) (1 (¥) =77, (y)) = 20, (7).

yeY yEY- ()
(39

Then we notice that SubOpt] (7)) < SubOpt} () follows from the following inequality for any
competitor policy 7¢ € II

A(r®) £ P (nt = 7¢) — Pi(m = 7°) > 0.
To show that, we apply the following decomposition

A(r®) = PR (= 7%) = PR (m = 7°) = Y (7 (y) —7(y))Ply = 7°)

yey

+ X [KL(n||7) — KL(z*||7)] .

T>

For the first term, we have the following lower bound
Ty =) (xt(y) — 7)) - Ply = 7°) > =7 ==l |P(y = 7)llsp = —0-(),
yey

since 7T — 7 is orthogonal to 1, ||P(y = 7°)|lsp < 1/2, and (39) provides an expression for a
{1-norm.

For the second term, we first notice that for any policy 7 it holds

KL(7'||7) = Z "(y) log + Z log = ) = KL(7'||v) + Z log v(y)

yey ) yey y)

thus

7 = KLirle) - KU )+ 3 y))log
yey

v(y)
7(y)

> Ty — 26, (m)|[log v — log 7p

Finally, to analyze T3, we reformulate KL-divergence as an f-divergence for f(z) £ zlogz —(z—1)
and have

Ty = v)lf () = FrLDl= Y v)lf () = Fr )]

yey YyEYV- ()
T3,1
+ V(Ymax) (f (70 (Ymax)) — f(rlu (Ymax))) -
T3,2
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Due to convexity of f, we have for any u,v € R: f(u) — f(v) > f'(v)(u —v) =logv - (u — v),
and thus

Too= Y v @) = fr)] = D v/ L) (y) —ry) .
yEY- () yEYV-(m)
For all y € Y. () it holds r,(y) < r,(y) and 7/, (y) > 7 and, as a result, f'(r,(y)) > f'(7) =
log (7). Thus, for 7 < 1,
Tya = log(L/m) - D v(y)(r,(y) —ru(y)) = log(1/7) - b, (m).
yEY-(m)
To analyze the second term, let us define v(Yr (7)) = >_, ¢y () ¥(y). Then we have

1= v)r(y) = v(y)r(y) + v(y) rmu(y)
yezy yeyZT(n) hrad yeyZT(”) smx)
<vr(m) T+ (1 =v(Vr (7)) - 7o (Ymax) -

As a result, we have

L)y L )
i) = T = 1+ TZOE T (12 ) > 14 (D)) (1 = 7).
At the same time, we have 0, (7) < 7v(), (7)), and thus
0, (m)

7y (Ymax) = 1+ v(Vr(m)) - (1 —7) = o) > 1+ v(Y-(m)) - (1 - 7'(1 + y;)) ;

Taking 7 < (1 + 1/Vmin) "1, we have 7/, (ymax) > 1, and, thus, by the same convexity argument

T30 > V(Ymax) 10g(r;(ymax» (7 (Ymax) — Tz// (Ymax)) > 0.
>0 >0

Combining all bounds together, we have
A(r%) = (1 + 2)[log v — log #l|sp)d, () + Mog(1/7) - 6, ()
> -(m) - (Mog(1/7) — 1 —2X|[logv — log 7||sp) ,

which is non-negative for all
1 ~
0<7< exp{)\ —2||log T — 10g1/||sp}.

The second part of the statement for y € ) () follows automatically, whereas for Y. it follows
from a bound 7, (ymax) > 1. O

We then lift this operator to parameter space as an operator 7. : RIYI — RIYI, defined as
T2 (0) = logUY (o).

Alternatively, we can define it (equivalently) as follows

log(7 - v(y)/mo(y)) , m(y)/vly) <7,
THO)(9) 2 0) + {log (1 - X, w(y) - 7 = mo(y )4 /moly)) v = argma, ey T,
0, otherwise .

(40)
where [z]+ = max{z, 0}. For this operator, the following lemma is a straightforward consequence.

Lemma 16. Let
T 2 min{exp(—% —2||log 7 — log 1/||Sp), (1+ l/ymin)*l},
where Vi, = mingecy v(y). Then for any T € (0,70 and for 6% = T (0) it holds

SubOpt} (mp+) < SubOpt] () , Yye Y :mg+(y) > 7 -v(y).
In particular; Assumption 5 holds for T = TV for any full-support distribution v.
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Proof. Follows directly from a fact that mg+ = U (7p) and Lemma 15. O

Corollary 3 (Uniform Polyak—t.ojasiewicz inequality). Let T = T be an improvement operator
defined in Lemma 16. For any 0 € O the following inequality holds almost surely

V7 (85 79) 5 > 2¢X. - SubOpt; (mp) ,
where ¢ _ = AT2v2. . In particular, for a choice T = Ty, we have the following simplified factor

—2/\ 2

Mz = Ae <, ¢, = exp(min{—2[/log T — log ||sp, 10g(¥min/ (1 + Ymin))}) * Ymin ,

so Assumption 4 holds with mz x and epr, = 0.

Proof. For any § € ©1, Lemma 16 implies

o (Z/) > TV(y), min g (y) > T Vmin -
yey

Thus, by Lemma 14, we have

|[VJ™(6;76)||2 > 2A min 72 (y) - SubOpti(ﬂg) >Nt SubOpti(we) .
y

After plugging-in the 7 = 79 we have
S = Amin{exp(—2/X) - exp(—4|log ™ — log v||sp)s [Vmin/ (1 + l/min)]2}l/r2nin .

Since exp(—2/A) < 1, we can simplify the expression and achieve the following bound

2

min

Xy = Ma\ = e /> exp(min{—4|/log T — log v||sp, 210&(Vmin/ (1 + Vmin))}) - ¥

C.3.3 Gradient Estimation and Noise Bounds

For softmax parametrization, we use the truncated pairwise policy gradient estimator, discussed in
Appendix and in this section we verify the conditions of Lemma | | for this parameterization.

Lemma 17. Let us consider the context-free softmax parametrization of policies mwg. Then, the mini-
batch estimator g; in (36) with the choice k = 0o satisfies Assumption 6 with bias € graq, subgaussian
constant 072?7 N = D%’ \(€grad), and subexponential constant U%ﬁ N = 6D72~T7 1 (€graa), where

D2 (ggraa) =2 (1 +4A 1og(W) + 4N log(l/ggmd)) ’
2VZAL Fon) )y

Tmin * Egrad

- 2(1 + 4 1og(
and Tmin = mingey 7(y).

Proof. For this lemma, we verify the conditions of Lemma 1. First of all, we notice that
|V logmg(y|z)||3 < 2 since for softmax parameterization we have the following identity
[Viogmg(y)]y = 1{y = ¢’} — me(y’). Next, we see that since 7(y) > 0 for any y € ), then the
second part of Lemma || holds with Dz = 1/Tin.

Thus, for any £graq > 0, Assumption 6 is satisfied with a bias bound 4,4, subgaussian constant

2 _p2 ; 2 _ D2
0% » = Dz, and subexponential constant vz , = 6Dz ,, where

2
2v2- 1 ~min
D%/\é2<1+4)\log< V2 )L( T )>—|—4)\log(1/ggrad)> .

Tmin
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C.4 Verification under Compatible Fisher Non-Degenerate parameterization

In this section, we state another set of assumptions under which Assumptions 2—6 hold. In the
following, we assume © = R for some d > 0. We start from the general assumption on the policy 7
which depends only on this policy and does not depend on the parametrization.

Assumption 7 (Reference-policy regularity). Define the per-context minimum mass of the reference
policy
Assume that T, (z) > 0 for p-almost every x, and that one of the following moment conditions

holds:

(i) Log-moment condition:

EIN”[IOgQ(%mm(m)

)} < Vz forsome Vi > 0.

(ii) Inverse-mass condition:

1
B

] < D3 for some Dz > 0.
Wmin(‘r)

This assumption controls how often the reference policy assigns extremely small probability to some
action. It is used to bound moments (and clipping bias) of log-ratio terms such as log(my (y|z) /7 (y|z))
that appear in the KL-regularized policy-gradient estimator.

Condition (ii) is strictly stronger and implies (i). Indeed, for all u > 1, (logu)? < ;% u, so taking
w=1/Tmin(x) yields

1 4 1 4
Eye,|l 2(~ ) S N p—— )
g [ B\ @)/ = @ Fp(@)] T 2
We state both variants because (i) is sufficient for some bounds (e.g., smoothness), whereas (ii) can
yield slightly cleaner bias/threshold choices for clipped estimators.

Assumption 8 (Bounded score function). For all § € ©, the score and the log-policy Hessian are
bounded:

max  (Vologmo@lo)3 < M2, Euopyomoi [ V2 log mo(yla)]12,] < M.
z€supp(p),y€Y

This assumption is standard in literature of convergence of policy gradient methods (see, e.g., Papini
et al. (2018); Huang et al. (2020); Ding et al. (2022); Yuan et al. (2022); Fatkhullin et al. (2023)).
Assumption 9 (Fisher Non-Degeneracy). The Fisher information matrix is non-degenerate for every
0 € O

Fp(e) £ Ea:~p,y~7r9(~\:v) [v log g (y|.1') [V log g (y|x)]T] zmpl.

This assumption is natural for any natural policy gradient analysis, and it holds for certain exponential
family parameterized policies (Ding et al., 2022, Section 8) and for certain neural policy families. We
refer to a discussion in Liu et al. (2020, Section B.2).

