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Algorithm

• GOAL: Actively complete multiple matrices 


• NEW: Adapts to unknown complexity 


• OPTIMAL: We give matching lower bound. 


• GENERALIZABLE: When adaptive confidence sets exist.

rank r, dimension d: U 2 Rd⇥r, V 2 Rr⇥d:
entries ⇠ N (0,�2

r = r�1/2), noise N (0,� = 0.1)
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dk = d = 200, K = 10, r1 = 40 and rk = 10 for the rest
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➭

Pick matrix 


NewSamples from 


GetEstimator 


EstimateError 


Upper bound on the error 


Accept/Reject 

main loop of MAlocate

Mk
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{cMk}k2[K]
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output:

estimator. The second half of the sample is used by the EstimateError(cMk
t ,D

k
t ) sub-procedure149

to construct an estimator of the error bRNt
k

and an upper-bound on this error Bk(t), using the150

double-sampled entries. After the initialization, at round t, the strategy allocates the next sam-151

ples to the matrix m = argmaxk d2kBk(t)Tk(t)�1/p, where Tk(t) is the number of samples al-152

located to matrix k up to time t. The previous estimator cMm for matrix m is then replaced by153

cMm
t only if the upper bound on the error has decreased. The strategy operates on a doubling154

schedule: each time an index m is chosen, a new dataset Dm
t of size Tm(t) (and thus, a total155

budget of 2Tm(t) is spent on m) is used to construct a new estimator cMm
t , and estimate its error.156

In this case, Bm(t) is also updated to the new (smaller) upper bound on the error. This ensures that157

the estimation error is non-increasing with t for every matrix. This is crucial to provide performance158

guarantees of MALocate. The loop is repeated until the budget has been used, at which point the159

algorithm stops and outputs estimator cMk for each matrix k.160

Algorithm 2 NewSamples (k, T )
Input: k, T

Sample (uniformly at random)
T new observations {(Xi, Yi)}iT from Mk

Output: New dataset {(Xi, Yi)}iT

Computing the estimator. As explained pre-161

viously, we use the square-root lasso estimator.162

Notice that we perform a splitting of the sample163

D
k
t , where the first half is used to compute the164

estimator, and the second half is used to esti-165

mate its error. In practice, we propose instead to166

split the sample between entries that have been167

sampled only once to compute the estimator, and the other entries to estimate the error. While this168

introduces a small dependence (as we may only estimate the error for entries on which the estimator169

was not trained) which is hard to analyze theoretically, in practice this greatly improves the power of170

the estimator.171

Estimating the error. The sub-procedure EstimateError uses the second half of a dataset Dk
t172

to build an estimator of the error for some estimator cMk of the matrix Mk. It proceeds as the173

estimator of [4] by finding entries (Xi, Yi) and (Xj , Yj) such that Xi = Xj to form the triplet174

(Xi, Yi, Yj), and the dataset D0 of double-sampled entries with N
k
t = |D

0
|. D

0 is then used to175

compute the unbiased estimator of the error bRN = 1
N

PN
i=1

⇣
Yi � hXi,

cMi

⌘⇣
Y

0
i � hXi,

cMi

⌘
,176

which does not require the variance of the noise as an input to the estimation procedure. An upper-177

bound bound on bRN that holds with high probability Bk(t) = bRNk
t
+ 8A2

q
log(dk)
Nk

t
can also be178

deduced. Importantly, this upper bound on the error is honest and adaptive to the unknown rank rk, as179

proved by [4], and is upper bounded as O
⇣

rkd
3
k log(dk)
Tk(t)

⌘
, as bRNk

t
dominates the stochastic error term.180

Algorithm 3 GetEstimator (k,D)
Input: k,D

T = |D|
2 ,� = C

q
log(dk)
dkT

cM= argmin
kMk1A

q
1
T

PT
i=1(Y �hXi,Mi)2+� kMk⇤

Output: Estimator cM

181

The sampling criterion. The explo-182

ration crucially depends on the interplay183

between p the loss parameter, Tk(t) and the184

upper bound on the error Bk(t) rescaled by185

d
2
k. For p = 1 (sum loss), the chosen in-186

dex is argmaxk d2kBk(t)Tk(t)�1, and can187

be interpreted as the index that maximizes188

the error per sample, which is a rough ap-189

proximation of @Bk(t)
@Tk(t)

. As we expect the sum loss to decrease the most for this matrix, the190

strategy allocates its next samples to this index. On the other hand, for p = 1, the index191

chosen is simply the one that currently suffers the largest upper bound on the rescaled error.192

