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Abstract

We consider the exploration-exploitation dilemma
in finite-horizon reinforcement learning problems
whose state-action space is endowed with a metric.
We introduce Kernel-UCBVI, a model-based opti-
mistic algorithm that leverages the smoothness of
the MDP and a non-parametric kernel estimator of
the rewards and transitions to efficiently balance
exploration and exploitation. For problems with
K episodes and horizon H, we provide a regret

bound of O ( H3K #il) , where d is the covering

dimension of the joint state-action space. This is
the first regret bound for kernel-based RL using
smoothing kernels, which requires very weak as-
sumptions on the MDP and has been previously
applied to a wide range of tasks. We empirically
validate our approach in continuous MDPs with
sparse rewards.

1. Introduction

Reinforcement learning (RL) is a learning paradigm in
which an agent interacts with an environment by taking
actions and receiving rewards. At each time step ¢, the
environment is characterized by a state variable z; € X,
which is observed by the agent and influenced by its ac-
tions a; € A. In this work, we consider the online learning
problem where the agent has to learn how to act optimally
by interacting with an unknown environment. To learn ef-
ficiently, the agent has to trade-off exploration to gather
information about the environment and exploitation to act
optimally with respect to the current knowledge. The per-
formance of the agent is measured by the regret, i.e., the
difference between the rewards that would be gathered by an
optimal agent and the rewards obtained by the agent. This
problem has been extensively studied for Markov Decision
Processes (MDPs) with finite state-action space. Optimism
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in the face of uncertainty (OFU, Jaksch et al. 2010) and
Thompson Sampling (Strens, 2000; Osband et al., 2013)
principles have been used to design algorithms with sublin-
ear regret. However, the guarantees for these approaches
cannot be naturally extended to an arbitrarily large state-
action space since the regret depends on the number of
states and actions. When the state-action space is continu-
ous, additional structure in MDP is required to efficiently
solve the exploration-exploitation dilemma.

In this paper, we focus on the online learning problem in
MDPs with large or continuous state-action spaces. We
suppose that the state-action set X' x A is equipped with
a known metric. For instance, this is typically the case
in continuous control problems in which the state space
is a subset of R? equipped with the Euclidean metric. As
shown by Ormoneit & Sen (2002) and Barreto et al. (2016),
smoothing-kernel approaches converge asymptotically to
an optimal policy and perform well empirically in a wide
range of continuous MDPs. In this paper, we tackle the
problem of exploration in such approaches, by proposing an
optimistic algorithm based on smoothing-kernel estimators
of the reward and transition functions of the underlying
MDP. The advantages of this approach are: (i) it requires
weak assumptions on the MDP, (ii) it allows us to easily
provide expert knowledge to the algorithm through kernel
design, and (iii) it applies to problems with possibly infinite
states without relying on any kind of discretization.

Related work Kernel-based RL (KBRL) using smooth-
ing kernels has been initially proposed by Ormoneit & Sen
(2002), who analyzed the algorithm assuming that transi-
tions are generated from independent samples, and provide
asymptotic convergence guarantees. Barreto et al. (2016)
propose a stochastic factorization technique to reduce the
computational complexity of KBRL. In this paper, we pro-
vide a modification of KBRL that collects data online and
for which we prove finite-time regret guarantees under weak
conditions on the MDP. Under stronger conditions, that use
positive-define kernels defining reproducing kernel Hilbert
spaces (RKHS) or Gaussian Processes, regret bounds are
provided by Chowdhury & Gopalan (2019), Chowdhury &
Oliveira (2020) and Yang et al. (2020).

Regret minimization in finite MDPs has been extensively
studied both in model-based and model-free settings. While
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model-based algorithms (Jaksch et al., 2010; Azar et al.,
2017; Zanette & Brunskill, 2019) use the estimated rewards
and transitions to perform planning at each episode, model-
free algorithms (Jin et al., 2018) directly build an estimate
of the optimal Q-function that is updated incrementally.

For MDPs with continuous state-action space, the sample
complexity (Kakade et al., 2003; Kearns & Singh, 2002; Lat-
timore et al., 2013; Pazis & Parr, 2013) or regret have been
studied under structural assumptions. Regarding regret min-
imization, a standard assumption is that rewards and tran-
sitions are Lipschitz continuous. Ortner & Ryabko (2012)
studied this problem in average reward problems. They com-
bined the ideas of UCRL2 (Jaksch et al., 2010) and uniform
discretization, proving a regret bound of 9] (T %) for a
learning horizon 7" in d-dimensional state spaces. This work
was later extended by Lakshmanan et al. (2015) to use a
kernel density estimator instead of a frequency estimator
for each region of the fixed discretization. For each discrete
region I(z), the density p(-|I(x), a) of the transition kernel
is computed through kernel density estimation. The granu-
larity of the discretization is selected in advance based on
the properties of the MDP and the learning horizon T'. As
a result, they improve upon the bound of Ortner & Ryabko
(2012), but require the transition kernels to have densities
that are x times differentiable.! However, these two al-
gorithms rely on an intractable optimization problem for
finding an optimistic MDP. Jian et al. (2019) solve this issue
by providing an algorithm that uses exploration bonuses, but
they still rely on a uniform discretization of the state space.
Ok et al. (2018) studied the asymptotic regret in Lipschitz
MDPs with finite state and action spaces, providing a nearly
asymptotically optimal algorithm. Their algorithm lever-
ages ideas from asymptotic optimal algorithms in structured
bandits (Combes et al., 2017) and tabular RL (Burnetas &
Katehakis, 1997), but does not scale to continuous state-
action spaces.

Regarding exploration for finite-horizon MDP with continu-
ous state-action space, Ni et al. (2019) present an algorithm
for deterministic MDPs with Lipschitz transitions. Assum-
ing that the Q-function is Lipschitz continuous, Song &
Sun (2019) provided a model-free algorithm by combin-
ing the ideas of tabular optimistic Q-learning (Jin et al.,
2018) with uniform discretization, showing a regret bound
of O(H? K %) where d is the covering dimension of the
state-action space. This approach was extended by Sinclair
et al. (2019) and Touati et al. (2020) to use adaptive parti-
tioning of the state-action space, achieving the same regret
bound. Osband & Van Roy (2014) prove a Bayesian regret
bound in terms of the eluder and Kolmogorov dimension, as-
suming access to an approximate MDP planner. In addition,

'For instance, when d = 1 and k — oo, their bound ap-
2, . . 3
proaches 1'3, improving the previous bound of 7' .

there are many results for facing the exploration problem
in continuous MDP with parametric structure, e.g., linear-
quadratic systems (Abbasi-Yadkori & Szepesvari, 2011) or
other linearity assumptions (Yang & Wang, 2020; Jin et al.,
2020), which are outside the scope of our paper.

Contributions The main contributions of this paper are
the following. (1) We provide the first regret bound for
KBRL, which applies to a wide range of RL tasks with an
entirely data-dependent approach; (2) In order to derive our
regret bound, we provide novel concentration inequalities
for weighted sums (Lemmas 2 and 3) that permit to build
confidence intervals for non-parametric kernel estimators
(Propositions 1 and 2) that are of independent interest. (3)
We show that the regret of model-based algorithms, although
having a better empirical performance, seem to suffer from
a worse dependence on the state-action dimension d than
model-free ones. We discuss the origins of this issue by
looking at the regret bounds of tabular algorithms.

2. Setting

Notation For any j € Z, we define [j] def {1,...,5}.

. def
For a measure P and any function f, let Pf =

| f(y)dP(y). If P(-|z,a) is a measure for all (z,a), we let
Pf(xva) = P(|I7a)f = ff(y)dp(mz?a)

Markov decision processes Let X’ and A be the sets of
states and actions, respectively. We assume that there exists
a metric p : (X x A)?> — Rx( on the state-action space
and that (X', Ty) is a measurable space with o-algebra Tx.

We consider an episodic Markov decision process (MDP),

defined by the tuple M def (X, A H,P,r) where H € Z,

is the length of each episode, P = {Py},, ¢y is a set of
transition kernels from (X x A) x Ty to R>g, and r =
{rn}nepm is a set of reward functions from X' x A to [0, 1].
A policy 7 is a mapping from [H] x X to A, such that
m(h,x) is the action chosen by  in state = at step h. The
Q-value of a policy 7 for state-action (z, a) at step h is the
expected sum of rewards obtained by taking action a in state
x at step h and then following the policy 7, that is

H
Qf(z,0) € B [Z T (@, an ) |Th = @, ap = a] ;

h'=h

where the expectation is under transitions in the MDP
Tpr41 ~ Pn(-|zh, ap) and apr = w(h', xps). The value
function of policy 7 at step h is V" (z) = QF (z, w(h, z)).
The optimal value functions, defined by V() def
sup, V)7 (z) for h € [H], satisfy the optimal Bellman

equations (Puterman, 1994): V;*(z) = maxqea Q5 (2, a),
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where
% def *
Qilea) P () + [ Vi )APy(le,a)
x
and, by definition, V7, (z) = 0forall z € X.