Assumption~ 10 (Compatible parametrization). There exists €pias > 0 such that for u,(f) =
F,(0)*VJ™(0; ) it holds for any 6 € O

mo (%)
7(-|x)

We note that this assumption corresponds to an Assumption 4.6 of Ding et al. (2022) for ep;,s = 0 and
corresponds to the classical assumption of Sutton et al. (1999) as well as actively used for analysis
of natural policy gradient methods Kakade (2001); Agarwal et al. (2021). We note that in our case,
the norm is more restrictive than 7y (-|z)-weighted ¢3 norm, however we argue that even a stronger
assumption is possible to satisfy in practice by using an expressive enough parametrization.

2
Eynp

— ux(0)"Vlog mg(+|2)

‘7’(71'9 =)+ Alog

Sp

] < Ebias -

Under these assumptions, we can prove the following result.
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Proposition 6 (Compatible Fisher non-degenerate parameterization satisfies Assumptions 2—06). Con-
sider a general parametrization 6 +— 7y and an improvement operator 7~ which satisfy Assumptions &,
Assumption 9, and Assumption 10, and assume that a reference policy 7 satisfies Assumption 7-(i).
Then Assumption 2—5 hold with

2

Am Ebias * M3
G=My Lap=(3+M24Ve) (ME+M)+AME, i = ok, e = M
g g

Additionally, for any €4raq > 0, a truncated pairwise estimator (36) with k& = 2 satisfies Assumption
with a bias of level €4,,q4 and a subgaussian and subexponential parameters

8A2M, 8A\ZM,
QA_M§<1 L M (Vv ) )> , v%A_6M§<1+(V+ )>
Egrad ’ Egrad

If additionally a reference policy 7 satisfies Assumption 7-(ii), then a truncated pairwise estimator
(36) with k = o0 satisfies Assumption 6 with a bias level €graq > 0 and other factors

2X\ - My(Dx + 1)\ >
’ Egrad ’
Proof. Follows from Lemma 18, Lemma 19, Lemma 21, and Lemma 22. O

Corollary 4 (SPG iteration and sample complexity: compatible Fisher parameterization). Fix
0 €(0,1)ande € (0,1). Assume the log-moment condition of Assumption 7(i) with constant Vz, and
assume Assumptions 5—10 hold with constants My, My, mp and epiag. Let mz 5 = /\m%/(2Mg2)

and epy, = 5biasm%/M§ as in Proposition 6. Assume Amz ) > G? (here G = M,), ie.,

M2
A> AP 259
mr

Run SPG (26) with (¢, Bt) as in Proposition 4, and use the clipped estimator from Proposition
with k = 2 at bias level

9 Tmza-€

- M=1 ANM, (VE41) 1 )
Fgrad 1801log(e/d) (so0 2t o(1/ve)

Egrad

Then with probability at least 1 — 0, once

Niger(2,8) =T = (9<G VA 10g(e/5)> = 5(1)

/\mﬂ’)\ 3

T-1
Nsample(aa 5) = By = 5(T2/m%,)\) = 6(674)5
t

i
<

the final iterate T satisfies the approximate VNW guarantee

= 1 121
SubOpt} (1) < £+ Blogle/9) (;5(6/6) EPL = € + 70%\(6/6) Ebias-
A

Proof. Proposition 6 provides G = My, mx », €pr., and shows Assumption 6 holds with v% \ =
6Mg2 (1 + 8N M, (Vi + 1)/egmd)2. The condition Amz » > G? allows applying Proposition 4. With

6log(e/d) = 152 : 2 _ 2 _
the chosen egrad, ﬁ " Carad < €/2. Also, since Earad = O(e), we have vF )= O(1/¢), so

taking 7" = O(G LR M) = O(log(e/d)/e?) makes the remaining terms in Proposition 4 at

Amz \
most /2, yielding SubOpt} (7r) < e+ 61,%(6/5)61:14 Finally, summing B; = [(t + 8kz,)/mz ]|
gives ., . By = 6(T2/m%’,\). O
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C.4.1 Lipschitzness and smoothness

We note that this type of results for general policy parameterizations are typically derived for
unregularized reinforcement learning problems (Papini et al., 2018; Yuan et al., 2022). As a result, it
is necessary to prove modified versions.

Lemma 18 (Lipschitzness). Assume Assumption 8. For any 0,0" € © it holds
I = morll1,p < Mgl|6 — 6|2

In particular, Assumption 2 holds with a constant G = M.

Proof. From Lemma 24 of Mei et al. (2020) we have for any x € X
7o (:|2) — 7o (-|2) [ < [[log o (-] x) —log mar (+]2)lsp -
Next, by Taylor expansion we have
log o -|r) — log 7o () = Vlog m5(-2)"(6 — ¢'),
where 0 is some point on the line segment between 6 and ¢’. By our assumption on the parameter set
© we have 0 € O, thus, applying Assumption &,

10 = Eanplllmo () — o (12) 3] < Eon[||V log m(-12)7 (0 — 6)|13,]

Imo — mor
< By a9 g myy1o) 3] - 10— 01 < V210 — 03,

O

Lemma 19 (Smoothness). Assume Assumption 8 and Assumption 7-(i). Then 0 — J%(H;w) is
Lz x-smooth on © with

Ly = (3 A2+ V5 ) (M2 + M) + AMZ,
i.e., satisfies Assumption 3 with a constant Lz .

Proof. To simplify the notation, define
so(,y) £ Vologmo(ylz),  Holw,y) = Vjlogme(y|z).
Then the standard identities give
Vomo(ylz) = mo(ylz) so(z,y),  Vime(yla) = mo(ylz) (so(w, y)se(w,y)" + Ho(w,y)).
Moreover, since ), mg(y|z) = 1, differentiating twice yields the “Bartlett identity”

Eyw‘rrg('\z) [SH(xuy)SG(xvy)T + H@(xuy)] = 07 Vr € Xve € 0. 41

Next, define the per-sample regularized reward

™o (y|7)
Tyl)

Using Vgl (z,y) = so(z,y) and Eyr,[s¢] = 0, one obtains the usual policy-gradient form

ro(z,y) £ P(m =y | z) + Alog

VOJ% (97 ﬂ—) = EszEywﬂg(-|m) |:30 (‘T7 y) Te ({)37 y)i| .
Differentiating once more gives
VZJ%(H, 7T) = EINPEyNﬂe('lx) {7"9(%, y) (8985 + Hg):| + )\EmNP]EyNTre(,‘w) [8985} s

where we used Vyrg(z,y) = Aso(z,y).

Fix x € X. Because of (41), for any scalar ¢(z) we have

Eywﬂe(,m) [C(m) (3085 + Hg)} =0.
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Therefore we may replace r¢(x, y) by a centered version without changing the expectation: pick any
a(z),bg(x) € R and write

T9(£7 y) = (Uﬂ—(l'7 y) - a(a:)) + )\(ﬁg(l’, y) - ba(m)) =+ (CL(J?) + Ab@(l’)),
and the last constant term vanishes when multiplied by (sgs; + Hp) and averaged over y. Let
So(x,y) £ spsp + Hp. Now use Cauchy—Schwarz to bound

[Bes oz m)So( )] | = [[Bey [(ro(a,0) = al@) = Ao @) So(e )] ||
< Eay [Iro(@, ) — a(@) = Mo(@)] 1S0(z,3) or]
< /Eey [(rolw,9) — ale) = Moo @))?] - Eay (IS0 @, )13,

For the Hessian term, we have by Minkowski inequality since ||Sg|lop < |/50]13 + || Hollop

VE 155, 9) 12 < /By llls0 (e )]+ /By 1 Ho (o) 2] < M2 + M.
For the reward variance term, we first apply Minkowski inequality again:

VE=ul(ro(2.9) — alz) — Aby(2))?] < \/Ex g (un (2, ) — a(2))?

+AEr (o) — bo(x))?].
For the first term, since u,(x,y) € [0, 1], we can pick a(z) = 1/2 to get

5 1
VEeullun(w,) — a@))?] < 5.

For the second term, we take bg(x) = 0 and decompose as follows:

2
Em’y [(Ze(l‘,y) - be(x))Q] = Em]EyNM(-\z) l(lOg Tr@(ylx)) ]
+

7(ylx)

o TelT) i
+ EoEy oy (1) [( 8 Fyla) >+1 |

For the positive part, we use a bound 7y (y|x) < 1 to get
2
o (y|x) 2 1
E:L’Ewﬂ-m 1 = S]EzENﬂ—AI 1 = SV%
v ’[<°g w<y|x>>+ v {Og 7(yla)

where the last inequality follows from Assumption 7-(i). For the negative part, we use a bound
log(z) <z — 1 for any > 0 and get the following

mo(yla)\” T(ylzr) \?
Balyrmo (1o l(_ tog ) = By (o) [(log m)(y|m)) ]
+

7 (ylz)
=2 /OO UP g s (-|) {log m(ylz) > u] du.
0 ' mo(ylz)

To bound the last probability, we notice that for Z = log Z;((Z;;‘\Z)) we have E[e?] = 1, thus, by
Markov’s inequality

+

7 (ylz) -
Pyrpymme(-lz) |1 >u| <e ™,
xop iy~ ( x){og o (ylz) _u} =€

2 %)
’/Tg(y|1') —u
ErEymry(-|2) Klog =l )J < 2/0 ue “du = 2.

For the remaining term,

[VEeslsosil| < ABaylisoshlop = AExylsoll3 < M.

thus

Combining all the bounds yields the uniform Hessian bound
V3T (0;7)|lop < (% + A2+ V%) (M2 + My) + AM2.

