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Think of playing poker: What do we bring?

Model-free algorithm for two-player zero-sum games

▶ Only updates the policy along the trajectory
▶ Works under perfect-recall assumption

Algorithm only needs bandit (trajectory) feedback

▶ Dynamics of the game does not need to be known
▶ Converges to Nash with the rate of 1/

√
T w.h.p.
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Part I: Tree Markov Decision Process (MDP)

state space S of size S

action space A of size A

horizon H

reward functions rh(s, a) and transition probabilities ph(·|s, a)

Assumptions:
Tree structure: all the history in the state, for
any s ∈ S there is a unique step h and
sub-trajectory leading to s1, a1, . . . , sh = s
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Value of policy µh(a|s)

Vµ =
∑
s,a,h

p
µ
1:h(s, a)rh(s, a)

=
∑
s,a,h

µ1:h(s, a)p
∅
h(s)rh(s, a)

Reach probability (because of tree structure)

p
µ
1:h(s, a) = µ1:h

(
s, a
)︸ ︷︷ ︸

agent

p∅
h(s)︸ ︷︷ ︸

nature

where along trajectory s1, a1, . . . , sh = s, ah = a, realization plan of agent/nature

µ1:h(s, a) =

h∏
h′=1

µh′(ah′ | sh′)

p∅
h(s) = p0(s1)

h−1∏
h′=1

ph′ (sh′+1|sh′ , ah′)
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Realization plan of policy µh(a|s) with trajectory s1, a1, . . . , sh = s, ah = a,

µ1:h(s, a) =

h∏
h′=1

µh′(ah′ | sh′)

From realization plan to policy µ1:h(s, a)

µh(a|s) =
µ1:h(s, a)∑
b µ1:h(s, b)



Learning in adversarial MDP

Learning procedure: For episode t ∈ [T ]:
Nature chooses transitions and rewards (rth, p

t
h)

Agent chooses a policy (µt
h)h∈[H]

For h ∈ [H]:
▶ observe the current state sth
▶ take action at

h ∼ µt
h(·|sth)

▶ get reward rth = rth(s
t
h, a

t
h)

▶ next state sth+1 ∼ pt
h(·|sth, at

h)

→ trajectory (bandit) feedback: (st1, a
t
1, r

t
1, . . . , s

t
h, a

t
H, r

t
H)

Regret

RT = max
µ

T∑
t=1

Vt,µ − Vt,µt



Conversion to online linear regret minimization

Value (tree structure)

Vt,µ =
∑
s,a,h

µ1:h(s, a)p
∅
1:h(s)rh(s, a)︸ ︷︷ ︸

:=gt
h(s,a)

= ⟨µ, gt⟩

Loss instead of gain Why?→convenient for analysis

ℓ th(s, a) = p∅,t
1:h(s)

(
1− rth(s, a)

)
Online ”bandit” linear optimization RT = maxµ

∑T
t=1⟨µt − µ, ℓt⟩

→Online Mirror Descent (OMD)

µt+1 = argmin
µ

η⟨µ, ℓ̂ t⟩+D(µ, µt)

→→ Which estimate ℓ̂ t ?
→→ Which regularizer D(·, ·)?



Putting+γ into denominator…



Implicit Exploration Online Mirror Descent (IXOMD)
IXOMD algorithm µt+1 = argminµ η⟨µ, ℓ̂ t⟩+D(µ, µt)

Loss estimation → in expectation bound

ℓ̂ th(s, a) =
1{s=st

h,a=at
h}

µt
1:h(s, a)

(1− rth)

Dilated entropy→efficient implementation [Kroer et al., 2015]

D(µ, µ ′) =
∑
s,a,h

µ1:h(s, a) log
µh(a|s)

µ ′
h(a|s)

→ µh(·, ·) is not a probability distribution but …consider the random vector f ∈ {0, 1}SAH

fh(s, a) =

h∏
h′=1

fh′(ah′ | sh′) where fh(a|s) = 1{a=ã} with ã ∼ µh(·|s)

then Eµ[f] = µ and
D(µ, µ ′) = KL(Pf

µ,Pf
µ′) .
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IXOMD: efficient implementation

Algorithm IXOMD

Initialize µ1
h(a|s)← 1/A

for t = 1, . . . , T do
for h = 1, . . . , H do

Observe sth execute at
h ∼ µt

h(·|sth) receive rth
end for
for h = H, . . . , 1 do

Construct loss estimate ℓ̂ th
For each h ∈ [H] (with Zt

H+1 ← 0)

Zt
h ← log

(
1− µt

h(a
t
h|s

t
h) + µt

h(a
t
h|s

t
h) exp(−η̂ℓ th + Zt

h+1)
)
.