Learning problem A reinforcerment learning agent inter-
acts with M in a sequence of episodes k € [K] of fixed
length H by playing a policy 7 in each episode, where
the initial state 2% is chosen arbitrarily and revealed to the
agent. The learning agent does not know P and r and it
selects the policy 73 based on the samples observed over

previous episodes. Its performance is measured by the regret
def K % T

R(K) = ey (Vi (aF) = V™ (af)).

We make the following assumptions:

Assumption 1. The metric p is given to the learner. Also,
there exists a metric px on X and a metric p o on A such
that, for all (z,x',a,d’), p[(z,a),(z',a")] = px (z,z') +
pala,a).

Assumption 2. The reward functions are \.-Lipschitz and
the transition kernels are \,-Lipschitz with respect to the
1-Wasserstein distance: ¥(x,a,z’,a’) and Vh € [H],

[rh(z,a) —rp(2’,ad')] < Mepl(x,a), (2,a")], and

Wi (Pa(-la.a), Pa(la’sa')) < Ao [(0), (2, )]

def
where, for two measures | and v, we have Wy (u,v) =

SUPs.Lip(f)<1 fx f)(du(y) — dv(y)) and where, for a
Sunction f : X — R, Lip(f) denotes its Lipschitz constant
W.LL px.

To assess the relevance of these assumptions, we show below
that they apply to deterministic MDPs with Lipschitz reward
and transition functions (whose transition kernels are not
Lipschitz w.r.t. the total variation distance).

Example 1 (Deterministic MDP in R%). Consider an MDP
M with a finite action set, with a compact state space
X C RY and deterministic transitions y = f(z,a), i.e.,
Py(ylz,a) = 6¢(2,q)(y). Let px be the Euclidean distance
onR¥ and p 4 (a,a’) = 0if a = a’ and oo otherwise. Then,
ifforalla € A © — rp(x,a) and v — f(z,a) are Lips-
chitz, M satisfies assumptions 1 and 2.

Under our assumptions, the optimal () functions are Lips-
chitz continuous:

Lemma 1. Ler Ly, def Z,Ij,:h )\T/\Ilffh/. Under Assump-

tion 2, for all (z,a,x’,a’) and for all h € [H], we have
Q7 (x,a) — Q1 (2',ad)| < Lppl(x,a),(2’,d)], ie., the
optimal Q-functions are Lipschitz continuous.

Algorithm 1 Kernel-UCBVI
Input: global parameters K, H, J, Ay, A\p, 0, 3
initialize data lists D, = () for all h € [H]|
for episode k = 1,..., K do
get initial state 2§
QY = optimistico(k, {Drtieim)
forsteph =1,...,H do
execute af = argmax, Q¥ (zF, a)
observe reward r,’i and next state a:ﬁ 11
add sample (2}, af, x} 1, 7)) to Dy,
end for
end for

3. Algorithm

In this section, we present Kernel-UCBVI, a model-based
algorithm for exploration in MDPs in metric spaces that
employs kernel smoothing to estimate the rewards and tran-
sitions, for which we derive confidence intervals. Kernel-
UCBVI uses exploration bonuses based on these confidence
intervals to efficiently balance exploration and exploitation.
Our algorithm requires the knowledge of the metric p on
X x A and of the Lipschitz constants of the rewards and
transitions.”

3.1. Kernel Function

We leverage the knowledge of the state-action space metric
to define the kernel function. Let u, v € X x A. For some
function g : R>¢ — [0, 1], we define the kernel function as

Yo (u,0) € g (plu,v] /o)

where o is the bandwidth parameter that controls the degree
of “smoothing” of the kernel. In order to be able to construct
valid confidence intervals, we require certain structural prop-
erties for g.

Assumption 3. The function g : R>o — [0,1] is differ-
entiable, non-increasing, g(4) > 0, and there exists two
constants C{,C§ > 0 that depend only on g such that

g(2) < Cf exp(—22/2) and sup |¢'(2)| < CY.

This assumption is trivially verified by the Gaussian kernel
g(z) = exp(—2%/2). Other examples include the kernels
g(z) = exp(—|z|"/2) forp > 2.

This assumption is standard in previous works in RL (e.g.,
Ortner & Ryabko, 2012; Sinclair et al., 2019). Theoretically, we
could replace the Lipschitz constant L by log k, in each episode k,
and our regret bound would have an additive term of order Hel1,
since Q¥ would be optimistic for logk > L; (see e.g., Reeve
et al., 2018). However, this would degrade the performance of the
algorithm in practice.
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Algorithm 2 optimisticQ
Input: episode &, data {Dr}), ()

Initialize V|, (z) = 0 for all =
forsteph = H,...,1do
/I Compute optimistic targets
form=1,...,k—1do
Qh(ai,ai) = X021 wh(ah i) (i + Vit (a741))
QZ(xznvah )= Qh(x;;z, ap') + Bh(xh ,an')
end for
// Interpolate the Q function

Qh(w.a) = min (Qh(xhah) + Lapl(x.a), (2, a3)])
form=1,...,k—1do
Vi¥ (z3") = min (H —h+ 1, maxeca Q’f,l(r}f,a))
end for
end for
return QF

3.2. Kernel Estimators and Optimism

In each episode k, Kernel-UCBVI computes an optimistic
estimate Q¥ for all h, which is an upper confidence bound
on the optimal ) function @7, and plays the associated
greedy policy. Let (z},a}, 2} |, 77) be the random vari-
ables representing the state, the action, the next state and
the reward at step h of episode s, respectively. We denote
by Dy, = {(=}, ai,xzﬂ,ri)}se[k_l] for h € [H] the sam-
ples collected at step h before episode k.

For any (z, a) and (s, h) € [K] x [H], we define the weights
and the normalized weights as

£ S S
1/)0((% a)a (xha ah)) and
def W;;(af a)
B+ Y5 wh(z,a)
where 8 > 0 is a regularization term. These weights are

used to compute an estimate of the rewards and transitions
for each state-action pair:

wi(z,a) &

wj(x,a) =

k—1
(2,a) €N @5 (,a)r,
s=1
dof k—1
PE(yle,a) =Y w5 (2,a)0a;_, (y)
s=1

As other algorithms using OFU, Kernel-UCBVI computes
an optimistic Q-function Qﬁ through value iteration, a.k.a.
backward induction:

Qf(x,a) = 7f(x,a) + PFVE, (z,a) + B (z,a) (1)

where Vi (z) = 0 for all z € X and BJ(z,a) is an
exploration bonus described later. From Lemma 1, the

3Here, 6, denotes the Dirac measure with mass at .

true @ function @Q; is Lp-Lipschitz. Computing @i for all
previously visited state action pairs (x}, a7) for s € [k — 1]
permits to define a Lj,-Lipschitz upper confidence bound
and the associated value function:

(@h@hai) + Lapl(z.a). (27, 03)])

k def .
z,a) = min
@n(z,0) s€[k—1]

and V}¥(z) 4 min (H — h+1,max, Qf(z,a’)). The
policy 7 executed by Kernel-UCBVI is the greedy policy

with respect to Q¥ (see Alg. 1).

def
Let Ck(z,a) = B+ Z 1 L ws (,a) be the generalized
counts, which are a proxy for the number of visits to (z, a).
The exploration bonus is defined based on the uncertainties
on the transition and reward estimates and takes the form
H BH

+
Ck(z,a) Cli(w,a)

B (z,a) ~ + Lio

where we omit constants and logarithmic terms. Refer to
Eq. 4 in App. B for the exact definition.

4. Theoretical Guarantees & Discussion

The theorem below gives a high probability regret bound for
Kernel — UCBV 1. 1t features the o-covering number of
the state-action space. The o-covering number of a metric
space, formally defined in Def. 2 (App. A), is roughly the
number of o-radius balls required to cover the entire space.
The covering dimension of a space is the smallest number d
such that its o-covering number is O (J’d). For instance,
the covering number of a ball in R? with the Euclidean
distance is O (¢~ %) and its covering dimension is d.

Theorem 1. With probability at least 1 — 6, the regret of
Kernel — UCBV I for a bandwidth o satisfies

R(K)< O (H2«/\CU| K+ L KHo+ H3|CUH5[,|) ,

where |Cq| and |C,| are the o-covering numbers of (X x
A, p) and (X, px), respectively, and Ly is the Lipschitz
constant of the optimal Q-functions.

Proof. Restatement of Theorem 4 in App. D. A proof sketch
is given in Section 6. O
Corollary 1. By taking o = (1/K)"/?4N) R(K) =
9] (H?’Kn‘ax(%’%)) where d is the covering dimension
of the state-action space.

Remark 1. As for other model-based algorithms, the depen-
dence on H can be improved if the transitions are stationary,
i.e., do not depend on h. In this case, the regret of Kernel-

UCBVI becomes (5 (HQK%
H in the second order term (see App. E).

) due to a gain a factor of
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To the best of our knowledge, this is the first regret bound for
kernel-based RL using smoothing kernels, and we present
below further discussions on this result.

Comparison to lower bound for Lipschitz MDPs In
terms of the number of episodes K and the dimension d,
the lower bound for Lipschitz MDPs is Q (I (4+1)/(d+2)),
which is a consequence of the result for contextual Lipschitz
bandits (Slivkins, 2014). In terms of I, the optimal depen-
dence can be conjectured to be H 3/2_which is the case for
tabular MDPs (Jin et al., 2018).* For d = 1, our bound
has an optimal dependence on K, leading to a regret of
order O (H3K?/3), or O (H2K2/3) when the transitions
are stationary (see Remark 1).