A uniform bound on the Hessian implies Lz »-smoothness (e.g. by the standard second-order Taylor
remainder bound), proving the lemma. O
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C.4.2 Polyak-L.ojasiewicz inequality

Lemma 20 (Gradient comparison). Under Assumptions 8-9-10, for any 8 € O the following
inequality holds
IV (g, 7o)

2Mg o o )
||sp p = < 2¢epias + m2 ||VJ (9;7[-9)”2 .

F

Proof. First, we notice that [VV{ (g, m)](z,y) = P(mg = y | ) + A(1 + log ”"((yllf))) thus,

< Epias, thus, applying triangle

Assumption 10 implies | V'V (mg, m9) — (us)™V log mo(ylz)lIZ, , <

inequality and an inequality (a + b)? < 2a? + 2b2,
IV VYT (76, 70) 13,5 < 28bias + 2[| (1) TV log mo (yl2) |2,
< 2epias + 2| (us) "V log e (y]2) 1%,
< 2ebias + 2 max 1E,(8) "'V 7 (8;ma) 13 - ||V log ma(yl)|13,,

2M7. )
< 2epias + — VI (0;7m0) |5 -
mg

O

Lemma 21 (PL inequality). Assume Assumptions 8-9-10. Then for any 8 € O the following holds
2
T T Ebias *
Nk /M2 - SubOpt] (ma) < |V7 (63 m9) 3 + 2 E
g

In particular, Assumption 4 is satisfied with mz 5 = 0.5- )\(mF/Mg)2 and €p1, = Ebjas * (mF/J\Jg)2 .

Proof. First, we follow a standard proof for PL-inequality in the strongly convex case, initially
context-wise.

Let us fix a context x € supp(p) and a competitor policy 1 € II, and then we can define a
context-wise value as V{7 (m, u|lz) = P(p > 7 | ) + AKL(w(x)||7(x)), such that V" (7, u) =
E:ch [V)\ﬂ— (7T7 H‘x)] N

Let us denote 7 (+|z) = arg min, V{¥ (m, u|x) for all z € supp(p) simultaneously. We notice that

this policy is the same as 7, = argmin_ VA (7, p) due to the additive structure of subproblems with

w
different contexts z. Since V¥ (7, u|x) is A-strongly convex in () with respect to £;-norm, thus,
for any 7

VI (ule) 2 VS () + (VR VS ()] (2), () = (@) + (A/2) () = (@)1 -

After rearranging the terms, noticing that (1,7} () — m(x)) = 0 and using a bound ab < a®/(2)) +

Ab? /2
VYT () = VI (ul) < <[V Vi (m, )] (@) + e(2) 1wy (@) — m(@)) — (A/2) |7 (x) — 7 ()3
< 2AII[V Vi (m, w)(2) + e(2)1]%

where ¢: X — R is an arbitrary baseline function. Minimizing the right-hand side over ¢(z) and
taking the expectation over x ~ p we have

/\

V)\%(ﬂ',/.l,) - V;7*( ) = 2)\”V V/\ (71' :u)”bp po
and, taking m = pu = mg, we get
1
SubOpt3 (mg) < VA (70, 70)3, -
Finally, applying Lemma 20 to derive
2
T - Ebias
SubOpt] () < 5[ V77 (65 m0) 3 + 522
By rearranging the terms, we conclude the proof. O
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C.4.3 Gradient Estimation and Noise Bounds

For general parametrization, we also use the truncated pairwise policy gradient estimator, discussed
in Appendix C.2. Next, we verify the conditions of Lemma || for this parameterization.

Lemma 22. Assume Assumptions S for parameterization and Assumption 7-(i) for a reference policy.
Then, for any €graq > 0, a mini-batch gradient estimator g; defined in (36) with k = 2 satisfies
Assumption 6 with a bias level &graq, subgaussian constant 02 , = D3 (egrad), V2, = 6D3(egraq),
where

8A2M,, (Vx + 1))2

Dg(fgrad) = M; (1 + o
gra

If, additionally, Assumption 7-(ii) holds, then a mini-batch gradient estimator g, defined in (36) with
k = 400 also satisfies Assumption 6 with a bias level €414, subgaussian constant a%’ N = D? (ggrad),

2 2
vZ = 6DZ (egrad), where

2)\~M9(D;+1))>2'

D2, (egraa) = M <1 + 4\ log(
Egrad

Proof. Directly follows from Lemma 11. O

D Proximal Point Method with Self-Play Policy Gradients

We now instantiate the proximal point (PP) method from Section B using the self-play policy gradient
(SPG) procedure from Section C as an inexact inner solver.

D.1 Algorithm Description

ref

Setup. Let 7'°f € II be a reference policy and let §, € R? be initial parameters such that
7o = mp, = L. We fix: (i) the regularization strength 3 > 0 of the original game, (ii) the proximal
point step size > 0, and (iii) a sequence of self-play learning rates (Y ¢)k>0,+>0 and batch sizes

(Bg,t)k>0,1>0. For convenience, we also denote Syarget e B/n.
The PP update at outer iteration k aims to compute

Tpa1 A argmax mirﬁ{P(w = 1') — BKL, (|| 7™f) 4+ BKL, (|| 7*F)
nell 7€

- ﬁtarget KLp(TrHﬂ-k) + ﬁtarget KLp(ﬂ-/”ﬂ-k)}-

We realize this update approximately by running self-play policy gradients (SPG) on the inner
two-player game above, using a finite number 7}, of self-play steps.

Inner objective. At outer iteration k, we keep 7 fixed and define for any § € © and competitor
policy m € II the local objective

Je(0;7) & P(m = mg) + BKLP(WQHWref) + Brarget KL, (7o || 71),

where 7y is a parametrized policy satisfying Assumption 2-5. For a given 7, minimizing J;(6; ) in
6 corresponds to computing a regularized best response against 7 with an additional proximal term
toward 7.

Stochastic gradients. At inner iterate (k, t) we maintain parameters 6y, ; and the corresponding
policy 7, = mg, ,. We assume access to a stochastic gradient estimator g ; which satisfies
Assumption

Example: pairwise REINFORCE estimator. As a particular instance, we can use a truncated
pairwise REINFORCE estimator, analogous to one defined in Appendix C.2. At inner iterate (k, t),
given a batch size By, ;, we sample contexts xy ; ; ~ p, independent pairs (yx ¢ ;, y,’m’j) ~ 7t (- ]
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Algorithm 1 Proximal Point Method with Self-Play Policy Gradients (PP-SPG)

Require: Reference policy 7*°f; regularization parameter 3 > 0; proximal step size 7 > 0; number

of outer iterations K'; inner iteration lengths (Tk)kl,(z_ol; learning rates (7yg¢)k,¢; batch sizes

(Br,t )kt
Ensure: Approximate von Neumann winner policy 7.
1: Initialize parameters 6 such that my = 7g, = 7.
2 ﬁtarget — 5/77
3: fork=0to K —1do
4:  # Outer (proximal point) loop
5 9[670 < Oy; Th,0 < Tk-
6 fort =0to7;, —1do
7: # Inner self-play loop
8 for j = 1to By, do
9 Sample context xy ¢ ; ~ p.
0 Sample yy, +,; ~ 7k, and y, , ; ~ 7+ independently.
1

Obtain an unbiased estimate py ¢ j Of P(Yr.ij = Ypsj | Thitj)-

10:
11:

12: Set G,(CJ) — Gr(Oke | Thytjs Yot g y;@,t,j,pk,t,j) using Eq. (42).
13: end for 5 )

14: Ikt < Bi,t 1 Gy

15: Ok,t+1 < n(ek,t = Vit gk,t)'

16: Tht4+1 € T0h 111+

17:  end for

18 Okp1 < Ok s Tht1 < ThT,-

19: end for

20: return mg.

Tht,j) @ T o+ | Tpe,;) and obtain unbiased estimates p ;. j of P(Yk.t.j = U} 4 j | Tk,t7). Define
the single-sample estimator

1
Gr(0 ] z,y,y,p) = §(Ve log o (y|z) — Vg log mo(y'|z)) % (42)

X Clip(_ s, 2y [ = P+ B(log ZHEES — log ZHLIEL) + Brarger (log T2 — log 2 |,
where Siarget = 3/m and Mj, is a clipping threshold. The mini-batch estimator at step (k, ) is

B¢
A
9t = B > " Gr(Okt | Tkt js Ykt g Vhoogo Phots)
t =
"voj=1
which is a (biased) estimate of VJy (0 ¢; 7x,¢). As shown in Appendix , this choice satisfies

Assumption 6 under softmax and compatible Fisher non-degenerate parameterization.