Again, this effectively decreases the max loss. More generally, by plugging the upper-bound given by193

Proposition 1 into the loss Lp
n, we see that a good allocation is one that minimizes

P
k

⇣
rkd

3
k log(dk)
Tk(n)

⌘p
194

under the constraint
P

k Tk(n) = n. By solving the corresponding optimization problem, we see that195

this good allocation should be such that Tk(n)1+1/p = (rkd3k log(dk))C(n), where C(n) is constant196

for all k. Note however, that this good allocation is de facto out of reach for the learner, which197

does not have access to the underlying ranks {rk}k2[K] of the matrices. Now, as d2kBk(t) can be198

upper bounded as O
⇣

rkd
3
k log(dk)
Tk(t)

⌘
, it is clear that our strategy, which picks the index that maximizes199
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d
2
kBk(t)Tk(t)�1/p mimics the good allocation that keeps the quantity rkd

3
k log(dk)Tk(n)�(1+1/p)200

constant across the arms.201

Remark 2. An important algorithmic particularity of our strategy is that it operates on a doubling202

schedule. Namely, when index k is picked, the number of observations for Mk
is doubled from Tk(t)203

to 2Tk(t), as a new dataset of size Tk(t) is generated. This allows us to analyze MALocate without204

considering correlations between the different estimators, as each estimator is trained on a fresh205

sample D
k
t . This also has the benefit of greatly reducing the computational complexity, as we only206

need to train a logarithmic number of estimators, while recomputing estimators at each time t would207

be too costly. However, if there is any empirical need to recalculate the estimator every time we208

received a new observation, the proofs for the guarantee that we provide in next section can be209

modified to reflect it.210

4 Analysis211

Algorithm 4 EstimateError (cM,D)

Input: cM,D
T = |D|

2
Find double-sampled entries
D0 = {(Xi, Yi, Y

0
i )}i=1,...,N in DT+1,...,2T

bRN = 1
N

PN
i=1

⇣
Yi � hXi,cMi

⌘⇣
Y 0
i � hXi,cMi

⌘

Output: Number of double-sampled entries N and
error estimate bRN

In this section, we show our results on the212

performance of MALocate for general p,213

and prove a lower bound in the case p = 1,214

showing that our strategy is optimal up to215

logarithmic factors for the max loss.216

4.1 Upper217

bound on the performance of MALocate218

We start with an upper bound on the perfor-219

mance of MALocate that holds with high220

probability.221

Theorem 1. After n sample requests,222

MALocate started with loss parameter p outputs K estimators, such that with probability at least223

1�
P

k
16 log(dk)

dk
:224

L
p
n =

0

@
X

k2[K]

���cMk
n �Mk

���
2p

F

1

A
1/p

 O

0

BB@

⇣PK
k=1(rkd

3
k log(dk))

p
p+1

⌘ p+1
p

n

1

CCA ·

The proof of this result is in Appendix A. It relies on a careful bounding of the estimation error of225

cMn
F directly, as it is crucially not possible to prove bounds on Tk(n) the number of times that each226

arm has been sampled at the end of the horizon, as opposed to many regret analysis used for bandit227

problems. In particular, the proof proceeds by showing that following bounds on the error holds with228

high probability. First, using the sampling criterion we get for all k a bound of the form229

���cMk
�Mk

���
2

F
 O

0

@Tk(n)
1/p

 
X

k

(rkd
3
k log(dk))

p/(p+1)

!(p+1)/p

n
�(p+1)/p

1

A.

Importantly, this grows with Tk(n). On other hand, using the bound on our estimator directly, we230

have a bound
���cMk

�Mk
���
2

F
 O

⇣
rkd

3
k log(dk)
Tk(n)

⌘
, which decreases with Tk(n). By balancing both231

bounds with respect to Tk(n), we get an upper bound on the estimation error that does not depend on232

Tk(n).233

This result shows that the complexity of the problem crucially depends on the interaction between234

both the intrinsic hardness of each subproblem associated with Mk and characterized by rk and dk,235

and the loss parameter p. Namely, if we write ck = rkd
3
k log(dk) for the complexity of problem k,236

and c = (c1, . . . , cK), then the complexity of the active problem is kck p
p+1

i.e., the loss is upper237

bounded as O
⇣
kck p

p+1
n
�1
⌘

. On the other hand, it is easy to see that the uniform strategy suffers238

a loss of order K
n kckp, which is always larger2 than 1

n kck p
p+1

. This shows that our active strategy239

2as we have kxkq1  K1/q1�1/q2 kxkq2 for 0 < q1 < q2.