Comparison to other upper bounds for Lipschitz MDPs
The best available upper bound in this setting, in terms of K

and d, is (H 5/2K %) , which is achieved by model-free
algorithms performing either uniform or adaptive discretiza-

tion of the state-action space (Song & Sun, 2019; Sinclair
et al., 2019; Touati et al., 2020).

Relevance of a kernel-based algorithm Although our
upper bound does not match the lower bound for Lips-
chitz MDPs, kernel-based RL can be a very useful tool
in practice to handle the bias-variance trade-off in RL. It al-
lows us to easily provide expert knowledge to the algorithm
through kernel design, which can be seen as introducing
more bias to reduce the variance of the algorithm and, con-
sequently, improve the learning speed. As shown by Kveton
& Theocharous (2012) and Barreto et al. (2016), KBRL are
empirically successful in medium-scale tasks (d ~ 10), such
as control problems, HIV drug scheduling and an epilepsy
suppression task. In such problems, Kernel-UCBVI can be
used to enhance exploration, and the confidence intervals
we derive here may also be useful in settings such as robust
planning (Lim & Autef, 2019). Interestingly, Badia et al.
(2020) have shown that kernel-based exploration bonuses
similar to the ones derived in this paper can improve explo-
ration in Atari games.

Regularity assumptions The regret bound we provide
only requires only weak assumptions on the MDP: we as-
sume that both the transitions and rewards are Lipschitz
continuous, but we have no constraints on the behavior of
the Bellman operator. As a consequence, the regret bounds
suffer from the curse of dimensionality: as d goes to infinity,
both the lower and upper bounds become linear in the num-
ber of episodes K. Other settings, such as low-rank MDPs
(Jin et al., 2020) and RKHS approximations (Yang et al.,
2020; Chowdhury & Oliveira, 2020) achieve regret bounds
scaling with v/K, but they require much stronger assump-

“See also (Sinclair et al., 2019, Sec. 4.4).

tions on the MDP, such as the closedness of the Bellman
operator in the function class used to represent () functions,
which is a condition that is much harder to verify. Barreto
et al. (2016) show that KBRL (with smoothing kernels) can
be related to low-rank MDPs, and we believe that our anal-
ysis brings new elements to study this trade-off that exists
between regularity assumptions and regret bounds.

Model-free vs. Model-based An interesting remark
comes from the comparison between our algorithm and
recent model-free approaches in continuous MDPs (Song &
Sun, 2019; Sinclair et al., 2019; Touati et al., 2020). These
algorithms are based on optimistic Q-learning (Jin et al.,
2018), to which we refer as OptQL, and achieve a regret

of order O (H $K T ) , which has an optimal dependence

on K and d. While we achieve the same O (K?/3) regret
when d = 1, our bound is slightly worse for d > 1. To
understand this gap, it is enlightening to look at the regret
bound for tabular MDPs.

Since our algorithm is inspired by UCBVI (Azar et al.,
2017) with Chernoff-Hoeffding bonus, we compare it to
OptQL, which is used by (Song & Sun, 2019; Sinclair et al.,
2019; Touati et al., 2020), with the same kind of explo-
ration bonus. Consider an MDP with X states and A ac-
tions and non-stationary transitions. UCBVI has a regret

bound of O (HQ\/XAK n H3X2A) while OptQL has

1) (H5/2\/XAK + H2XA>. As we can see, OptQL is a

/H-factor worse than UCBVI when comparing the first-
order term, but it is H X times better in the second-order
term. For large values of K, second-order terms can be
neglected in the comparison of the algorithms in tabular
MDPs, since they do not depend on K. However, they play
an important role in continuous MDPs, where X and A are
replaced by the o-covering number of the state-action space,
which is roughly 1/0¢. In tabular MDPs, the second-order
term is constant (i.e., does not depend on K'). On the other
hand, in continuous MDPs, the algorithms define the granu-
larity of the representation of the state-action space based
on the number of episodes, connecting the number of states
X with K. For example, in (Song & Sun, 2019) the e-net
used by the algorithm is tuned such that e = (H K)~1/(4+2)
(see also Ortner & Ryabko 2012; Lakshmanan et al. 2015;
Jian et al. 2019). Similarly, in our algorithm we have that
o = K—1/(2d+1) For this reason, the second-order term in
UCBVI becomes the dominant term in our analysis, lead-
ing to a worse dependence on d compared to model-free
algorithms, as highlighted in the proof sketch (Sec. 6). For
similar reasons, Kernel-UCBVI has an additional v/ H fac-
tor compared to model-free algorithms based on (Jin et al.,
2018). This shows that the direction of achieving first-order
optimal terms at the expense of higher second-order terms
may not be justified outside the tabular case. Whether this
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is a flaw in the algorithm design or in the analysis is left
as an open question. However, as observed in Section 7,
model-based algorithms seem to enjoy a better empirical
performance.

5. Improving the Computational Complexity

Kernel-UCBVI is a non-parametric model-based algorithm
and, consequently, it inherits the weaknesses of these ap-
proaches. In order to be data adaptive, it needs to store all
the samples (x}, ayy, 2} |, 7}) and their optimistic values
Q¥ and V}¥ for (k,h) € [K] x [H], leading to a total mem-
ory complexity of O (HK). Like standard model-based
algorithms, it needs to perform planning at each episode
which gives a total runtime of O (H AK 3)5, where the fac-
tor A takes into account the complexity of computing the
maximum over actions.’ Kernel-UCBVI has similar time
and space complexity of recent approaches for low-rank
MDPs (Jin et al., 2020; Zanette et al., 2019).

To alleviate the computational burden of Kernel-UCBVI,
we leverage Real-Time Dynamic Programming (RTDP),
see (Barto et al., 1995), to perform incremental planning.
Similarly to OptQL, RTDP-like algorithms maintain an
optimistic estimate of the optimal value function that is
updated incrementally by interacting with the MDP. The
main difference is that the update is done by using an es-
timate of the MDP (i.e., model-based) rather than the ob-
served transition sample. In episode k and step h, our al-
gorithm, named Greedy-Kernel-UCBVI, computes an up-
per bound Qf (zF,a) for each action a using the kernel
estimate as in Eq. (1). Then, it executes the greedy ac-
tion aj; = argmax,e 4 Q} (¢}, a). As a next step, it com-
putes Vi¥(z¥) = QF (2%, a¥) and refines the previous Ly-
Lipschitz upper confidence bound on the value function

Vf"'l(x) = min ((th(os), th(xﬁ) + Lppx (1’, xﬁ)) .

The complete description of Greedy-Kernel-UCBVIis given
in Alg. 3 in App. F. The total runtime of this efficient version
is O (HAK?) with total memory complexity of O (HK).

RTDP has been recently analyzed by (Efroni et al., 2019) in
tabular MDPs. Following their analysis, we prove the fol-
lowing theorem, which shows that Greedy-Kernel-UCBVI
achieves the same guarantees of Kernel-UCBVI with a

>Since the runtime of an episode k is O (HAkz).

SWhile in theory the algorithm works with a compact action
space, the main practical issue resides in the computation of the
best action (i.e., af = argmax, Q¥ (xF, a)). In this case, we
could resort to black box optimization algorithms (e.g., Munos,
2014, Sec. 3.3), which might require the discretization of the
action space. This is however less critical than the discretization of
the state-space, since the possible actions must always be known
in advance, unlike the set of possible states.

large improvement in computational complexity.

Theorem 2. With probability at least 1 — 6, the regret of
Greedy — Kernel — UCBV I for a bandwidth o is of or-
der R(K) = O (R(K, Kernel — UCBVI) + H?|C, )
where |5g| is the o-covering number of state space.
This results in a regret of O (H3K2d/(2d+1) when ¢ =
(I/K)l/(2d+1)_

Proof. The complete proof is provided in App. F. The key
properties for proving this regret bound are: (i) optimism,
and (ii) the fact that (V;*) are point-wise non-increasing.

Besides RTDP, other techniques previously proposed to
accelerate KBRL can also be applied, notably the use of
representative states (Kveton & Theocharous, 2012; Barreto
et al., 2016) that merge states that are close to each other to
avoid a per-episode runtime that increases with k.

6. Proof sketch

We now provide a sketch of the proof of our main re-
sult, Theorem 1. The complete proof is given in the Ap-
pendix. The analysis splits into three parts: (i) deriving
confidence intervals for the reward and transition kernel
estimators; (ii) proving that the algorithm is optimistic, i.e.,
that V;¥(z) > V;*(z) for any (z, k, k) on a high probability
event G; and (iii) proving an upper bound on the regret by
using the fact that R(K) = Y-, (Vi (a}) — V™ (2f)) <
e (Vi () = V™ (af)).