Self-play update and improvement. To ensure uniform exploration and obtain a uniform PL
constant, we apply the improvement operator 7}, for the outer step k satisfying Assumption 5 (e.g.,
T = T from Section in the softmax case). Given gy, ¢, the inner update is

Orirr = Tr(Oki — Yot Grot), Tht4+1 = Ty 41 (43)
Outer update. At the end of the inner loop, after T}, self-play steps, we set

A AN
Ok+1 = Ok, Tkl = ThkTy»
and proceed to the next PP iteration. After K outer iterations, the policy mx is our approximation of
the Nash equilibrium of the original 5-regularized preference game. We summarize the procedure in
Algorithm

D.2 Analysis of PP-SPG

In this section, we combine the approximate proximal point analysis from Section B with the self-play
policy-gradient results of Section C to obtain convergence guarantees for Algorithm

50



D.2.1 Inner PP game as a regularized preference game

Recall that the outer PP iteration (indexed by k) aims to compute

Tyl A argmax meirﬁ{P(ﬂ' = ') — BKL,(n||7*") + BKL, (|| 7"")
RS

- Btarget KLp(ﬂ—”ﬂ—k) + 5target KLp(ﬂ—/H’frk)} 5

where Siarges = §/n and n > 0 is the PP step size. As in Section B, we focus on the value function
of the min-player (the regularized best-response objective)

Vi(m, 1) & P(p = ) + BKL, (7| 7") + Brarget KL, (7]|71) -

The self-play inner loop at outer iterate k is run on the objective
Jp(0;m) & P(m = ) + BKLp(ﬂ'gHW"d) + Brarget KL, (mal|7x),

where 7 plays the role of the competitor policy in the self-play game against my. To analyze the
inner loop using the results from Section C, we first show that the inner game at outer step k can be
expressed as a usual A-regularized preference game with an appropriate anchor policy.

Lemma 23 (Inner game as A-regularized preference game). Let A £ 8 + Brarget = 3 (1 + %) and
define the geometric mixture

V(z,y) € X x Y T (yla) oc [1 (y]a)) /A [y (yl)) Prorses /2
= [ (yla) ] ) [ ()] /O,
Then, up to additive constants independent of w and 6,
Vi(m, 1) = P = ) + NKL,(7||F) + const = Vi* (m, 1) + const ,
Je(0;7) = P(m = mg) + ANKL, (mg]|71) + const = J*(6; ) + const,

where J{* is precisely the best-response objective from Section C with regularization parameter \
and anchor ™ = Ty,.

Proof. For an arbitrary policy 7, we use the identity for any context x € X
B KL(TF(J:) ”ﬂ_ref(x)) + Btarget KL(?T(J}) ||7Tk(~73)) =A KL(?T(J}) ||%k($)) + COHSt(Wrefy Tk 33) )

which follows by expanding the KL terms and grouping the m-dependent and constant parts. Taking
the expectation with respect to p yields the expression for V. Substituting m = my gives the
expression for Jy.

By Lemma 23, each inner problem at outer iterate k is exactly of the form studied in Section C, with
regularization parameter A = /3 + Siarget and anchor 7. The only difference is that 7, now depends
on 7, but A is fixed across outer iterations.

D.2.2 Inner accuracy and PP residual

The approximate PP analysis in Proposition 2 requires that the inner solver at outer step k returns a
policy 741 such that

[NAAAC T (44)

for some accuracy parameter € > 0, uniformly in k. We note that in general, it is possible to construct
a sequence of 7, such that for each step SubOpt}* (mp11) — 0, but |V Vi (mpp1, mrq1)lI2, , 7 O.
Thus, we need one additional assumption on the properties of parametrization to ensure that an
approximate solution to the inner problem will yield small PP residual.

Assumption 11 (Gradient compatibility). There exists . > 0 and a constant Cgc > 0 such that for
any k € N, for any § € ©7,, the following inequality holds

|V Vi(7a, m0) < Cye + | VIR(0: m0) |13 + ege -

.0
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This assumption holds under both softmax and Fisher compatible parameterizations (see, e.g.,
Lemma 20). Next, we state the required regularity assumption which should be satisfied for each
inner game to guarantee that the self-play policy gradient convergence is independent of step k.

Assumption 12 (Uniform inner-game regularity). Fix 8 > 0 and > 0, and let

N 1
A= ﬂ + Btargct = B(l + 5)7 6targct = 5/777

and let 7, be the mixed anchor from Lemma 23. There exist constants
2 2
G, Lgy, mpy, €PL; Egrad, Opp Vg > 0,

independent of &, and a family of improvement operators (7 ) x>0 such that for every outer iteration k

the inner objective Ji(0; 1) = J/\%’c (0; ) satisfies Assumptions 2, 3, 4, and 5 with constants bounded
by (G, Lg,n, ms.y, epL), and the mini-batch gradient estimator gj ; satisfies Assumption 6 with
bias Egrad aqd variance proxies (oém, ”/23,71)' Moreover, a PP step-size 1 satisfies PL-compatibility
condition uniformly:

BOL+1/n) - mgy > G2

We note that this assumption does not hold automatically for our previously chosen examples since
many constants, such as Lz x, mz x, in Assumption 3—6 depend on the reference policy 7, and
our sequence of policies 7, might be ill-behaved. However, in Appendix we show that this
assumption is in fact satisfied thanks to established convergence of the proximal point method in
span-seminorm of log-probabilities.

Lemma 24 (From SPG progress to PP residual). Fix k > 0. Assume Assumption || with constants
(Cac, €gc). Assume additionally that Jy(-; ) is Lg ,-smooth (as in Assumption 12). Then for any
0 €O,

HVﬂVk(m),m))H < 2Cq Lg,n-SubOpti’“(m;) + Ege-

2
sp,p
In particular, if the inner solver returns i1 such that SubOptf’“ (Tk+1) < Ein, then the PP residual
satisfies

2 .
“Vﬂvk(ﬂk+177rk+1)|‘ epp With cpp 2 20 L.y €in + €ge-

<
sp,p —

Proof. Assumption |1 gives

IV Vi(mo, mo)[I2, ) < Cge IV Ik (0;70) 13 + €ge-

Sp,p —

By Lg,,-smoothness of 8 — Jj(0; mg) (Assumption 3), we have
IVoJi(8;70) |13 < 2L 3., SubOpt}* (7o) ,

which allows us to conclude the statement. ]

Additionally, we provide some regularity conditions on the reference policy 7! that serves as the
initial policy for our algorithm.

Lemma 25 (Regularity of reference policy.). Let 7't € II be a full-support reference policy. Then it
holds for any 8 > 0

- 1
* || ref ref
KL, (m5||7™) < 35 SubOptg(7") <

1
ref * (12
, |[log 7w+ — log7r5||sp7p < R

N | =

Proof. By optimality conditions, 77 can be characterized as a best response against itself, thus, for
any x ~ supp(p) and y € ) we have
* 1 * ref *
log mj (ylz) = 3(1/2 —P(nj(x) = ylz)) +logn*™ (ylz) + ¢*(x),

where ¢*(z) is a log-normalization constant, which is equal to

¢*(2) = — log Eypopeet12) [eXp(é(l/Z —P(ry(x) - ym))ﬂ .
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In particular, this expression automatically implies the last bound since

vof 1 1
[log 7! (:|z) — log 75 (-|) lsp < Blll/2 ~ Plms(z) = [2)llee < 55
For the expression for the KL divergence, we use the log-ratio expression to write
re 1 *
KL (w5 [[7") = Epmp [ﬂlﬁwg(.m [1/2 = P(m (@) = yl)] +c (x)} = Eonylc* (@)

We note that by Jensen’s inequality, it holds

N 1

exp(c* (2)) = 1 -
By et (o) [exp(B (1 /2 — Pr(x) » y|x)>)}
1
<

1
- S exp() '
exp(§ (5~ Pls(a) = w(2)2) ) 28
thus KL, (5 ||77ef) < 1/(2). Finally, for the suboptimality, we use the definition:

1
SubOpt g (7™t = max{2 — Pyt -~ 71')} ,

where

Pa(r™ = m) = P(m* = ) — BKL, (w7 |7™") + BKL, (r[|7*") .
In particular, Pg (7" = m) = P (7™ == 1)+ B KL, (w[[7*") > 0. Thus, we have SubOpt 5 (7f) <
1/2. O

Lemma 26 (Regularity of initial policy). Let 7*°f € II be a full-support reference policy and let ),
be the policy at outer iteration k of Algorithm 1. Then, for any 8 > 0 and n > 0, it holds that the
mixed anchor policy T from Lemma 23 satisfies

SubOpt;* () < SubOptg(7%)

where X = B + /Btarget with Btarget = 6/77
Proof. Using a property of 7y, being a geometric mixture, we have
PIr(n' = 1) = P(n' = 7) — AKL, (7' ||7k) + AKL, (7| 7%)
=P(r' = m) — 5KLP(7T/||7Tref) + ﬁKLp(’lTH’/Tref)
- ﬂtarget KLp(ﬂJHﬂ-k) + Btarget KLp(ﬂ-”Trk) .

Taking ' = 7, the expression above gives

P (mp = ) = P(my, = ) = KL (me[[7"") + SKL, (™)
— Brarget KLp(mk[|7k) + Brarges KLy (7]|7x)
= Pa(m = ) + Brarget KLy (|| 71) > Pa(my > 7).
Thus, we have B
SubOpt}* (1) < SubOptg(7y) -
O

Finally, we establish a uniform bound on the suboptimality and log-probability span-norm of the
iterates 7 assuming that each inner problem is solved up to a fixed accuracy. This result will be
useful to select the number of inner iterations in a consistent manner.

Lemma 27 (Uniform regularity of PP iterates). Assume 8 < 1 and fix K > 0. Assume that for all
k < K the k-th proximal subproblem is solved up to accuracy epp > 0:

HVka(ﬂ—kJrlﬂTkH)H:p_p <epp.
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Then the iterate T satisfies

re 5 T \/€pPP ‘o 1+2,/¢
logmic — log ™ llpp < 2= Kly(mel|r'™h) <~
and consequently
3 (1 + 1/€pp)2
SubOptg(rr) < 3 + 2/epp , H logmr — logwﬁﬂsp , < 52 .