6

bRNt
k
+ 8A2

s
log(dk)

Nk
t

<latexit sha1_base64="+AJ2j8liEezAhD9x0+YH9Eyl8FQ="></latexit><latexit sha1_base64="GyfpyC6cjfKoxD+mVWHKqvNjsgQ="></latexit><latexit sha1_base64="GyfpyC6cjfKoxD+mVWHKqvNjsgQ="></latexit><latexit sha1_base64="lbUgX0u1YCkbHBPFg1oi3FyBOc0="></latexit>

||dMk
t �Mk||2F
d2
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upper bound on the error

iff we improved


{cMk}k2[K]
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output:

max
k2[K]

���cMk
n �Mk

���
2

F
 O

 PK
k=1 rkd

3
k log(dk)

n

!
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How good are the estimates?

Theorem: For max loss (p = ∞), whp:

0

@
X

k2[K]

���cMk
n �Mk

���
2p

F

1

A
1/p

 O

0

BB@

⇣PK
k=1(rkd

3
k log(dk))

p
p+1

⌘ p+1
p

n

1

CCA

<latexit sha1_base64="bMflI3fQW9JMYiVlsFfw3maXyXI="></latexit><latexit sha1_base64="4qXjc6oPOJQ2ghE2/MzC9xURHz0="></latexit><latexit sha1_base64="4qXjc6oPOJQ2ghE2/MzC9xURHz0="></latexit><latexit sha1_base64="y7jRofowLlGOPcVir4wbJ1I761o="></latexit>

For general p: How good is this?

How good is this?

Motivation

Guarantees

rank r, dimension d: U 2 Rd⇥r, V 2 Rr⇥d:
entries ⇠ N (0,�2

r = r�1/2), noise N (0,� = 0.1)
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dk = d = 200, K = 15, rk = 18 + 0.0015k4
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Experiments

À la une

Sub-markets are different! 

different size 

different complexity

complexity is unknown

Learning on the budget 

budget is tight 

small markets ➭  low budget 

small complexity ➭ low budget

A B C D E
F1 😻 😻 😻

F2
F3 😡

F4 😡
F5 😻 😡

Trace regression model

|"|  1
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Each of the entry is observed either 0x, 1x, 2x, 3x, 

Yi = fXi + "i, i = 1, . . . , n
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Xi ⇠iid U{1,...,d}2
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realistic situation: d2 ≫ n      high-dimensional regime

A B C D E
F1 😡 😻

F2 😡 😻 😻

F3 😡 😡

F4 😻 😻 😡

F5 😻 😻

Bernoulli model

Yi,j = (fi,j + "i,j)Bi,j , (i, j) 2 {1, . . . , d}2
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Bi,j ⇠iid B(n/d2)
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Each of the entry is observed either 0x or 1x.

Matrix completion

A B C D E

F1 😻😻 😻

F2

F3 😡 😡

F4 😡

F5 😻 😻😡

�����
bRN � ||cM�M||2F

d2

�����  8A2

r
log d

N
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D0 = {(Xi, Yi, Y
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find doubly-sampled entries

empirically estimate the variance

bRN =
1

N

NX

i=1

⇣
Yi � hXi,cMi

⌘⇣
Y 0
i � hXi,cMi

⌘
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Will we have enough double-samples?

N � Cn2

d2
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we get  bRN + 8A2
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➭

We have adaptive uncertainty!

How to adapt to the unknown structured complexity of the markets?

OCCITANIE PACA HAUTS-DE-FRANCE

At time t we get a sample from the region we choose:

It depends … What we want to achieve?

max loss? 


average loss? 


average loss  per entry?
Lp
n =

0

@
X

k2[K]

���cMk
n �Mk

���
2p

F

1

A
1/p
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loss parameter: 

extension: weights 

p
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assumptions

Setting

Adaptive confidence sets

cMn(�) 2 argmin
M2Rd1⇥d2

8
<
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vuut 1

n

nX

i=1

(Yi � hXi,Mi)2 + � kMk?

9
=

; (1)
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square-root estimator 


is adaptive (Klopp, 2014) 


setting: for t = 1:n

we zoom on one market…

…and the natures gives us 1 sample

Active multiple matrix completion with adaptive confidence sets

For each matrix Mk, k 2 [K], we denote by rk, the rank
of Mk. We further assume that all the observations Y kt

t

and the entries of Mk are bounded by some known
constant A. The first condition is |Y k

t |  A for any k, t

and the second condition is simply kMk
k1  A. This

is a mild assumption in applications such as recommen-
dation systems, where ratings are bounded.