Update only along trajectory

µt+1
h (ah|s

t
h)←

{
µt
h(ah|s

t
h) exp(−ηℓ̂ th + Zt

h+1 − Zt
h) if ah = at

h

µt
h(ah|s

t
h) exp(−Zt

h) otherwise

end for
end for

Time complexity O(HA) per episode and space complexity O(AS)



IXOMD: performance guarantee

Theorem
For η = Õ

(√
1/HAT

)
and γ = Õ

(√
1/TA

)
, for IXOMD algorithm, with probability at least 1− δ,

RT ⩽ Õ(S
√
HAT)

Lower bound at least Ω(
√
HAST) (conjecture from stochastic MDP lower bound).



Two-player zero-Sum Imperfect Information Game (IIG)

Example (Kuhn) Poker



Two-player zero-sum imperfect information game (IIG)
state space S of size S and horizon H

max-player information set space X (size X), action space A (size A)
min-player information set space Y (size Y), action space B (size B)
reward (of the max-player)/loss (of the min-player) rh(s, a, b) and transitions ph(·|s, a, b)

X and Y partitions of S, note s ∈ x(s), s ∈ y(s)

Assumptions:
Tree structure: one sub-trajectory per state
Perfect recall: players do not forget actions or
observations
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Nash Equilibrium
Value of profile (µ, ν) [von Stengel, 1996]

Vµ,ν =
∑

s,a,b,h

p
µ,ν
1:h (s, a, b)rh(s, a, b)

=
∑

x,a,y,b,h

µ1:h(x, a)︸ ︷︷ ︸
max-player

ν1:h(y, b)︸ ︷︷ ︸
min−player


∑

s∈x∩y

p∅
1:h(s)rh(s, a, b)︸ ︷︷ ︸
nature


Nash Equilibrium V⋆ = maxµ minν Vµ,ν = minν maxµ Vµ,ν

Exploitability gap of profile (µ, ν)

∆(µ, ν) = max
µ′

Vµ′,ν −min
ν′

Vµ,ν′ ⩾ 0

→ if ∆(µ, ν) = 0 then Vµ,ν = V⋆ and (µ, ν) Nash equilibrium
→ Goal: minimize ∆(µ, ν)



Learning in Imperfect Information Games

Learning procedure: For episode t ∈ [T ]:
Max-player chooses a policy (µt

h)h∈[H]

Min-player chooses a policy (νt
h)h∈[H]

For h ∈ [H]:
▶ Max/min-players observe information set xth/yt

h of the current state sth
▶ Max-player takes action at

h ∼ µt
h(·|xth)

▶ Min-player takes action bt
h ∼ µt

h(·|yt
h)

▶ get reward/loss rth = rh(s
t
h, a

t
h, b

t
h)

▶ next state sth+1 ∼ ph(·|sth, at
h, b

t
h)

output a profile µT , νT

→ bandit feedback: trajectory (xt1, a
t
1, y

t
1, b

t
1, r

t
1, . . . , x

t
H, a

t
H, y

t
H, b

t
H, r

t
H)

→ Loss ∆(µT , νT )



From regret minimization to solving games

Consider a sequence of profile (µt, νt)t∈[T ]

Regrets of max-player and min-player

RT
max = max

µ

T∑
t=1

Vµ,νt

− Vµt,νt

RT
min = max

ν

T∑
t=1

Vµt,νt

− Vµt,ν

Average policy (µ̄T , ν̄T ) of the sequence (µt, νt)t∈[T ], where

µ̄T
h(a|x) =

∑T
t=1 µ

t
1:h(x, a)∑

a′
∑T

t=1 µ
t
1:h(x, a

′)
ν̄T
1:h(b|y) =

∑T
t=1 ν

t
1:h(y, b)∑

b′
∑T

t=1 ν
t
1:h(y, b

′)