Proof. Let Brarger = (3/n and recall
Vie(m, 1) = P(u = 7) + BKL, (7] 7F) + Brarges KL, (]| 7x).

Write (+1 = Vi Vi(Ter1, Tha1). A direct differentiation (same as in Lemma 4) gives, for p-a.e. =
and all y,

Ck+1(x7y) = ,P(7Tk+1( ) >~ Yy ‘ 117) + 5(1 + log W) + ﬁtarget (1 + log W)

The additive “4-1” terms are constant across y and therefore irrelevant for the span seminorm. Thus,
for each = we may subtract a baseline c41(z) and rewrite as

mer1(y | )
me(y | )

1 (y | )
mei(y | )

where ex1(2) £ Co1(2) — 1 (2)1 satisfies [lext1llsp,p = |Gt llsp,o < v/EPP-

Rearranging and using 8 + Bearget = S(1 + 1/n) = S(1 + n)/n, we obtain the (approximate) log
equation

P('/Tk—i-l( ) -y | l‘) + ﬁlog + ﬁtargotl g = ek—l—l(xay)a

n vef | 1 n "
log 41 = log 7™ + log m, — ——— P(Tk41 > ) + 55— ex+1 + (const).
8 Th+1 o 08 T loem B+ (1 > ) B+ ) 1 ( (4)5)
Subtract log 7" and take || - ||sp,,. Using Minkowski and that ||eg41||sp., < /EPP, We get
1 U
1 —1 ref < < 1 —1 ref < = s
[ log 41 — log 7" [[sp,p < 1+ [ log i — log ™ [|sp,p + B(1+7) [P (741 Nlsp.p
n
+ —— V/¢Epp-
AL +m)
For each z, the vector y — P(mp41(z) = y | :v) takes values in [0, 1] hence ||P(mp41(x) > - |
z)|lsp < 3, and therefore ||P (741 > -)||sp,p < 3. Thus, defining Dy, £ || log 7 — log 7 ||sp .

1 n
Dpsy < Dy + (7+\/€7>.
=TT B+ \2 o

Since Dy = || log m — log 7"f||sp., = 0, unrolling the recursion yields for all K:

DK_B( +\/5)

This proves the first bound in the lemma.

Bounding KL, (7 ||7*!) from span of log-ratios. Fix = and abbreviate p = 7 (- | x), ¢ =
7't (- | ), and r = log(p/q). Because >, aye"™ =1, wehave 1 < e’ and 1 > eMiny Ty g0
max 7 > 0 > minr and therefore

maxr, < maxr —minr = 2||r|sp.
y

Then
KL(pllq) = E PyTy < m;txry < 2[|7|sp-
y
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Taking expectation over « ~ p and using E||7(z)||sp < ||7]|sp,p gives

re re 1+ 2\/ EPP
KL, (mx |7") < 2||log mx —log 7™ ||sp,, < 5

Suboptimality bound. By definition,
SubOpt (g ) = mﬁux(% — Plrx = p) + BKL, (g || 7F) — ﬁKLp(unref))
<i+ BKL,(mx||7™").
Plugging the KL bound yields

SubOpts(mx) < 5+ (1+2yEpp) = 5 +2v/Epp -

Span bound to 77;. By the triangle inequality,

refH

log mxc —log m5lsp,p < llog msc —log 7™ sp, + [ log " —log 5 sp.-

ref

By Lemma 25, || log 7" — log 7 [|sp,p < % Therefore

+ 1+ /¢
[log mx — log 75]|sp.p < 2 FJF***PP’

B 26 B

and squaring gives the last statement of the lemma. O

D.2.3 Deterministic PP-SPG

For a warm-up, assume the inner-loop gradients are exact: gy ; = VJi (0 +; Tk ¢ ).

Corollary 5 (Deterministic PP-SPG). Assume 5 < 1 and let €y, > 0. Assume that parameterization
and PP learning rate 1 satisfy Assumptions |1 and 12. Then, the deterministic version of Algorithm

using
4L 3/24+ 2,/
T, > B.n 10g< /2 4+ 5PP>
mgn €in

iterations for each inner loop, where epp £ 2CgcLg (Ein + 237;‘; ) + €gc, With a learning rate
V1
Vet =7 = 1/(2Lg,y), for any k > 0 it holds

2e
KL(mjllm) < (1+n/2) 7" 55 + =2
and
5 1 5 1\ 4epp
SubOpt 1+n/2 — 4]+ - ,
HbOPt () < (L+1/2)7* (252 n) (%2 )ﬁ
and, moreover,
1 4€PP
Hlogﬂk 10g77ﬁ|’pp—452(1+77) 53 (1+77/2) 54

Proof. We want to show that for all £ > 0, the following bounds hold:

2 3e
||V7rvk(7rk+1a ﬂ—kJrl)Hsp,p < EpPpP £ 2CgCLB,77 <5in + 2ml;L ) + Egc -
>N

Assume now k > 0 and that the statements hold for k£’ < k. We will show they hold for k. By
Lemma 25 for £ = 0 and by the induction hypothesis and Lemma 27 for £ > 0, we have

SubOpt (7)) < % +2/epp .
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Applying Proposition 3, Lemma 26, and a bound 1 + = < e* to the inner loop at each k gives

mg, mgn Ty x 35PL
SubOpt T (mpy1) < (1 - ) SubOpt{* (my) + ——
A 4Lﬁ n A ngyn
mp.n )T’“ 3epL
< (1 — —=1 ) SubOptg(mg) +
4Lp.y g 2meg, n
B 3ePL
< exp <— T > < + 2\/5PP> < €in +
4Ly Bin 2mp,y

By Lemma 24,

3
Hvﬂ'vk(ﬂ-k)+1a 7Tk:+1)H2 < QCchB n | €in + & + Egc = EPP -
sp,p

Thus Proposition 2 applies to the outer PP loop with € = epp, yielding the following corollary. [

D.2.4 Stochastic PP-SPG

We now analyze the stochastic version of Algorithm |, where the inner-loop gradients are estimated by
mini-batches and satisfy Assumption 6. The proof mirrors the deterministic case, but we additionally
track the confidence parameter and apply a union bound over outer iterations.

Corollary 6 (Stochastic PP-SPG). Assume 8 < 1 andlet § € (0,1). Assume Assumptions || and
Fix a target inner accuracy i, > 0 and a target number of outer steps K € N. Define the per-outer
failure probability as

5;9%% ke{0,...,K —1}.

and a target PP-residual accuracy as

6log(Ke/d
EPP £ QCchﬂ,n (Ein + ;gn(ﬁ/) : (EPL + 15/7 . Egrad)> + Egc -
M
Define kg, = ii‘” > 1 and sequences (7y;)i>0 and (By)i>o as follows
= 4t + 32kp,, — 2 6( 1 > Bt[t+8mﬁ,ﬂ®< t )
Mgy (t + 8kp,y)? mggt)’ mg.y mg.y

Then, Algorithm | with vy s = v and By, ; = By, and

2
~[v K o2 4w
T, = O ﬁm_~_ 577 +\/ 377 in ,Bn)
i in

outputs {Fk}ke[g ,,,,, K] such that with probability at least 1 — 6 for all k = 0, ..., K the following
holds:

1 QEPP
KLy (m5||m) < (1 4n/2)7" o5t g
_ 5 1 5 1 4€pp
bOpt )< (1 N~k 4 = W
SubOpty(me) < (1+7/2) (2/6’2+77>+<252+n> g’
45
||log7rkflog7r5||bpp§ 462(1+17) kL ,63(1+77/2) ﬂP;P

Proof. We prove that the PP residual condition holds uniformly for all outer steps with probability at
least 1 — §, and then apply Proposition 2 exactly as in the deterministic case.

Fix an outer iteration k¥ € {0,..., K — 1}. Condition on the history up to the beginning of the
k-th inner loop (so 7 and hence 7, are fixed). By Assumption 12, the inner objective J;, satisfies
the same regularity constants (Lg,n, ma.y, epr) and the stochastic gradients satisfy the same noise
constants (€grad, 02 B0 VB, 77) Therefore Proposition 4 is applicable to the inner loop.
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Moreover, as in the deterministic proof, for kK = 0 Lemma 25 controls the initial outer iterate, and for
k > 0 the induction hypothesis together with Lemma 27 gives a uniform bound on SubOpt 4 (7y)

and hence via Lemma 26 a uniform bound on SubOpti”" () required to instantiate the SPG bound.
Concretely, on the event that the residual bounds hold for all steps k¥’ < k, we have

SubOp’ci’c (mx) < SubOptg(m) < g + 2./epp.

Now apply Proposition 4 to the inner run at step k& with confidence ¢, = /K after T}, steps and
required learning rate and batch size sequences () and (B;). It implies that with probability at least
1— g,

- 64 - k% log(Ke/6
SubOpt{* (m41) < 5.1 108(Ke/ )<3 )

2 4 ovEmn
(T + 8rpn — 12 \2 T 2VEPP

2
n 24 - kg nlog(Ke/d) - log(1+ T /(2K5,)) (675 “Oh ., L9y )

(Ty, + 8k, — 1)2 49 B

6G* - v3, log(Ke/d) 6log(Ke/d)
+
Mgy (T + 8kpy — 1) mgn

(epL +15/7 - 2raa) »

where A = 5(1 + 1/7). To guarantee that all terms with dependence on T}, are at most €;y, it suffices
to choose T}, such that

64 - k2% log(Ke/d) /3 e
67” in
219/ < Zn 46
(Tk + 8kigpy — 1)2 (2 + EPP) =3 (46)
2
24 - kg, log(Ke/d) - log(1+ Tx/(265,)) [ 67505, N 21}% < €in , 47
(Tk + 8/65,77 - 1)2 49 M 3
6G? - v2 log(Ke/é

baloB(Ke/) o (48)

A - (T + 8kgpy — 1)

Our choice 3(1 + 1/n) - mg,, = G* simplifies the last condition (48) to
18- 0% log(Ke/§

1 1813, loa(Ke/?