3 MALocate algorithm

We now describe our active strategy MALocate for the
active multiple matrix completion given as Algorithm 1.
The input for MALocate is the maximum budget input n
and the loss parameter p. This parameter defines which
loss L

p
n the strategy is should optimize for. We shall

see that p governs the exploration. During the initial-
ization, while Bk(t) = 1, the strategy requests for
each Mk a dataset D

k
t of size O(dk log dk). MALocate

uses the requested samples for two goals: computing
the estimators and adaptively estimating their error.
In particular, the first half of the requested sample
is used to compute an estimator cMk

t of Mk using
the square-root lasso estimator. The second half of
the sample is used by the EstimateError (cMk

t ,D
k
t )

sub-procedure to construct an estimator of the error
bRNt

k
and an upper-bound on this error Bk(t), using

the double-sampled entries. After the initialization, at
round t, the strategy allocates the next samples to the
matrix

m , argmax
k

d
2
kBk(t)Tk(t)

�1/p
,

where Tk(t) is the number of samples allocated to ma-
trix k up to round t. The previous estimator cMm for
matrix m is then replaced by cMm

t only if the upper
bound on the error has decreased. The strategy oper-
ates on a doubling schedule: Each round an index m

is chosen, a new dataset D
m
t of size Tm(t) (and thus,

a total budget of 2Tm(t) is spent on m) is used to
construct a new estimator cMm

t , and estimate its error.

In this case, Bm(t) is also updated to the new (smaller)
upper bound on the error. This ensures that the esti-
mation error is non-increasing with t for every matrix.
This is a crucial ingredient for the proof of Theorem 1,
which characterizes the performance of MALocate. The
loop is repeated until the budget has been used, at
which point the algorithm stops and outputs estima-
tor cMk for each matrix k.

Computing the estimator As explained previ-
ously, we use the square-root lasso estimator. Notice
that we perform a splitting of the sample D

k
t , where

the first half is used to compute the estimator, and the
second half is used to estimate its error. In practice, we
propose instead to split the sample between entries that
have been sampled only once to compute the estimator,

Algorithm 1 MALocate algorithm
Input: n, {dk}k2[K], p {loss parameter}

D
k
t  ; 8k 2 [K]

Initialization:

t 0
for k 2 [K] do

Tk(t) 0
Bk(t) 1

end for

while t  n do

m argmaxk2[K] d
2
kBk(t)Tk(t)�1/p

Tm  max (Tm(t), 4 d(dk log(dk) + 1)/2e)
t t+ Tm

Tm(t) Tm(t) + Tm

D
m
t  NewSamples

�
m,Tm

�

cMm
t  GetEstimator

�
m,D

m
t

�

N
m
t , bRNm

t
 EstimateError

�cMm
t ,D

m
t

�

Bk(t) Bk(t� Tm) 8k 2 [K]
if bRNt

m
+ 8A2

p
log(dm)/Nm

t  Bm(t) then

cMm
 cMm

t

Bm(t) bRNm
t

+ 8A2
p

log(dm)/Nm
t

end if

Tk(t) Tk(t� Tm) 8k 6= m

end while

Output: {cMk
}k2[K]

Algorithm 2 NewSamples (k, T )

Input: k, T

Sample uniformly at random
T new observations {(Xi, Yi)}iT from Mk

Output: New dataset {(Xi, Yi)}iT

and the other entries to estimate the error. While this
introduces a small dependence (as we may only esti-
mate the error for entries on which the estimator was
not trained) which is difficult to analyze, in practice,
this greatly improves the power of the estimator.

Estimating the error The sub-procedure
EstimateError uses the second half of a dataset Dk

t to
build an estimator of the error for some estimator cMk

of the matrix Mk. It proceeds as the estimator
of Carpentier et al. (2017) by finding entries (Xi, Yi)
and (Xj , Yj) such that Xi = Xj to form the triplet
(Xi, Yi, Yj), and the dataset D

0 of double-sampled
entries with N

k
t , |D

0
|. D

0 is then used to compute
the unbiased estimator of the error,

dRN , 1

N

NX

i=1

⇣
Yi � hXi,

cMi
⌘⇣

Y
0
i � hXi,

cMi
⌘
,

which does not require the variance of the noise as an
input to the estimation procedure. We can then deduce


