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What do we bring:

Develop theoretically and computationally efficient version of PSRL:

▶ Computationally and empirically efficient algorithm;
▶ Up till now no near-optimal modifications of PSRL;
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Markov Decision Process (MDP)

Tabular, episodic MDP: H horizon, S states, A actions.

Learning in MDP: at episode t, step h
state st

h

action at
h

next state st
h+1 ∼ ph(·|st

h, at
h)

reward rh(st
h, at

h) (known and bounded in [0, 1])

Bellman equation policy π

Qπ
h (s, a) = (rh + phV π

h+1)(s, a)
V π

h (s) = Qπ
h (s, πh(s))

V π
H+1(s) = 0

where phf (s, a) =
∑

s′ ph(s ′|s, a)f (s ′)
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Learning in MDP: at episode t, step h
state st

h

action at
h

next state st
h+1 ∼ ph(·|st

h, at
h)

reward rh(st
h, at

h) (known and bounded in [0, 1])

Optimal Bellman equation

Q⋆
h (s, a) = (rh + phVh+1)(s, a)
V ⋆

h (s) = max
a

Q⋆
h (s, a)

V ⋆
H+1(s) = 0

where phf (s, a) =
∑

s′ ph(s ′|s, a)f (s ′)

Regret after T episodes: RT =
∑T

t=1 V ⋆
1 (s1)− V πt

1 (s1)
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Posterior Sampling

Bonus-Based Exploration

Qt
h(s, a) = [rh + p̂t

hV t
h+1 + bt

h](s, a)

V t
h(s) = max

a
Qt

h(s, a)

p̂t
h – empirical model, bt

h –
exploration bonus;

Nearly optimal regret:
Õ(

√
H3SAT ) [Azar et al., 2017];

Bad empirical results.

Posterior Sampling

Qt
h(s, a) = [rh + p̃t

hV t
h+1](s, a)

V t
h(s) = max

a
Qt

h(s, a)

p̃t
h ∼ ρt

h(s, a) is a sample from
posterior distribution.

Hard to analyze: only Bayesian
regret [Osband and Van Roy, 2017];
Good empirical results!
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Optimistic Posterior Sampling

Qt
h(s, a) = [rh +max

j∈[J]
p̃t,j

h V t
h+1](s, a)

V t
h(s) = max

a
Qt

h(s, a)

p̃j,t
h ∼ ρt

h(s, a) are J samples from posterior distribution.

Near optimal regret: Õ
(√

H3SAT
)

▶ Optimism: novel tight Gaussian anti-concentration inequality for Dirichlet
weighted sum;

▶ Overestimation error : reduction to UCBVI[Azar et al., 2017];
Logarithmic number of posterior samples: J = O(log(SATH/δ));
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Optimistic Posterior Sampling

Qt
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p̃t,j

h V t
h+1](s, a)

V t
h(s) = max

a
Qt

h(s, a)

p̃j,t
h ∼ ρt

h(s, a) are J samples from posterior distribution.

Near optimal regret: Õ
(√

H3SAT
)

▶ Optimism: novel tight Gaussian anti-concentration inequality for Dirichlet
weighted sum;

▶ Overestimation error : reduction to UCBVI[Azar et al., 2017];
Logarithmic number of posterior samples: J = O(log(SATH/δ));

All of them: open problems raised by [Agrawal and Jia, 2017].
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Gaussian anti-concentration for Dirichlet weighted sums

Theorem
For any α = (α0 + 1, α1, . . . , αm) ∈ Rm+1

+ define p ∈ ∆m with
p(ℓ) = αl/α, ℓ = 0, . . . ,m, where α =

∑m
j=0 αj . For any ε > 0, under

technical assumptions on α0, α, for ”good” f : {0, . . . ,m} → [0, b0] and
µ ∈ (pf , b0)

Pw∼Dir(α)[wf ≥ µ] ≥ (1 − ε)Pg∼N (0,1)

[
g ≥

√
2αKinf(p, µ, f )

]
where Kinf(p, u, f ) is given by

Kinf(p, u, f ) ≜ max
λ∈[0,1]

EX∼p

[
log

(
1 − λ

f (X )− u
b0 − u

)]
.

Essential part for providing optimism for OPSRL;
The rest of proof: ”OPSRL is no worse than UCBVI with Bernstein
bonuses” [Azar et al., 2017];
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Experimental results
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Figure: Regret of OPSRL and baselines on grid-world environment with 100 states
and 4 action for H = 50 an transitions noise 0.2. We show average over 4 seeds.
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Lazy version

Computational complexity of OPSRL: Õ(HS2A). Can we do better?
Lazy updates only on visited state-action pairs: Õ(HSA) time.

Qt
h(s, a) ≜ 1{s = st+1

h }
(

rh(s, a) + max
j∈[J]

{p̃ t,j
h V t−1

h+1(s, a)}
)

+ (1 − 1{s = st+1
h })Qt−1

h (s, a) ,

V t
h(s) ≜ min

{
max
a∈A

Qt
h(s, a),V

t−1
h (s)

}
,

πt+1
h (s) ∈ argmax

a∈A
Qt

h(s, a) ,

Also nearly optimal regret guarantees!
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Takeaways

OPSRL is an optimistic extension of posterior sampling algorithm;

Computationally efficient and theoretically (near) optimal;

Resolve two open questions stated by [Agrawal and Jia, 2017].

OPSRL — NeurIPS 2022 9



Thank you!
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