€in

—8/*6,37” +1,

which asymptotically scales as O (v%’n log(K/0)/ 51,1). For the first two conditions (46) and (47), it
suffices to choose

b

192 - k2 log(Ke/8) (2 +2
Tkzmaxw 3.y o8(0Ke/0) (3 + 2/770)

€in

675-02
72 Ka, log(Ke/é)( o 4 21;%777) log(1+ T /(2k3,,)) }

€in

log(K/9)

In particular, the first term scales as (’)(mﬁm ~

@(\/Ha,n(aﬁ,n+:3n)log(f(/5)).

Under this choice, we have shown that with probability at least 1 — Jy,
6log(Ke/d)

mg,n

) and the second term scales as

SubOptf’“ (7Tk+1) < é&pn+ ' (€PL + 15/7 ’ gérad)'

On the same event, Lemma 24 gives

19V (s, men)|2, < 2CucLoy

(Ein n 6log(Ke/d)

: 15/7 - €2 « = Epp.
mp.m (EPL + / Egrad)) + Eg pp
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Define the event

K-1
& £ ﬂ gk, (‘:k £ {’|v7rvk(7rk+1,7'('k+1)ujp7p < 61313}.
k=0

By the per-step success probability P(€) > 1 — d; and a union bound, P(£) > 1 — 4. On &, the
residual condition (44) holds uniformly for all outer iterations with € = epp. Thus Proposition

applies, giving the three displayed bounds. Finally, since 79 = 7" we use Lemma 25 to bound
initial quantities as in the deterministic case. O

D.3 Assumption Verification

First, we prove a technical lemma that will be useful to verify all assumptions connected to a
non-degeneracy of reference policies.

Lemma 28. Let 7, i € II be two full-support policies and define mpi, () = minycy 7(y|x) and
tmin(2) = mingey p(y|z). Then, the following bound holds

ﬂ(ym)‘

Vr € X : max|lo < 2||log7(z) — log pu(x ,

maxlog & 12| < 2llogn(z) ~ log (x)]y

E,~, |maxlog? 7T(y|x))] < 4l|log ™ — lo 2
p[yey g (u(ylw) < 4flog 8 il5p.p

Additionally, the following bound holds

1 1

Proof. First, we use the relation between the span seminorm and a range:

m(ylz) il 7r(ylﬂf)>
min log .

1
log m(x) — log p(x)||s <max10g
Mo m(e) =log@lle = 5 JE18 Ly ey ~ T8 uyle)

We notice that for any pair of policies it holds max,cy log Z&Ig > 0 and minycy log Zg}g <0,
thus we have

m(ylz) log W)

max4 max log , —minlo
{963’ plyle) ™ vey = plyle)

Finally, we note that the left-hand side is equal to max,cy |log %\ Taking a square and

} < 2||log w(z) — log () ||sp -

expectation over x ~ p concludes the first part of the proof.
The second part of the proof follows from a bound

[log 7(2)||oc < [[log 7(x)—log pu(x) oo +[l0g (%) l|oc < 2|[log () —log pu()[sp+[[10g fu(2) o
which follows from the triangle inequality and the first part of the lemma, squaring both sides, taking
expectation over z ~ p, and using a bound (a + b)? < 2a? + 2b2. O

In particular, this lemma allows us to show that if a policy 7, generated by the PP-SPG algorithm
satisfies [[log 7, — log w3]|2, , < C for some constant C' > 0, then the mixed anchor 7, for the next
step satisfies Assumption 7. Next, we prove the result that connects the inexact solution to the inner
problem to PP residuals needed to establish the convergence of the outer algorithm.

D.4 Verification for Softmax Parametrization

In this section, we show that context-free softmax parametrization satisfies Assumptions |1 and 12.

Lemma 29. Consider a context-free setting and assume that ||V Vi (w41, Try1) |12, < epp for all
k < K. Then for the next step K it holds

~ 1+2 EpPpP
log(1/7 K min) < log(1 wffifn +
(1/Fot ) < To8(1/m5h) + 1 4
or, equivalently,
1 1 1+2
oo exp(+ VEPP > .
T K ,min 7T1r1?in (1 + 77)5
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Proof. We start from the first inequality of Lemma 28 with 7 = 7™*f and 1 = 7,

"l — log e | oo < 2|[log 7" — log 7 lsp

[log
For the left-hand side, we apply a reverse triangle inequality and a fact ||log Tk || oo = 10g(1/Tk min)-
For the right-hand side, we use a definition of a geometric mixture. Overall, we have
~ 2
log(1/Tk,min) < IOg(l/ﬂ{gifn) + m”bgﬂk - IOgWrestP :
Next, we use Lemma 27 to bound the second term. Thus, we have

1+2\/Epp
(L+n)B

Exponentiating both sides concludes the proof. O

10g(1/@min) < log(1/miy) +

Also, we will need the following technical lemma.
Lemma 30. Let x € RY, then for any m € Ay

HH(W)xHSP 2 Tmin * ||x||sp?
where Tmin = min;eq m(i) and H () = diag(m) — wn".

Proof. Without loss of generality, we assume that 7(¢) > 0 for any ¢ € [d], otherwise the statement
trivially holds.

First, we notice that ||z||sp = 1/2 - (max; z; — min; ;) and define ip,.x = argmax; «; and imyin =
arg min, ;.
Then, we notice that H(7m)z = 7 ® (x — pl), where 4 = 7"z is a mean of x under 7. Since 7 is a
positive measure, we have z; ___ > pand z;_, < u, therefore

max 7 (1) (i — #) 2 T(imax) * (Timax = 1) 2 Tmin * (Ziggar = 1)

>0
mllnﬂ'(z) (i = 1) < T(imin) (Tinin — #) < Tmin * (Tig — 1),
<0

thus

|E ()l = (1/2) - (maxm(i) (i — ) — min (i) (s — 1))

K3
> (1/2)Tmin (T — 1 — Tipgn + 1) = Tinin|2]|sp-
O

Corollary 7 (Convergence guarantees for Softmax parametrization). Let 6 — 7y be a context-free
. . . _ ref
softmax parametrization and (Ty)r>0 a sequence of improvement operators Ty, = 7;7:0 Sfor 0
equal to Ty with T = Ty, as defined in Lemma 16 with v = 7" and 7 = 7j,. Assume < 1. Fix
gin € (0, (10w )2/(2Lg,,)) as a desired accuracy for approximate solving of the inner problem,

min

where Ty and Lg ,, are defined below.

Then the following statements hold.
(i) Assumption 11 holds with Cy. = 1/(7o - 7L )2 and e 4. = 0, where

02 min{exp(—M) (1 + 1/775311)1} ;

(ii) There exists a truncation threshold My, > 0 such that Assumption 12 holds with

G=1, Lyy= 2 (14 B0+ 1/m)los(1/msh) +8/n) + B(1+1/n)(4 +log |
mpy = B(1+1/n)exp (‘mfl/n)) X

X exp | minq — g 21o Thiin (mret )2
p /8(1 + 77) ) g 1 + ﬂ:r?lfn min )

2 2 2 2
epL =0, €grad = V/Ein; 95y = Dp s Vs = 6D,
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where

2
Dy =2 <1 +45(1+1/n)log (Nﬁ : igj 1/77)) +12/n+28(1 +1/n) 1og(1/ein)> :

and 1 is chosen as solution to (1 +1/n) - mg,, = 1.

(iii) Algorithm I outputs O(ein)-optimal regularized policy after K = (5(1) outer iterations, Tj, =
O(1/eiy) inner iterations, using in total O(1/2)) samples, ignoring constants depending on
mref T3 min» B, 11 and logarithmic terms in £, and the confidence level 0.

min’

Proof. To prove the statements, we also need to prove that for all %k it holds
[V Vi(7t1, Try1)]l2,, < 1. We prove this statement by induction over steps k. We assume
that for all &’ < k it holds ||V Vi (g 41, T 41)[12, , < 1 forall k" < k. This assumption allows us
to use Lemma 29 to control the minimum probability of the mixed anchor policy 7.

Next, we notice that under our improvement operator choice, for any k£ and any 6 € O, it holds
9 min > Thk,0 " mte! | where Tk,0 is defined in Lemma 16 with v = et T =R, and A = B(1+1/7).
In partlcular we have the followmg expression for 7 o:

Tho = min{exp(—% — 2||log T — logﬂrefllsp), (14 1/mh55) " } :
To bound this constant away from zero uniformly over k, we need to show that |[log 7y — log 7rref||Sp

is uniformly bounded over k. For that, we start from a definition of geometric mixture and then apply
Lemma

_ 1 1/2+ \/epp 3
log T, — log 7 ||gp, = —— ||log 7 — log 77 ||, < < .
” o =15 o < 504 S

Thus, we have

3
Tho > min{exp <_,8(1—:—n77)) (1+1/mef)™ } 27 >0,

uniformly over k.