Regret to exploitability gap

∆(µ̄T , ν̄T ) ⩽ RT
max +RT

min

T
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IXOMD for IIG
Idea Use IXOMD to minimize the regrets RT

max and RT
min and output (µ̄T , ν̄T )

From the point of view of the max player

Vµ,νt

=
∑
x,a

µ1:h(x, a)

(∑
y,b

ν1:h(y, b)
∑

s∈x∩y

p∅
1:h(s)rh(s, a, b)︸ ︷︷ ︸

nature for max-player

)

Theorem
If max-player and min-player run IXOMD for T games then with probability at least 1− δ

∆(µ̄T , ν̄T ) ⩽ Õ

(√
H

T
(
√
AX+

√
BY)

)

→ Model-free algorithm for trajectory bandit feedback
→ Time complexity?
How to compute average policy (µ̄T , ν̄T )?
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Computing the average policy

Idea Use that the policy does not change outside of the trajectory between two updates
Algorithm Compute average policy max-player

for t = 1, . . . , T do
µ̊t
1:0 ← t

for h = 1, . . . , H do
Observe xth execute at

h ∼ µt
h(·|xth) receive rth

τ← τt(xth) and
µ̊t
1:h(x

t
h, a)← µ̊τ

1:h(x
t
h, a) +

(
µ̊t
1:h−1 −

∑
b µ̊τ

1:h(x
t
h, b)

)
µt
h(a|x

t
h)

τt(xth)← t and µ̊t
1:h−1 ← µ̊t

1:h−1(x
t
h, a

t
h)

end for
end for
for h, x, a do

τ← τt(xh)
µ̊T ← µ̊T

1:h−1(xh−1, ah−1) with xh−1, ah−1 predecessor of x,
µ̊T
1:h(x, a)← µ̊τ

1:h(xh, a) +
(
µ̊T −

∑
b µ̊τ

1:h(x, b)
)
µt
h(a|x

T )

end for
Return policy

µ̄T
h(a|x) =

µ̊T
1:h(x, a)∑

b µ̊T
1:h(x, b)

→ Time complexity O
(
H(A+ B)T + XA+ YB

)
space complexity, O

(
XA+ YB

)
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(
µ̊T −

∑
b µ̊τ

1:h(x, b)
)
µt
h(a|x

T )

end for
Return policy

µ̄T
h(a|x) =

µ̊T
1:h(x, a)∑

b µ̊T
1:h(x, b)

→ Time complexity O
(
H(A+ B)T + XA+ YB

)
space complexity, O

(
XA+ YB

)



Comparison

Algorithm Rate Time complexity Game

IXOMD [this work]

Õ
(√

H
T

(√
AX+

√
BY
)) O(H(A+ B)T +AX+ BY) Unknown

CFR [Zinkevich et al., 2007] O((A+ B)ST) Known
MCCFR [Lanctot et al., 2009, Farina et al., 2020] O((AX+ BY)T) Known



Conclusion

Algorithm Convergence Time complexity Space complexity

IXOMD for (tree) MDPs Õ(S
√
HAT) regret O(HAT) O(SA)

IXOMD for games Õ
(√

H/T(
√
AX+

√
BY)

)
rate O(H(A+ B)T +AX+ BY) O(AX+ BY)

Open questions
Optimal regret bound for adversarial tree MDP?
Optimal rate for IIG with bandit feedback?
▶ If game known + first order feedback O(poly(H,X,A, Y, B)/T).

Structure on the game (linear/deep approximation)?
Last iterate?
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Sketch of proof

RT (µ†) =

T∑
t=1

⟨µt, ℓ t − ℓ̃ t⟩︸ ︷︷ ︸
BIAS 1

−

T∑
t=1

⟨µ†, ℓ t − ℓ̃ t⟩︸ ︷︷ ︸
BIAS 2

+

T∑
t=1

⟨µt − µ†, ℓ̃ t⟩︸ ︷︷ ︸
REGRET

BIAS of the IX estimator

BIAS 1 ⩽ H
√
2Tι+ γTXA BIAS 2 ⩽ X

ι

2γ

Regret

REGRET =

T∑
t=1

D(µ†, µt) −D(µ†, µt+1)

η
+

1

η
D(µt∥µt+1)

⩽ X logA

η
+ η(1+H)TXA+

η(1+H)Hι

2γ
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