6.1. Concentration

The most interesting part is the concentration of the transi-
tion kernel. Since Pf(-|z,a) are weighted sums of Dirac
measures, we cannot bound the distance between P, (+|z, a)

and Is,lf( |z, a) directly. Instead, for V", | the optimal value
function at step h + 1, we bound the difference

(P = PViia (2, 0)

k-1
= 2@5(1'7 a)V;+l(m;qL+1) - thif+l(m7 a‘)
s=1
k-1
< Za?(% a) (Vi (zhg1) — PuViga (23, a}i))’
s=1
(A)
k-1 N
~ o s BV
s 388w @)p (2, 0), (o, )] + Elt e
s—1 Ci(z,a)
o
(B) (©

The term (A) is a weighted sum of a martingale difference
sequence. To control it, we propose a new Hoeffding-type
inequality, Lemma 2, that applies to weighted sums with
random weights. The term (B) is a bias term that is ob-
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tained using the fact that V7, | is Ly 41-Lipschitz and that
the transition kernel is A,-Lipschitz, and can be shown to
be proportional to the bandwidth o under Assumption 3
(Lemma 7). The term (C) is the bias introduced by the
regularization parameter 5. Hence, for a fixed state-action
pair (z, a), we show that’, with high-probability,

H . pH
Bl
Ck(z,a) Cp(a,a)

(P = PV ()| S

Then, we extend this bound to all (z, a) by leveraging the
continuity of all the terms involving (x,a) and a cover-
ing argument. This continuity is a consequence of kernel
smoothing, and it is a key point in avoiding a discretization
of X x A in the algorithm.

In Theorem 3, we define a favorable event G, of probabil-
ity larger than 1 — §/2, in which (a more precise version
of) the above inequality holds, the mean rewards belong to
their conﬁ/(\ience intervals, and we further control the devia-
tions of (PF — P,) f(z,a) for any 2L;-Lipschitz function
f. This last part is obtained thanks to a new Bernstein-like
concentration inequality for weighted sums (Lemma 3).

6.2. Optimism

To prove that the optimistic value function V,f is indeed an
upper bound on V;*, we proceed by induction on h and
we use the Q functions. When h = H + 1, we have
QY1 (w,a) = Qfy41(x,a) = Oforall (z, a), by definition.
Assuming that Qf , (z,a) > Q},, | (x,a) forall (z,a), we
have V), | (z) > V}*,, (x) for all z. Then, the bonuses are
defined so that @Z(:z:, a) > Qi (z,a) for all (z,a), on the
event G.

In particular Q¥ (2, a3)
[k — 1], which gives us

— Qi(x5,a5) > 0forall s €

Qhi (@5, ai) + Lup (2, a), (a5, a})]
> Qa5 a3) + Lup[(z, a), (27, a3,)] = @, (x, a)

for all s € [k — 1], since @}, is Lj-Lipschitz. It follows
from the definition of Q¥ that Q% (z,a) > Q; (s, a), which
in turn implies that, for all z, V}*(x) > V;*(x) in G.

6.3. Bounding the regret

To provide an upper bound on the regret in the event G, let
Sk def ViF () — V7= («F). The fact that V;¥ > V;* gives
us R(K) < 37, 6. Introducing (Zf, G ), the state-action
pair in the past data Dy, that is the closest to (2%, a¥) and

letting O = p [(&F,af), («f, ay)], we bound ;' using the

"Here, < means smaller than or equal up to logarithmic terms.

+ Ll(j.

following decomposition:
0, < Qi (xh, ah) — Q7" (a7, an)

< Qh(xiu k) i (xhvah) + LhDh

< 2By (3, dp) + (Ln + ApLn + )0,

+ (Ph — Ph) Vh+l(jhadﬁ) (1)
+ Py (Vf{€+1 - Vhﬂ-fl) (mﬁ,aﬁ) (2)

+ (Ph=pu) (Vi = Viraa) @hoah) - (3).

The term (1) is shown to be smaller than BY (7%, aF), by
definition of the bonus. The term (2) can be rewritten as
5}3 1 plus a martingale difference sequence § ’,fL +1- To bound
the term (3), we use that V¥, | — V¥, | is 2L;-Lipschitz.
The uniform deviations that hold on event G yield

H?|C,|

7+L1D + Lqio.
Ck( ha h)

1
®s H (5E+1 + fﬁ-s-l)

When OF > 20, we bound &} by H and we verify that
HYW % 1{0f > 20} < H?|C,| by a pigeonhole
argument. Hence, we can focus on the case where D’,j < 20,
and add H?|C,| to the regret bound, to take into account
the steps (k, h) where Of > 20. The sum of £}, | over

(k, h) is bounded by O (H* \/E) by Hoeffding-Azuma’s
inequality, on some event F of probability larger than 1 —
d/2. Now, we focus on the case where Dﬁ < 20 and we

omit the terms involving & ,}j 4 1- Using the definition of the
bonus, we obtain

H H?|C,|
5;’35 <1+ >5h+1+ — + ~ + Lio.
Cj (25, ar) Ck(xlﬁ ay)

Using the fact that (1 + 1/H) < e, we have, on G N F,

H H?|C,|
< + + I, KHo.
Z( Ci(zf,af)  Ch(@:, ’Z)) '

h,k

R(K)

The term in 1/C¥ (¥, aF) is the second order term (in K).

In the tabular case, it is multiplied by the number of states.
Here, it is multiplied by the covering number of the state
space |Cy|.

From there it remains to bound the sum of the first and
second-order terms, and we specifically show that

> Vo SR e

1
and < H|C,|logK, 3)
> G

where we note that (3) has a worse dependence on |C,|.
As mentioned before, unlike in the tabular case the sum of
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“second-order” terms will actually be the leading term, since
the choice of ¢ that minimizes the regret depends on K.

Finally, we obtain that on G N F (of probability > 1 — §)
R(K) < H*/|C,|K + H?|C,||C| + LK Ho + H?|C, |,

where the extra H?|C,| takes into account the episodes
where OF > 20.

If the transitions kernels are stationary, i.e., P, = ... = Py,
the bounds (2) and (3) can be improved to +/|C,| K H and
|C| log( K H) respectively, thus improving the final scaling
in H.% See App. E for details.

7. Experiments

To illustrate experimentally the properties of Kernel-
UCBVI, we consider a Grid-World environment with con-
tinuous states. This Grid-World is composed of two rooms
separated by a wall, such that X = ([0, 1—AJU[1+A, 2]) x
[0,1]) where 2A = 0.1 is the width of the wall, as illus-
trated by Figure 1. There are four actions: left, right, up,
and down, each one resulting to a displacement of 0.1 in
the corresponding direction. A two-dimensional Gaussian
noise is added to the transitions, and, in each room, there
is a single region with non-zero reward. The agent has 0.5
probability of starting in each of the rooms, and the starting
position is at the room’s bottom left corner.

We compare Kernel-UCBVI and Greedy-Kernel-UCBVI to
the following baselines: (i) UCBVI (Azar et al., 2017) using
a uniform discretization of the state-space; (ii) OptQL (Jin
et al., 2018) also on a uniform discretization; (iii) Adap-
tive-Q-Learning (Sinclair et al., 2019) that uses an adaptive
discretization of the state-space. We used the Euclidean
distance and the Gaussian kernel with a fixed bandwidth
o = 0.025, matching the granularity of the uniform dis-
cretization used by some of the baselines. We also im-
plemented a version of Kernel-UCBVI using the “expert
knowledge” that the two rooms are equivalent under transla-
tion, by using a metric that is invariant with respect to the
change of rooms. More details about the experimental setup
are provided in Appendix I.°

We ran the algorithms for 5 x 10* episodes, and Figure 2
shows the sum of rewards obtained by each of them. When
the curves start behaving as a straight line, it roughly means
that the algorithm has converged to a policy whose value
is the slope of the line. We see that Kernel-UCBVI is
able to outperform the baselines, and that the use of expert
knowledge in the kernel design can considerably increase

8This is because, in the non-stationary case, we bound the
sums over k and then multiply the resulting bound by H. In the
stationary case, we can directly bound the sums over (k, h).

“Implementations of Kernel-UCBVI are available on GitHub,
and use the r1berry library (Domingues et al., 2021).

*

Figure 1. Continuous grid-world with two rooms separated by a
wall. The circles represent the regions with non-zero rewards.

the learning speed. Asymptotically, the extra bias introduced
by the kernel (especially its bandwidth) might make Kernel-
UCBVI converge to a worse policy at the end: the kernel
bandwidth and the discretization width are comparable, but
the Gaussian kernel introduces more bias due to sample
aggregation. On the other hand, we see that introducing
more bias can greatly improve the learning speed in the
beginning, especially when expert knowledge is used. This
flexibility in handling the bias-variance trade-off is one of
the strengths of kernel-based approaches.

x10°

—— Kernel-UCBVI + expert knowledge
AdaptiveQL

—:— Kernel-UCBVI

------- Greedy-Kernel-UCBVI

— UCBVI

- OptQL

total reward

episode ‘ x“l()’
Figure 2. Total sum of rewards obtained by Kernel-UCBVI and
baselines versus the number of episodes. Average over 8 runs.