Next, we can prove the first statement of the lemma. Notice that V.J™* (6; 1) = H(mg) - VVi(7g; ),
where H(mg) = diag(mp) — memj is the parametrization Jacobian matrix. Thus, we can apply
Lemma 30 to obtain for any § € O,

IV T (8; 1)1z = IV T™ (6 7)lsp = To,min - |V V(mos m)llsp = 70 - misis - IV Vie(m03 1) s

thus concluding the proof of the first statement with Cye = 1/ (70 - 71 )2 and g4 = 0.

The second statement follows from Proposition 5, a bound on log(1 /7 min) Which follows from
Lemma 29, and taking €graq = +/€in. In fact, a constant G = 1 does not depend on k; the bound on a
smoothness coefficient follows using A = 3(1 + 1/n):

Lz = = (14 Mog(1/Tmin)) + A(4 + log [V))
) 1+ 2\/5)
n

< (1 AL+ 1/m) log(1/mh) + B+ 1/m) (4 + log V)

<

N Ut DN Ot N Ot

(1+ B(1+1/n)log(1/mreh) +3/n) + B+ 1/n)(4+log|V|) £ L, .

After that bound, we can prove the induction step to show that ||V Vi (7g41, Tr41) (12, , < 1 forall k.
In fact, we have

IV Vi (Thg1s Tra1) 12, < 2Cec Ly - €in < 2

sp,p = 'L,B,’r]'ain:ePpglv

ref )2

(TO * Tnin

where the last inequality holds for our choice of ¢;,, small enough.
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Next, for bound on mz 5 we recall that under our choice of v = rref

—2/X 2
mzx = e /A Crref 5

for et 2 exp(min{—2|[log 7, — log 7|5, log(mtef /(1 + mr<f ))}) - wieh , where we repeat
our calculations for |[log 7, — log 7! ||, to obtain

3
Cret > €XP (mln{ ——log(w, /(1 4wt }) et >0,
FC1 gy OB T/ L )

and mz \ > mg,, > 0 uniformly over k. Next, the bound on a%’ » and v% » again follows automati-
cally from a bound on 7 min, which depends on the following quantity

D2 \(\/En) =2 (1 + 4\ log <2\/§' A~(1 i %mi“)> + 2)\10g(1/€in)>

Tmin

g2(1+45(1+n1)log (4\[ ing/n)) o H200 ) log <51n>)2

min

implying that the indicated bound on O’~ . and v~ hold uniformly over k. To conclude the second

statement of the lemma, we need to choose n> 0 such that 5(1 4 1/7n) - mg,, = 1. In fact, such n
exists since the function p — 5(1 4 1/n) - mg,, is continuous and decreasing on R+, with limits
lim,, 0 8(1 4+ 1/n) - mg,, = 400 and

ref
WEIEOO B(1+1/n)-mg,, = Bexp(—2/B) - exp (min{—6/6, 2log(1f“7r‘%ifn) }) ) <1
under the choice § < 1.

Finally, the third statement follows from Corollary 6 noticing that our constants depend on ¢;,, only
logarithmically and polynomially on 7*¢{ | 3, 7. O

D.5 Verification for Compatible Fisher Non-Degenerate Parametrization

In this section, we show that along the iterations of Algorithm |, Assumptions 7—10 hold uniformly
over k. In particular, Assumptions 8, 9, and 10 do not depend on the target policy, thus they cannot
be disturbed by iterates.

Lemma 31. Assume that ||VVk(7Tk+1,7rk+1)||bp , < epp forall k < K. Then Assumption 7-(i)
holds for the next step K with

VTI'K < QE;I;Np [10g (1/7Tm1fn( >)] + BQ(I _|_n)2

Proof. First, we apply the second inequality of Lemma 28 with 7 = 7, and p = 7'

1
Eyop|log” ——— —
p |: Og Tk mln(x):| 7-(-f][?ifn (LL')

For the second term we use the property of geometric mixture policies

< 2E;~, [log2 } + 8||log T, — log wref||§p’p .

[log 7y, —log 7 [lsp,p = [11/(1 + 1) log . + /(1 + 1) log 7" —log ™|

Sp,p
1

< — —log 7|4y , .

< 1+77|| ogm, — log ' [|sp,p
Next, we apply Lemma 27 and achieve

~ 1 1/2+/ 142,/
|log T, — log 7™||sp , < . /2+ VErp < +2verr .
L+ B 23(1 +n)

Taking a square and plugging back into the previous inequality concludes the proof. O
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In particular, a simple induction shows that Assumption 7-(i) is satisfied for all £ € N simultaneously.
Thus, we have the following final corollary.

Corollary 8 (Convergence guarantees for Fisher compatible parameterization). Let 6 — mg be a
parametrization and (Ti) k>0 a sequence of improvement operators that satisfies Assumption S—

for all k € N, the reference policy satisfies Vyrer 2 B, [log?(1/7¢F (2))] < 00 and let B < 1.

Then, fix i, > 0 as a desired accuracy for approximate solving of the inner problem. Then the
following statements hold.

(i) Assumption || holds with Cy. = 2M3/m% and €5 = 2€pias;

(ii) There exists a truncation threshold M} > 0 such that Assumption 12 holds with

B(1+1/n)m2, L Cbins mi
2M92 b PL - Mg )

Lg, = (; + % . \/252(1 +1)2 +282(1 + )2 Ve +2(1 + 2,/5pp)2> (M§ + Mpy)

+B(1+1/n)M;,

G = Mg, mgm =

€grad = V/€in » Ugm = D,(Qi,m 1),(23’,7 = 6D%7”7 ?
D2 B onp? <1 128M2 B2 (1 4+ ) (1 +4V2.,) +4(1 + 2\/61:1:)4])
B = 2Mg {1+ 1 ’
N €in
— 2 2 . _ m
where epp = O(M /Mm% - €in + Ebias) and a PP learning rate n = (3 - Wiﬁw

(iii) Algorithm | outputs O(ein + Evias)-optimal regularized policy after K = (5(1) outer iterations,
Ty, = O(1/€2)) inner iterations, using in total O(1/ct ) samples, ignoring constants depending
on My, My, mp, B, Vet and logarithmic terms in €in, Epias and the confidence level 4.

Proof. The statement (i) automatically follows from Lemma 20. The statement (ii) follows from
Lemma 31 combined with Proposition 6 applied for each & € N as well as a choice of €graq = \/Ein

and manipulations to simplify the expression for D%m:

2 r 2 2 r 2
8N M, (Vz, +1)> < 2]\492(1+ (BA*My(Vz, + 1)) )

€in €in

D2 \(Vem) = M <1 +

W M2(1 4 2V +2(1 + 2,/Epp)2/(B2(1 + n)2))2>

2 4
<2M, (1—1—645 (I+n) P

A 2
*Dﬁm’

128M2(B2(1 4+ n)2(1 +4V2.,) +4(1 + 2 4
§2Mg2(1+ P (L4 42) 4401+ 2550
7 €in

where we used Lemma 31 and an inequality (a + b)? < 2a% + 2b%. Finally, we choose =
B W to guarantee that 3(1 +1/n) - mg, = 1.

For the statement (iii), we apply Corollary 6 with the constants from (ii). In particular, we choose
epp = O(M7 /m% (€in+Ebias)) to guarantee that the final policy is O(&in+¢bias)-VNW. The number
of outer iterations K follows from Corollary 6 and scales as O(1). The number of inner iterations
T}, follows from Corollary 6 and scales as O(1/ €2 ), where additional 1/¢;, factor comes from a

b~0und on U%,n = 1/éj,. Finally, the total number of samples follows from Zszl Z?ﬁ 1B =
O(1/et). O
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Figure 2: Optimization trajectories for the Rock—Paper—Scissors example. Top row: exact-gradient
updates. Bottom row: stochastic-gradient (SGD) updates. Left: suboptimality versus gradient
evaluations; for SGD (bottom) we plot an exponential moving average (EMA) to smooth single-
trajectory noise. Right: trajectories in a 2D projection of the 3D parameter space (O-space).

E Detailed Experiment Description

E.1 Rock-Paper-Scissors

In this section, we provide an additional experiment on a very simple 3-dimensional game of Rock-
Paper-Scissors. It is a context-free game defined by the following matrix

05 1 0
P=|0 05 1],

1 0 0.5

areference policy 77°f = (11/18,1/3,1/18), and 8 = 0.01. With this environment, we implemented
in JAX (Bradbury et al., 2018) an exact and stochastic versions of Online IPO (Calandriello et al.,
2024), EGPO (Zhou et al., 2025), and Nash Prox, using a learning rate o, = ¢t~ /2 for an exact
version and oy = 0.2 X t=1/2 for a stochastic one, where ¢ is an iteration number, additionally
multiplied the IPO-style losses by an effective regularization to guarantee the same scaling of updates.
The value of « is normalized to make 10 total soft updates of the target policy at the training. The
results are presented on Figure 2.

Overall, we observe that the trajectories of Nash Prox and EGPO are both present more stabilized
behavior compared to Online PO, but they are stabilized differently: two-step stabilization of EGPO
turns out to be an effective measure, especially in the beginning of trajectory, but later the soft-
anchoring of Nash Prox starts behaving better empirically. Additionally, we observe two facts about
the geometry of the problem: (1) suboptimality landscape exhibits non-convex behavior, although it
admits a gradient dominance geometry, and (2) all the methods exhibits non-monotonic behavior in
suboptimality. In fact, (2) exactly prevents us to provide a last-iterate convergence theory for Online
IPO for small values of 3.
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(c) Hard updates vs. soft updates, period 1000; (d) Soft updates vs. adaptive schedule.

