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Overview

• OPSRL algorithm with minimax optimal regret bound up to poly-log factors for large enough T ;
• First theoretically and computationally efficient modification of posterior sampling;
• Resolves 2 open problems by [Agrawal and Jia, 2017];
• Novel tight anti-concentration inequality for weighted sums of Dirichlet random variables;

Setting

• Tabular MDP: H horizon, S states, A actions, ph(s′|s, a) unknown transitions, deterministic reward
rh(s, a) ∈ [0, 1].

• Regret:
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• UCBVI bonus-based exploration (theoretically near optimal, empirically bad)
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where p̂t
h(s, a) is empirical transition probabilities, and p̂t

hf (s, a) ≜
∑
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p̂t
h(s′|s, a)f (s′).

• PSRL exploration (no known regret guarantees, empirically good)
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where p̃t
h(s, a) ∼ ρt

h(s, a) is sample from posterior distribution for transition probabilities.
• OPSRL exploration (theoretically near optimal, empirically good)
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h(s, a) are J = Õ(1) samples from posterior distribution for transition probabilities.

Regret bounds

Algorithm Upper bound (non-stationary)

UCBVI [Azar et al., 2017]
Õ(

√
H3SAT )UCB-Advantage [Zhang et al., 2020]

RLSVI [Xiong et al., 2021]
SOS-OPS-RL [Agrawal and Jia, 2017] Õ(

√
H4S2AT )

PSRL [Osband et al., 2013] N/A
OPSRL (this paper) Õ(

√
H3SAT )

Lower bound [Jin et al., 2018, Domingues et al., 2021] Ω(
√

H3SAT )

Green: empirically efficient, Orange: empirically fair, Red: empirically poor.

Optimistic prior of OPSRL

add an artificial isolated state s0 with rh(s0, a) > 1;
add n0 pseudo-transitions from each state s to s0 into the history of visits.
use posterior inflation by κ = Õ(1);

Experiments

Figure 1:Left: Regret of OPSRL and baselines on grid-world environment with 100 states and 4 action for H = 50 an transitions noise 0.2, average
over 4 seeds. Right: regret of OPSRL for J ∈ {1, 4, 8, 16, 32} on the same environment.

Upper and lower bounds on tails for Dirichlet weighted sum

For any α = (α0 + 1, α1, . . . , αm) ∈ Rm+1
+ define p ∈ ∆m with p(ℓ) = αl/α, ℓ = 0, . . . , m, where α =

∑m
j=0 αj and

p′(ℓ) = (αℓ + 1{ℓ = 0})/(α + 1). Under technical assumptions, for f : {0, . . . , m} → [0, b0] and µ ∈ (pf, b0)
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(

1 − Φ
(√

2α Kinf(p, µ, f )
))

≤ Pw∼Dir(α)[wf ≥ µ] ≤ exp (−(α + 1) Kinf(p′, µ, f )) ,

where Φ(·) is CDF of standard normal law and Kinf(p, u, f ) is given by

Kinf(p, u, f ) ≜ max
λ∈[0,1]

EX∼p

[
log

(
1 − λ

f (X) − u

b0 − u

)]
= inf {KL(p, q) : q ∈ ∆m, qf ≥ u}

• Lower bound is an essential part for optimism and small number of samples J ;
• Upper bound is important for the reduction to UCBVI.
• Main application: bounding linear forms of Dirichelet r.v. (e.g., p̃t,j

h Ṽ t
h+1(s, a))

p̃ t,j
h (s, a) ∼ Dir(α0 + 1, α1, . . . , αS) where

{
α0 = n0/κ − 1
αi = nt

h(si|s, a)/κ

and α = (n t
h(s, a) − κ)/κ.

[Agrawal and Jia, 2017] Agrawal, S. and Jia, R. (2017).
Optimistic posterior sampling for reinforcement learning: worst-case regret bounds.
In Guyon, I., Luxburg, U. V., Bengio, S., Wallach, H., Fergus, R., Vishwanathan, S., and Garnett, R., editors, Advances in Neural Information Processing Systems, volume 30.
Curran Associates, Inc.

[Azar et al., 2017] Azar, M. G., Osband, I., and Munos, R. (2017).
Minimax regret bounds for reinforcement learning.
In International Conference on Machine Learning.

[Domingues et al., 2021] Domingues, O. D., Ménard, P., Kaufmann, E., and Valko, M. (2021).
Episodic reinforcement learning in finite mdps: Minimax lower bounds revisited.
In Algorithmic Learning Theory.

[Jin et al., 2018] Jin, C., Allen-Zhu, Z., Bubeck, S., and Jordan, M. I. (2018).
Is Q-learning provably efficient?
In Neural Information Processing Systems.

[Osband et al., 2013] Osband, I., Russo, D., and Van Roy, B. (2013).
(more) efficient reinforcement learning via posterior sampling.
In Burges, C. J. C., Bottou, L., Welling, M., Ghahramani, Z., and Weinberger, K. Q., editors, Advances in Neural Information Processing Systems, volume 26. Curran
Associates, Inc.

[Xiong et al., 2021] Xiong, Z., Shen, R., Cui, Q., and Du, S. S. (2021).
Near-optimal randomized exploration for tabular mdp.

[Zhang et al., 2020] Zhang, Z., Zhou, Y., and Ji, X. (2020).
Almost optimal model-free reinforcement learning via reference-advantage decomposition.
arXiv preprint arXiv:2004.10019.