8. Conclusion

In this paper, we introduced Kernel-UCBVI, a model-based
algorithm for finite-horizon reinforcement learning in met-
ric spaces which employs kernel smoothing to estimate
rewards and transitions. By providing new high-probability
confidence intervals for weighted sums and non-parametric
kernel estimators, we generalize the techniques introduced
by (Azar et al., 2017) in tabular MDPs to the continuous
setting. We prove that the regret of Kernel-UCBVI is of

order H3*K max(3,5347) , which is the first regret bound for
kernel-based RL using smoothing kernels. In addition, we
provide experiments illustrating the effectiveness of Kernel-
UCBVI in handling the bias-variance trade-off and in the
use of expert knowledge. Interesting directions for future
work include the use of learned metrics (e.g., using neu-
ral networks) and the use of adaptive kernel bandwidths to
better handle the bias-variance trade-off asymptotically.


https://github.com/omardrwch/kernel_ucbvi_experiments
https://github.com/rlberry-py/rlberry
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A. Notation and preliminaries
A.1. Notation
Table 1 presents the main notations used in the proofs. Also, we use the symbol < with the following meaning:

A < B <= A< B x polynomial (log(k),log(1/8), Ar, Ap, B,d1,d2) .

Table 1. Table of notations

Notation ‘ Meaning

p: (X x A)? — R, | metric on the state-action space X x A

Yo ((z,a), (2',a)) kernel function with bandwidth o

g: Ry —[0,1] “mother” kernel function such that ¢, (u, v) = g(p [u,v] /o)
cy,cy positive constants that depend on g (Assumption 3)

N(e, X x A, p) e-covering number of the metric space (X X A, p)

g “good” event (see Theorem 3)

Ars Ap Lipschitz constants of rewards and transitions, respectively
Ly, for h € [H] Lipschitz constant of value functions (see Lemma 4)

log™ () equal to log(z + €)

Lip (f) Lipschitz constant of the function f

dy,d covering dimension of (X x A, p)

do covering dimension of (X, px)

1Csl, |Cs | o-covering numbers of (X' x A, p) and (X, px), respectively

‘We consider the filtration defined as follows:

Definition 1. Let fk be the o-algebra generated by the random variables {xh,ah,mh+1,r,L}k 'y

{af, af, af q 7 }h,<h, and let (FF )i, be its corresponding filtration.

A.2. Preliminaries
Let 0 > 0. We define the weights and the normalized weights as
def wj, (x a)

oy, hai) and @i(z,0) =
wi(w,a) = Yo((2,a), (7, a;)) and W (z,a) [3+Zl | w (2, a)
def

where B > 0 is a regularization parameter. We define the generalized count at (z,a) at time (k,h) as C¥(z,a) =
B+ i2) wi(w,a).

We define the following estimators for the transition kernels { P },, c[H] and for for the reward functions {7}, c[H]:

k—1 k—1
3 def ~ def ~
Pi(yle,a) = Y @h(x,a)d,;, (y) and F(z,a) Y @z, a)rp,.
s=1 s=1

For any function V : R — R, we recall that

k—1
P,V (z,a) / V(y)dPy(y|z,a) and PFV(z,a) = @ V(xf ).

s=1

We will also using the notion of covering of metric spaces, according to the definition below.

Definition 2 (covering of a metric space). Let (U, p) be a metric space. For any u € U, let B(u,0) = {v € U : p(u,v) < €}
We say that a set C, C U is a o-covering of (U, p) iftd C |J B(u, o). In addition, we define the o-covering number of
U, p) as

uels

N(o,U, p) e min {|C,| : Cs is a o-covering of (U, p)} .
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B. Description of the algorithm

At the beginning of each episode k, the agent has observed the data Dy, = {(xfl, ap, Thqs ri)}
number of data tuples in each Dy, is k — 1.

selko1] for h € [H]. The

At each step h of episode k, the agent has access to an optimistic value function at step h + 1, denoted by thﬂ. Using this
optimistic value function, the agent computes an upper bound for the () function at each state-action pair in the data, denoted
by Q¥ (x5, a;) for s € [k — 1], which we call optimistic targets. For any (z, a), we can compute an optimistic target as

Qhi(w,a) = F(z,a) + PV, (2,a) + Bf(z,a)

where B} (, a) is an exploration bonus for the pair (, a) that represents the sum of uncertainties on the transitions and
rewards estimates and is defined below:

Definition 3 (exploration bonus).
B (z,a) = PBF (z,a) + "Bf (z, a)

| [H>v,(k,6/6) BH v (k,5/6) 3
_ ( i) + C(e.a) +bp(k,6/6)a> +< e a) + CFa) +br(kz,6/6)a> @)

transition bonus reward bonus

where

vi(k, ) = O (d1) = 2log (HN (0®/(KH), X x A, p) m)

5
b.(k,0) (Ll + f) Vr(k,(;)ﬁc(;/2 + 20 Ly ( 1Og+(019k/ﬁ)>
vo(k,0) = O (dh) = 2log (HN (0% /(KH), & x A, p) ﬂ;—k/ﬂ>

b, (k, ) (L1+\F) + 1/ vp(k, )%Jr% Ll( log+(01"k/6))

Then, we build an optimistic () function Q by interpolating the optimistic targets:

¥ a), Qh(r,0) < min |Qh(atah) + Lupl(r,0). (vh, a})] 5)

and the value function th is computed as
def

Ve, ViF(z) = min (H h+1, math(x a))

We can check that (z,a) — Q5 (x, a) is Lj,-Lipschitz with respect to p and that (x) — V}¥(x) is Lj,-Lipschitz with respect
to px.

C. Concentration

The first step towards proving our regret bound is to derive confidence intervals for the rewards and transitions, which are
presented in propositions 1 and 2, respectively.

In addition, we need a Bernstein-type inequality for the transition kernels, which is stated in Proposition 3.

Finally, Theorem 3 defines a favorable event in which all the confidence intervals that we need to prove our regret bound are
valid and we prove that this event happens with high probability.
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C.1. Confidence intervals for the reward functions

Proposition 1. For all (k,h) € [K] x [H] and all (z,a) € X x A, we have

v (k, ) B
C’,i(x,a) + Cﬁ(:ma) *

b, (k,d)o

|?kh(x, a) — rh(ac,a)’ <

with probability at least 1 — 0, where

vi(k,6) = O (d1) = 2log (HN (0%/(KH), X x A, p) W)

]

b, (k, §) (L1 + \F) vi(k, 5)% + 2\ Ly <1 + log+(Ci’k/B))

Proof. The proof is almost identical to the proof of Proposition 2. The main difference is that the rewards are bounded by 1,
and not by H. O

C.2. Confidence intervals for the transition kernels
Proposition 2. For all (k,h) € [K]| x [H] and all (z,a) € X x A, we have

H2v,(k,8)  BH
- Cﬁ(m, a) CZ(J}, a)

A\

PiVii(@,0) = PaVitya (2,a)| + by (k, )0

with probability at least 1 — 0, where

vp(k,8) = O (dy) = 2log <HJ\/ (c®/(KH),X x A, p) m)

)

by(k,6) = O (L1 + Vi ) v (k, ) 60;2 + 25,y ( log+(Clgl<:/ﬂ)>

Proof. Consider a fixed tuple (z,a, h), and let V' = V", ;. We have:

f’;’fV(m,a) _ PhV(x,a)’ < V() — PV (z,a))| + W
<> @ilx,a) (Vi) — PaV (2, a)) +C;’§fa)
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since || V||, < H. Now, by Assumption 2 and the fact that V' is L;-Lipschitz:

k—1

> @h(@a) (V(wh41) = PaV (@, a))

s=1
k—1 k—1

< |3 @ (2.a) (Vi) - PuV(h,a) | + |3 @ (z,a) <PhV<xz,az>—PhV<m,a>>‘
s=1 s=1
k—1 k—1

<Y @h(@,a) (V(@hey) = PaV(@},a3)) |+ Lo | Y @ (2, )W (Pa(la}, af), Pal|2, )
s=1 s=1
k—1 k-1

< D@, a) (V(ghi) = PaV (@, ai)) | + ApLa D @ (2, a)p (5, a7), (2, )]
s=1 s=1

<

k—1
S @ a) (Viahas) — PuV (i a))| + Apla2o (1 n \/logﬂcfk//a))

where, in the last inequality, we used Lemma 7.

Let W, ef V(zj, 1) — PuV(x},aj). We have |W,| < 2H, and (W), is a martingale difference sequence with respect to

the filtration (F};),. Lemma 2 and an union bound over h gives us:

At VI+E/B 1
wi (xz,a)W| < | 2H?log
; e ( 5 ) Clz.a)

for all (k, h) and fixed (z, a), with probability at least 1 — 6 H.
Now, let’s extend this inequality for all (x, a) using a covering argument. We define
k-1

Z wy (x, a) Wi
s=1

_
Cii(w,a)

def

fi(,a) Ly —

and fo(z,a —_—
’ Cj (x,a)

O

Lemma 8 implies that Lip (f1) < 4C§ Hk/(Bo) and Lip (f2) < (C§k/o) B~3/2. Applying Technical Lemma 6 using a
0% /(K H)-covering of (X x A, p), we obtain:

= _, V1+k/B 1
;wh(maa)ws < 2H> log ( 5 CZ(JJ,G/)
2 2
+ I?HLip (fi)+ % 2H?log <\/1Jg—k/ﬁ>Lip (f2)

for all (x,a, k, k) with probability at least 1 — SHA (02 /(KH),X x A, p).
The fact that

ﬁflfV(Z‘?a,) - P;LV(QZ‘,CL)’ <

k—1
Z Wy (x, a) Wy
s=1

BH
+2)\,Lio (1 + log+(0{’k/ﬂ)> t G

allows us to conclude.
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C.3. A confidence interval for P, f uniformly over Lipschitz functions f

In the regret analysis, we will need to control quantities like (P} — Py, )( f,’f) for random Lipschitz functions f,’f, which
motivate us to propose a deviation inequality for (P,’f — P,)(f) which holds uniformly over f in a class of Lipschitz
functions. We provide such a result in Proposition 3.