Figure 3: Comparison between different target policy update schedules for Nash Prox. Suboptimality
is averaged over 25 random seeds; shaded regions indicate one standard deviation.

E.2 Matrix Games

Experiment setup. In our experiments, we fixed » = 2,Y = 100, = 0.01 and a reference policy
to be a uniform distribution 7 (y|z) = 1/Y. The matrices U and V are generated as random
Gaussian matrices. To parameterize the space of policies, we use a 3-layer MLP with a ReLU action
function and 128 hidden units, taking a flattened matrix ©, € R?*? as input and outputting logits
over possible actions. We use the Adam optimizer (Kingma & Ba, 2015), and for all the baselines we
perform a grid search over the learning rate using the grid {3x 1073,1073,3x107%,1074,3x 107°}.
For each batch, we sample 128 random games. For Nash Prox, we utilize Sarget = 10 x 3 for
all experiments. All experiments implemented using JAX (Bradbury et al., 2018), runtime for one
configuration running in parallel for all 25 seeds is less than 5 minutes for all the methods.

Soft vs. hard updates. As a first additional experiment, we compare the influence of soft and hard
updates for the target network. We fixed the learning rate to 3 x 10~ and varied the update period
before the update in hard and soft senses; see Figures 32,3b,3c for the results. Overall, these results
show the benefits of soft updates over hard ones in terms of suboptimality.

Adaptive choice of . Next, we verify the adaptive schedule x; = 1/(0.3 - ¢ + 1), which changes
over the optimization procedure; the results are presented in Figure 3d. In particular, we observe that
the adaptive schedule performs on par with the best choice of standard soft updates; however, it is

less sensitive to the choice of optimal value of the multiplier than the choice of optimal value of « for
usual soft updates.

E.3 LLM Alignment
In this section, we provide implementation and details as well as details on hyperparameter selection.

E.3.1 Loss implementation

We use a library TRL (von Werra et al., 2020) as a base for our implementation, and we use
vLLM (Kwon et al., 2023) for efficient generation. Following the discussion in Section 5.4, we use
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the following loss function to achieve the correct gradients using automatic differentiation in PyTorch
(Paszke et al., 2019)

B

5 : 1 Plys = yilw:) —1/2\°
C ash Prox 6; et&rget £ — <£ 1 Y1) — 14 (2 = L
Nash Prox ) B ;:1 o(xi, yi) — Lo (@i, y;) B+ Brarget

A B 7T9(y|$) ) 5target ( 7T9(y|1') >
12 = 1 1
0 (.’E, y) B n ﬂtarget 0g <7Tref(y|x) + 6 + ﬂtarget 08 T gtarget (y‘Jf) ’

where {2;};c[p] are samples from the prompt dataset, {(y;, ;) }ic(p]} are generated from a pol-
icy mp, using a temperature sampling with a temperature 1, and SG is a stop-gradient operations.

log 7 (y|x) is computed in an auto-regressive manner as log 7y (y|z) = ley:ll log o (yi|z, y<i) =

Zy’:‘l logity(yi|z, y<i) — LogSumExp(logit,(:|z, y<;)), where logit, are raw logits outputted
by the model with parameters 6.

E.3.2 Experiment description

We start our experiments from the Google Gemma-3-4B" (Team et al., 2025) pretrained checkpoint.

Supervised fine-tuning (SFT). For SFT, we use the RLHFlow/RLHFlow-SFT-Dataset-ver?2
dataset (RLHFlow Team, 2024c). This  dataset, structured as conversa-
tions, is processed wusing a chat template following the Gemma3 format
(<bos><start_of_turn>role\ncontent<end_of_turn>\n...), where the template maps the
assistant role to model. System messages are dropped from the input, and training is performed
on the train split. The dataset samples are tokenized, with a maximum sequence length of 8,192
tokens. We use sample packing to efficiently train on long sequences and pad sequences to the
maximum length. Following standard SFT practice, the loss is computed only on the model’s output
tokens (the assistant’s turns), not on the input prompts.

The model was fully fine-tuned (no LoRA PEFT adapter was used). Training was conducted for 2
epochs. Optimization was performed using a fused version of AdamW (Loshchilov & Hutter, 2019)
32-bit optimizer with a learning rate of 1.5 x 10~°. A cosine learning rate schedule was applied
with a warmup ratio of 0.05 of the total training steps. We used a micro batch size of 1 sequence per
device and accumulated gradients over 16 steps, resulting in an effective batch size of 16 sequences
per device. On the 8 A100 GPUs, we thus had an effective batch size of 128. Gradient clipping was
applied with a maximum norm of 1.0, and no weight decay was used.

For improved memory efficiency and speed, we enabled gradient checkpointing and leveraged Flash
Attention (Dao, 2024). Training utilized BFloat16 (BF16) and TF32 precision where supported.

Nash Learning from Human Feedback All subsequent NLHF experiments started from the SFT
checkpoint described above. This SFT model also served as the initial policy and the reference policy
(7**"). During this phase, we used LoRA adapters Hu et al. (2022) with rank = 16 and o = 32 for
all methods.

Datasets. For generating responses during NLHF training and for final evaluation, we used
a subset of prompts from the RLHFlow/prompt-collection-v0.1 dataset (RLHFlow Team,
2024b). We first filtered this dataset to have only prompt conversations of length less than 512
tokens, and used 5% of prompts as a separate validation set. Overall, we have ~ 80,200 train
prompts and ~ 4,220 validation problems. For further details on the original data mixtures within
RLHFlow/prompt-collection-vO0.1 and their licenses, we refer to (Dong et al., 2024).

Preference model. The pairwise preference model, used to provide comparison sig-
nals, was a Gemma2-2B model (Riviecre et al., 2024). This model was trained on the
RLHFlow/pair_preference_model_dataset dataset (RLHFlow Team, 2024a), with its train-
ing methodology detailed in (Liu et al., 2025). We employed a separate, more capable judge for the
final evaluation of model performance: a Gemma3-27-IT model prompted to decide which completion
better follows the instructions. On this stage, we perform two episodes of judgment per prompt
in two different orders: (prompt, completion A, completion B) and (prompt, completion B,

"Published under Gemma license.
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Table 3: Hyperparameter settings for the evaluated algorithms. The hyperparameters with the best
performance in comparisons against the SFT checkpoint are presented.

Algorithm Learning Rate B Algorithm-Specific Parameters

Online DPO 3x107° 1x1072 N/A
Online IPO 1x1074 1x1072 N/A
Nash Prox 3x107° 1x107% K =1/(0.1 xt+1), Brarget = 10 x 3

completion A).If results were inconsistent (e.g., in both cases the judge selected different comple-
tions depending on their order), we consider such judgments as inconsistent and do not include them
in the win-rate computation. On average, around 40% of the comparisons were inconsistent.

The primary evaluation metric was side-by-side pairwise win rate, and for hyperparameter selection
in each algorithm, we used win rate against the SFT reference policy as a proxy metric. Confi-
dence intervals were computed as 99.9%-confidence intervals using the first term of the empirical
Bernstein inequality for Bernoulli random variables: for an estimate p, we compute the intervals as

V20(1 — p) - log(2/10-3) - 1/N, where N is a number of consistent judgments.

Training Configuration and Hyperparameter Tuning. For all NLHF experiments, we used the AdamW
optimizer (Loshchilov & Hutter, 2019). The learning rate schedule featured a 0.1 warmup period (as
a fraction of total training steps) followed by a linear decay. The effective global batch size was 32
prompts, following the practice of small batch sizes as indicated by Schulman & Lab (2025). We
used per-device micro-batch size of 8 prompts, 2 GPUs A100, and 2 gradient accumulation steps
(8 prompts/GPU x 2 GPUs x 2 grad_accum_steps). Training was conducted for 1 epoch over the
Nirain = 80, 200 prompts, corresponding to approximately 2505 update steps. We employed gradient
clipping with a maximum norm of 1.0.

For each algorithm, we perform a grid search over its key hyperparameters: learning rate over Ir €
{3 x 107%,10%,3 x 1075}, regularization parameter 3 € {1073,1072,1071}, soft update schedule
of form x; = 1/(ct + 1) for ¢ € {0.3,0.1,0.03}. For Nash Prox, we use always Siarges = 10 X (.

For each algorithm, we selected the best-performing hyperparameter configurations based on the win
rate against the SFT reference policy, evaluated using the Gemma3-27B-IT judge. These selected
checkpoints were then compared side-by-side in the final evaluation using the same judge model.
The final reported results (see Table 3) represent the performance of the best configuration found
through this process.

To manage memory and improve throughput during all NLHF training phases, we utilized BFloat16
(BF16) mixed-precision, gradient checkpointing, and PyTorch DDP (Li et al., 2020).

Computational Resources and Runtimes. All NLHF experiments were conducted on 2 NVIDIA A100
(80GB) GPUs, with one additional GPU used to host a pairwise reward model. A full training cycle
for Nash Prox and baselines requires approximately 11 hours per algorithm.

Generation Parameters. During response generation, both for collecting experiences within NLHF
algorithms (e.g., generating samples per prompt) and for final evaluation on the test set, we used
temperature sampling with a temperature of 7 = 1.0. The maximum generation length was capped at
256 tokens.

Limitations. We notice that using the target network increases the memory footprint of the model,
which is a limitation of our method. However, this increase is marginal since we do not need to
backpropagate through the target model, and in the LoRA setting this memory footprint is negligible.
Additionally, it does not significantly increase the running time of the algorithm and is straightforward
to implement.
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