
Background
Game between        players, each with finite strategy sets 

Payoff to player      against the profile                                          is 

When         is known, many methods apply for ranking agents, including Elo 
ratings, Nash equilibria, and 𝜶-Rank. These rankings can be used for pure 
evaluation, or as a component in a training pipeline.

𝜶-Rank computes a distribution over strategy profiles, motivated by 
evolutionary game theory.

𝜶-Rank defines an irreducible Markov chain              over the response 
graph. If     is obtained from    by a deviation of player    , then:

𝜶-Rank outputs the stationary distribution for this Markov chain.

Motivation: In many practical scenarios, we can only estimate         
by simulating games between particular strategy profiles.

Questions: 
● How can we efficiently select strategy profiles to simulate that 

will be most informative in determining the 𝜶-Rank output?
● If there is remaining uncertainty about the elements of 

      , can we efficiently propagate this uncertainty through into 
the 𝜶-Rank output itself?

Experiments
Evaluation of ResponseGraphUCB variants demonstrates that, intuitively, lower error 
tolerances 𝛿 imply more interactions required and fewer response graph errors.

Uncertainty propagation
Key question: Given estimated payoff table        and lower/upper confidence 
bounds     and      , what is the minimum/maximum plausible 𝜶-Rank weight 
for a particular strategy profile?

Summary
Problem of interest: multiagent evaluation in K-player, general sum 
games, where exact payoffs are unknown, using the recently introduced 
evaluation method 𝜶-Rank.

Key application domain: multiagent training scenarios, where payoffs are 
estimated via repeated simulations.

Main contributions:
● Algorithm for adaptively sampling strategy profiles to be simulated to 

guarantee correct ranking with high probability.
● A method for propagating uncertainty in payoffs through to 

uncertainty in the 𝜶-Rank outputs.
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Adaptive sampling
Key question: If we want to obtain exact 𝜶-Rank 
output with high confidence, which profiles 
should we simulate, and how many times?

ResponseGraphUCB is an algorithmic framework 
for solving this problem. It requires a method      
for iteratively sampling profiles to be simulated, 
and a method     for computing confidence 
bounds on empirical payoffs.

See paper for sample complexity bounds, and 
proofs of correctness.

L C R

U 2, 1 1, 2 0, 0

M 1, 2 2, 1 1, 0

D 0, 0 0, 1 2, 2

A B

A 0.5, 0.5 0.85, 0.15

B 0.15, 0.85 0.5, 0.5

Step 1: Translate into an edge 
direction selection problem.

Step 2:  Translate this into a 
constrained stochastic shortest path 
problem, as in the PageRank literature.

Step 3:  We show that it is valid to 
solve the unconstrained SSP problem, 

which can then be solved using 
standard techniques such linear 
programming or value iteration.

Example: 𝜶-Rank weight uncertainties for agents in a soccer meta-game. 

Response graphPayoff table

Example: ResponseGraphUCB applied to a 2x2 normal-form game.

[            ]Exact form motivated 
by evolutionary game 

theory

Bernoulli games Soccer meta-gameKuhn poker meta-game
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Further work
Leverage knowledge of agent ranking uncertainty in 
downstream applications, e.g. population-based training

Improve adaptive sampling algorithms (e.g., checking 
whether we need to determine particular edges, sampling 
strategy for remaining edges, etc.)

Investigate tighter sample complexity bounds

Soccer meta-gameKuhn poker meta-game

Agent ranking error similarly 
decreases with the # of 
ResponseGraphUCB samples 
(i.e., simulations).