Proposition 3. Consider the following function space:

For, def {f : & = Rsuch that f is 2L,-Lipschitz and || f| . < 2H} .

With probability at least 1 — 6, for all (x,a, h, k) € X x A x [K] x [H| and for all f € Far,,, we have

A " 11H20,(k,6) + 28H
(B =P) s, < Pulfl @) + =g

+ 0L(k,8)o' T2 4 02(k, d)o

with probability at least 1 — 0, where

o 2+ds N, X pi)
gv(k’(;):(’)(\cg|+d1d2> — log (46(2k+1)HN<0 XXA,p) (2H> )

o KHZ’ L10'
(15 o Lic 40 11096, (k, s
0L (k,8) = O (G| + iy ) = ( el 4% 262’()>

02(k,8) = O (L1) = 32Ly + 6A\, L, (1 + \/log+(0fk/5)>

where |Cy| = O (1/09) is the o-covering number of (X, px).

Proof. First, consider a fixed tuple (x, a, h, k). Using the same arguments as in the proof of Proposition 2, we show that:

26H
+4\,Lio (1 - log+(0i’k/6)> t G0

ﬁllff(xva) —th(CC,(Z)‘ <

k—1
" (2, )W)
s=1

(A)

where W(f) o @y 1) — Puf(x,a}). We have [W,(f)| < 4H, and (W), is a martingale difference sequence with

respect to the filtration (F}) for any fixed f. We will bound the term (A) using the Bernstein-type inequality given in
Lemma 3. We start by bounding the variance of f(z}_ ) given F}:

V [ f@i)|Fi] = E [f@ha)?| R - ( / f(y)dPh<y|xz,az>)2

< 2HE (| (@5.41)| | 7]
= 2HP, |f| (2}, a})
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and, consequently,

o

-1 k—1
(@, )V [ f(wh)|Fi] < 2H 3 3(w.0)Pu | (5. )

s=1 =

*2szh z,a)Py |f](2,a +2H2wh z,a) (Pu | f] (27, a},) — Pu | f] (2, a))
s=1
k—1

< 2H2wh z,a)Pp | f| (z,a) + 4H), Ly Z@Z(x,a)p[(a:i,ai)]
s=1

<2HPy |f|(z,a) +4HN,L1o (1 + log+(ka/B)> , (6)
where, in the last two inequalities, we used Assumption 2 and Lemma 7.

Let O(k,8) = log(4e(2k + 1)/4). Using Lemma 3 and the facts that /u + v < \/u + /v and v/uv < (u + v)/2 for all
u,v > 0, we obtain

k—1
~3 Zs 1 ’LUh(Z‘ a)W (f)
A) = wp (z,a)Ws
(A) =D _@;(x,0) (f| S T (o 0)
< | amp, o) Zemr i@ %Y [f(xml)lfs; TI6H? | (8/3)HO(K,0)
(5+Zq 1w (a, a)) B+ 302, wi(,a)
0k,0) 1 Sz wi(w,0)?V [f (@)1 F] | (8/3+4V2)HO(K, )
5"‘2 1wh(x’a) 2H? 5+Z 1wh(x a) 5"‘2 1wh(x a)
_ (H2+10H)0(k,8) | 1 3y wh( a)V [f(#h,0)1F]
N Ci(z,a) 2H? B+Zg 1wh(gc a)
H? + 10H
= +(J’Z(z,)a)( H2 Z“’h )V (742177

for all k, with probability at least 1 — §. Above, we also used the fact that w; (x, a)?> < wj (z, a) since the weights are in
[0,1].

Inequality 6 yields

(H? +10H)O(k,8)  2\,Lio v
CE (. ) + Z}{ (l—i- log (ka/b’))

1
(A) < £ Pulfl (r,0) +
with probability at least 1 — 6.
Extending to all (z,a) Assumption 2 implies that (z,a) — (1/H)Py, |f| (z,a) is 2\, L1-Lipschitz. Let

_
Ci(x,a)

k—1
a) = Z@Z(m,a)Ws(f)‘ and fQ(xaa) =

Lemma 8 implies that Lip (f1) < 4HC§k/(Bo) and Lip (f2) < C§k/(B3%c). Applying Technical Lemma 6 using a
o2t /(K H?)-covering of (X x A, p), and doing an union bound over [H|, we obtain:

k—1
_ 1 (H? +10H)O(k,8) 2\ Li0 n
S W <7P ’ 1 1 ng
;wh(x,a) (N <ggPulflwa) + =—grr ==+ = +/log™ (C{k/B)
g2tdz 4HCYk  CYk(H?*+ 10H)O(k,d)
YR <2A Lt Bo B2 )

for all (z, a, h, k) with probability at least 1 — §HAN (%, X x A, p).
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Extending to all f € F»;, The inequalities above give us

(H? + 10H)O(k, 5)

ﬁ;ff(x,a)—th(x,a) S%Ph‘.ﬂ(I?a)'i_

Cf(z,a)
o2t AHCSk  CY{k(H? + 10H)O(k, )
—— ([ 2\, L 2 2 ’
+ K2 < ApLi + Bo + o >

28H
+6)\,Lio (1 - log+(019k/ﬁ)> e a)

o2+da

for all (x, a, h, k) with probability at least 1 — §HN (Wv X x A, p).

According to Lemma 5, the 8 L; o-covering number of Fay,, is bounded by (2H/ (Lla))N (:X.px) The functions f
I%’ff(am a) — Py f(z,a)| and f — - Py | f| (z,a) are 2-Lipschitz with respect to ||-|| ... Hence, Lemma 6 gives us:

=~ 2
1%ﬂu@—aﬁw@><;BLﬂuAHﬁH'Zﬁi§%ﬁ>

g2+ AHCYk  CYk(H? + 10H)O(k, 5)
—— (2)\,L 2 2 ’
e (b B0 )

26H
+ 6\, Lo (1 + log+(0i’k/ﬂ)> e

+ 32L10

_|_

2+dy

for all (x, a, h, k) with probability at least 1 — d HN ("KH2 , X x A, p) (2H/(Ly0))N(@:X:rx) which concludes the proof.
O]
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C.4. Good event

Theorem 3 (Good event). Let G = Gy U Gy U Gs, where

Vr(k,é/ﬁ) ﬂ

C’ﬁ(l"va) + Ck k(z, )+br(k,5/6)(f}
H?v,(k,0/6) BH
Cﬁ( a) Cﬁ(x,a)

1 11H20,(k,5/6) + 28H
(BE - Pu) f(@,0)| < = Pulfl (z,0) + el

o & {v(x a, k. h), [Fh(z,a) — rp(z,a)| <

G, & {vm a, k, h), (ﬁ,fv;:;l(x, a) — PV (=, a)} < + by (k, WG)O}

G & {V(z a,k,h, f),
+ 0L(k,6/6)a T2 + 62 (k, 6/6)0}

for (z,a,k,h) € X x Ax [K| x [H) and | € Far,, and where

Vil 6) = O (dr), bu(k,0) = O (Ly + /o)

vp(k,8) = O(dr), by(k,8) = O (L + Vi),

0u(h,0) = O (ICo| + i), O4(k,0) = O (ICo| + dada) , 63 (k,6) = O (L)
are defined in Propositions 1, 2 and 3. Then,

P[G] > 1—4/2.

Proof. Immediate consequence of Propositions 1, 2 and 3.

D. Optimism and regret bound

Proposition 4 (Optimism). In the event G, whose probability is greater than 1 — 0 /2, we have:

V(z,a), Qh(z,a) > Qj(z,a)

Proof. We proceed by induction.

Initialization When h = H + 1, we have Q¥ (r,a) = Q} (v,a) = 0 for all (z, a).

Induction hypothesis ~ Assume that Qf. . | (z,a) > Q} ., (z, a) for all (z, a).

Induction step  The induction hypothesis implies that V;F, | (x) > V;*,, (z) for all z. Hence, for all (z, a), we have
Qh(z,a) — Qi (z,a) = (Fi(z,a) — ra(z,a)) + (PF — Pu)Viya (2, a) + B (z,a) + PE(ViEey — Vi) (z,0) > 0.

>0ing >0 by induction hypothesis

In particular Q% (%, a5 ) — Q; (3, a3) > Oforall s € [k — 1]. This implies that
Qi(‘riu aiL) + L}LIO [(‘Ta Cl), (‘T}SL? ai)] 2 Q;(xiv aiz) + L}Lp [(I7 a)a (‘riu aiL)] Z QZ(T’ CL)

forall s € [k — 1], since @5, is Lj,-Lipschitz. Finally, we obtain

Y(e.a), Qhlwa) = min [QhGi.ai) + Lupl(@,0), (@7, ah)]] = Qifa.a).
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O
Corollary 2. Let sk 4 Vh (zF) — V7™ (2F). Then, on G, R(K) < Zszl ok
Proof. Combining the definition of the regret with Proposition 4 easily yields, on the event G,
K K
RUE) = Y (Vi(ah) = v@h) = Y (maxQi(ef, a) = Vi (o)
k=1 k=1
K K
< Z (min [H —h+ LmaxQ’f(:U’f,a)} - ) Z V1 o a) — V™ (x’f)) ,
k=1 ¢ k=1
O

Definition 4. For any (k, h), we define (¥%,a¥) as state-action pair in the past data Dy, that is the closest to (zF, ak), that
is

k <k def . . o
(xfwai) = ( argn)nnkp [(mﬁ,aﬁ), (xi,afl)} .
m;,a; s<k

Proposition 5. With probability 1 — 6, the regret of Kernel — UCBV I is bounded as follows

1
R(K) <H?|C, |+L1KHU+ZZ <1+H> &
k=1h=1

K H
+ZZ A + B |C |k I{p [(iﬁ,&ﬁ) (z¥,ak) ] <20}

% (k
k=1h=1 \ 1/CE(zF,al) Ch (25, ay)

where ¢! %1 is a martingale difference sequence with respect to (F})in such that ’E i +1‘ <4H.

Proof. On G, we have

S = Vit(ah) = Vi (a1)
< Q;f(l’%,CLﬁ) - Zk(zf;’aﬁ)
< Qﬁ(fﬁ, dlfl) - Qrr (:Eﬁ, a’,ﬁ) + Lyp [(:Eﬁ, aﬁ), (mﬁ, aﬁ)} , since Qﬁ is L1-Lipschitz
< @ﬁ(fﬁ, ar) — QpF (z¥,a¥) + Lip [(iﬁ, ary, (zk, aﬁ)} , since QF (&%, al) < éﬁ(iﬁ’ ar) by definition of Q¥
= 7r(@y,ay) — ra(xy, ap) + Lip [(xlﬁvalﬁ) (sz,ah)] + B (&), ay) + Ph Vh+1(x1}€m arp) — V};]:l(xha af)
= Ph(@h,ah) — r (k. ab) + [BF = Pa] Viria (28, af) + [ BE = Pu] (Vitys = Viry) (3 )

(A) (B) ©)
+ P}l‘/}ﬁ-l(ii? d;CL) - P}LVhﬂjl(xZ7 ai) +L1p [(‘ilicm dﬁ% (xfm ai)] + B];L(i‘;cu aﬁ)

(D)

Now, let’s bound each of the terms (A), (B), (C) and (D)
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Term (A) Using the fact that 7 is A.-Lipschitz and the definition of G:

(A) =75 (@h, an) — ralzh, a) < Aep (35, 1), (0, ai)] + "BR (25, a)
1 B
SN [(@F,ab), (@, af)] + + + Lyo.
[(h an). (@1, 01)] Ch(z,a) Cl(z,a)
Term (B) Using the definition of G:
H? BH

(B) = [P = P| Vit (@, 8) +Lio

_|_
Cfl’(gc,a) CZ(m,a)
Term (C) Using again the definition of G, where th+1 > Vi 1 and the fact that V}* 12 VrE

h+1"

(C) = [ﬁ/f - Ph} (Vb — Vi) (@5 @)

< iPh (Vi = Vi) (&), af) + % + Lio
H Chi (@, ay)
k * k kK 2|C |
< =Py (ViF1 — Vi) (zf,ap) +2X\,L1p [(xhv an), (x5, ar)] + CFF ab) + Lio
H Cy (a5, ap)
< 1 T kK ~k o~k E Kk HZ\C |
S HPh (Vh+1 Vh+1) (zf,ap) + Lip [(&,ap), (z), af) ] + CFak ab) + Lio
(xha h)
1 b H2|C, |
= g7 s + &) Lap [(@0, 05, (o )] + Gy + 1o
(T3, ay,)
where
filiﬂ =Py (thﬂ Vfﬁl) (xh, ah) 5h+1
is a martingale difference sequence with respect to (F7 ), bounded by 4H.
Term (D) We have
(D) = PthZC+l(jﬁ’ dﬁ) V}ﬁl(xﬁ’ aﬁ)
< )\ L ~k ~k k P Vk k k V?Tk k k
> Aplap [(xh’ah)a (l‘mflhﬂ + h+1($haah) h+1(xh7ah)
= 65—1—1 + gﬁ—&-l =+ /\PLlp [(iﬁ’ dﬁ)v (xfw alfi)] .
Putting together the bounds above, we obtain
H? HQ\C |

1 ~ ~
S (1 + H> (61 + Ehpr) + Lup [(Th, ah), (zh, ap)] + Y Lo

k(7k k
Cj(ay.ay)  Ch(ay,ap)
where the constant in front of § ,’i 41 1s exact (not hidden by ).

Now, consider the event EF e {p [(:Eﬁ, ar), (¥, ah)] < 20} and let Eh be its complement. Using the fact that 5h+1
on G, the inequality above implies

2 H?|C,
I{E}}oF ST{EN} (1+ )(6h+1+§h+1)+3L10+H{E,’f} CrGEan ~k)Jr]I{E;g} G a|k)
) h h’ h
1 H? H2|C,|
< (1+H) (Ohr +I{EE} &5 y1) +3L10 + 1{E}} CEGEah +H{Eh}7(~h7a£)

0

)
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Now, using the fact that 52 < H, we obtain
5§:H{E§}5,§+H{Eﬁj}5;§ ®)

gn{E§}55+HH{Eﬁ}

< —k 1 H2|5 |
SHUE, |+ (1+ 7 ) Ok +1{E}} &k,0) +3Lio + T{E}} G ~k) +1{Ef} GG
s An Ths Ap
This yields
5k<zH:H{Ek} A H21Co|
1 ~ h ~
2 Ci(af.ay)  Chaf.a})
H 1\" Ho
+3° <1+H> H{E,’f}g,’§+1+L1Ho+HZH{Eh}.
h=1 h=1
Let § hal def {E } £k ha1- We can verify that 5 ha1 1s a martingale difference sequence with respect to (FF )k, bounded by
4H.
Applying Corollary 2, we obtain:
K K H 5
H? H?|C, |
R(K) <Y 6F < I{E} +
; ! kzzl}; { " Cﬁ(xﬁ,ah) Ck(xhv h)
K H I\~ K H
+3N (1+ H> 5’,§+1+L1KHU+HZZH{Eh}.
k=1h=1 k=1h=1

K H H K
HZZH{E’;} =B Y 1{p[(@.af), (z},af)] > 20} < H?|C,|
k=1 h=1 h=1k=1

since, for each h, the number of episodes where the event {p [(ZF,a}), (zf,af)] > 20} occurs is bounded by |C|.

Recalling the definition EF { p [(@y,ay), (zf,af)] < 20}, this concludes the proof.

O

Proposition 6. We have

and

ZZ{%)H{/} [(:E’,j,a’,j) (z¥, ak) ] <20} S HIC, |+ HIG, K.

Proof. First, we will need some definitions. Let C, = {(z;,a;) € X x A,j =1,...,|Cs|} be a o-covering of (X x A, p).
We define a partition { B, }ljcz"1 of X x A as follows:

(z4,a0:)ECs

B; = {(%a) € X x A: (zj,a5) = argmin p|(z,a), (iﬁiaai)]}
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where ties in the argmin are broken arbitrarily.

We define the number of visits to each set B;j as N (B;) = def fol I{(x},a}) € B;}.

Now, assume that (2, af) € B;. If, in addition, p [(&},a}), (zF,af)] < 20, we obtain

-« :c ak), (x5, a8
Ch(h.a) = B+ 3 o (#h.5). (zh.a})) B+Zg< bk e h>]>

s=1

h7 afz) (aj;’ ai)] s s i
>ﬁ+zg . I{(z},a}) € B;}

> 54 9(0) S T{(ahoa) € By) = B (1+ g(4)5~'NE(Ey))

s=1

since, if (2}, aj) € B;, we have p [(&F,aF), (x5, a5)] < 40 and we use the fact that g is non-increasing.

We are now ready to bound the sums involving 1/C¥ (¥, a¥). We will use the fact that g(4) > 0 by Assumption 3.

Bounding the sum of the first order terms

2.2 mﬂ{p (25, ah), (w5, a})] < 20}
k=1h=1 )

K H |Co|
xk gk E k
= P rap)| <20} 1{(xf,a5) € B
/;h;j:l Ci(l‘}w { [ h] } { h»Yh j}
K H |Col

TN RS

L{p[(@},af), (z},ap)] <20} 1{(z},af) € B;}
k=1h=1j=1 \/1 + g(4)B~'N¥(Bj)

H |Co| K k k H |Co| NE+(B;)
I , € B; h g
SB—l/Q} :} :2: {(l‘h ay) J} < B 1/222( dz : ) by Lemma 9
h=1j=1k=1 /14 g(4)3~N¥(B;) h=1j=1 1+g(4)B~ 1z
9g1/2 J ¢!
§6*1/2H\cg|+ 5 § > \/1+g SINFY(By)

hljl

2 1/
< B7V2H|C,| + ﬁ4) Z VICs|V|Cs| + g(4)3—1K by Cauchy-Schwarz inequality
h=1

231/2 2H
<H (/31/2 .28 ) G+ 2 e ICTR < HIC,| + HVIGTR.

g9(1) 9(4)
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Bounding the sum of the second order terms

K H 1
>3 Gt e lEhah) @hab)] <20}
|

WH{P (&5, ax), (xh, ap)] <20} 1{(z},a}) € B;}

K
1
1
=7 ;h 17— 1+g(4)8~ 1Nk( H{p[zh,ah) (xh’ah ] <20}H{ xh’ah GB}
= j=1
H |Cs| K H |Co| NETY(B;y)
]I{ xk ak EB} J dz
gﬂ 12 Z h’ h1 - _ﬂ 1ZZ<1+/ _1> by Lemma 9
h:ljzlk:ll N ( h—1j=1 1+g(4)B~ 1z
H |Cs|
<B'H|C, |+ ZZlog (1+g(4)87'NET(B)))
h lj 1
Yl (1 + g()B NS (By))
<plH|C,|+ Cy|log ' by Jensen’s inequalit
1Co| 9(4Z|| < . y quality
1 1 B IK
< B'H |C,| + ——H |C, | log (1+ W) < mlc,).
g(4) Co |

Theorem 4. With probability at least 1 — 6, the regret of Kernel — UCBV I is bounded as
R(K) SH?\/Co|K + H?|C,|ICo| + HY*VK + LiKHo + H?|C, |,

where |C,| and |C,,| are the o-covering numbers of (X x A, p) and (X, px), respectively.

Proof. The result follows from propositions 5 and 6 and from Hoeffding-Azuma’s inequality, which ensures that the term
25:1 Zthl(l +1/H)H ¢ | is bounded by

(v/8e2H210g(2/6))VKH
with probability at least 1 — §/2. O

D.1. Proof of Corollary 1

Assumption 1 states that p [(z, a), (¢, a’)] = px (z,2') + p.a (a,a’), which implies that |C,| < |C,|. Using Theorem 1 and
the fact that |C;| = O (6~ %), we obtain R(K) = 9] (H207d/2\/f + H3072d + HKCT). Taking o = (1/K)"/(2d+1),

we see that the regret is O (H2K% + H3K%). The fact that (3d + 1)/(4d + 2) < 2d/(2d + 1) for d > 1 allows us
to conclude.

E. Remarks & regret bounds in different settings
E.1. Improved regret for stationary MDPs

The regret bound of Kernel-UCBVI can be improved if the MDP is stationary, i.e., P, = ... = Pgandr; = ... =rp. Let
t = kh be the rotal time at step h of episode k, and now we index by ¢t all the quantities that were indexed by (k, h), e.g.,
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wy(x,a) = wf(z,a). In the stationary case, the rewards and transitions estimates become

P, xa: Zw x,a) and ?xa: Zw x,a)r
t(y| xat/ ' t’ Tt+1(y) t( xaf/ 3 t’ t

respectively, where we redefine the generalized counts as

defﬁ‘f‘Z'lUt/fEa

t'=1

The proofs of the concentration results and of the regret bound remain valid, in particular Proposition 5, up to minor changes
in the constants v, (k, h), by (k, h), vi(k, h), b.(k, h), 0, (k, h) and 6} (k, h) . However, the bounds presented in Proposition
6 can be improved to obtain a better regret bound in terms of the horizon H. Consider the sets B; introduced in the proof of
Proposition 6 and let

t—1
def
Ni(Bj) = Y T{(z1,a:) € B} .
=1
As we did in the proof Proposition 6, we can show that Cy(Z;,a;) > B + g(4)Ny(B,) if (z4,a;) € B; and
p (&, a4), (¢, a;)] < 20. The sum of the first order terms ), 1/1/C;(&;, @) is now bounded as

KH

> Ct(%l{p[(%dt), (z¢,a¢)] < 20}

JUt7at)

[Col KH ICol Nxwui1(B;)
_ [{(x,a;) € B} ~1 ! dz
< g1 J < E 1+ _— by L 9
S NG S j_1< / 1+g<4)/3—1z> e

IC |

e+ o Z 1+ 98 N 1(B;)

e, | + @\/ 1Co|V/|Cs| + g(4)~LKH by Cauchy-Schwarz inequality

2 2 —
< (5704 05 ) ol + 2 Va0 T GTHER

:o(\ca| + \/|CU|HK).

When compared to the non-stationary case, where the corresponding sum is bounded by O (H ICo| + HA/|Co| K ), we
gain a factor of v/H in the term multiplying /K and a factor of H in the term multiplying |Co|.

Similarly, the sum of the second order terms ) , 1/C,(Z, ;) is now bounded as

KH

> ey a0, () £ 201 871G+ i oo (1+

xtaat)

1+ g(4)6—1KH>
Col

=0 (I ]) -

In the non-stationary case, the corresponding sum is bounded by O (

~|), thus we gain a factor of H.

Hence, if the MDP is stationary, we obtain a regret bound of

Rstationary(K) - 6 (H3/2 V |CU| K + LIHKU + H2 ICU|2)

2d

which is O ( 2 frmax(4 524

)) by taking o = (1/K)/(2d+1),
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E.1.1. IMPORTANT REMARK

Computationally, in order to achieve this improved regret for Kernel-UCBVI, every time a new transition and a new reward
are observed at a step h, the estimates P, (y|z, a) and 7¢(z, a) need to be updated, and the optimistic Q-functions need to be
recomputed through backward induction, which increases the computational complexity by a factor of H.

The UCBVI-CH algorithm of (Azar et al., 2017) in the tabular setting for stationary MDPs also suffers from this prob-
lem. If the optimistic -function is not recomputed at every step h, its regret is o (H 32 XAK + H*X 2A> and not

o (H 32X AK + H*X 2A> , where X is the number of states, as claimed in their paper. To see why, let’s analyze its

second order term, which is O <H2X >en 1/Ni(xy, aﬁ)) 19 where Ni(z,a) is the number of visits to (z,a) before
episode k, i.e.,

k—

H
Ni(x,a) = max (17 Z
h=1

1
I{(z3, a,) = (ama)}) :
=1s=1
If K > X A, and if Ni,(, a) is updated only at the end of each episode, we can show that there exists a sequence (¥, aF)

such that the sum >°, , 1/Ny(zF, af) is greater than H X A. Let (, ax)re(x 4] be X A distinct state-action pairs, and take

the sequence (zf/, afl)nem] ke[x 4] such that (zF, af’) = (2x, ay). Thatis, in each of the X A episodes, the algorithm visits,

in each of the H steps, only one state-action pair that has never been visited before. Since Ny (x, a) is updated only at the
end of the episodes, we have N, (zF,af) = 1 forall h € [H] and k € [X A], with this choice of (z},al); x. Hence,

XA H XA H
HQXZZ = H2XZZ1 = H3X?A.
k=1 h= 1 33 CL k=1 h=1

Consequently, the sum of second order term is lower bounded (in a worst case sense) by H> X2 A and cannot be o (H X 2A)
as claimed by (Azar et al., 2017), since their bound must hold for any possible sequence (x%,a¥) .. An application of
Lemma 9 with ¢ = H can be used to show that the second order term is indeed O (H 3X 2A) when updates are done at the
end of the episodes only.

To gain a factor of H (i.e., have O (H X 2A) as second order term), one solution is to update the counts [V, k(xﬁ, aﬁ) every
time a new state-action pair is observed, and recompute the optimistic ()-function. Another solution is to recompute it every
time the number of visits of the current state-action pair is doubled, as done by (Jaksch et al., 2010) in the average-reward
setting.

The efficient version of our algorithm, Greedy-Kernel-UCBVI, does not suffer from this increased computational complexity
in the stationary case. This is due to the fact that the value functions are updated in real time, and there is no need to run a
backward induction every time a new transition is observed. Hence, in the stationary case, Greedy-Kernel-UCBVI has a
regret bound that is H times smaller than in the non-stationary case, without an increase in the computational complexity.

E.2. Dependence on the Lipschitz constant & regularity w.r.t. the total variation distance

Notice that the regret bound of Kernel-UCBVI has a linear dependency on L; that appears in the bias term L1 H Ko
R(K) <O (H%/\cﬂ| K + LiHKo + H|C,||C,| + H? |cg\) .

As long as the Lipschitz constant Ly = 31—, A A= is O (H) or O (H?), our regret bound has no additional dependency
on H. However, if A\, > 1, the constant L, can be exponential in f. This issue is caused by the smoothness of the MDP and
not by algorithmic design. With minor modifications to our proof, we could also consider that the transitions are Lipschitz
with respect to the total variation distance, in which case L; would always be O (H) and the regret of Kernel-UCBVI
would remain O (H 3K ma"(%’%m by taking o = (1/K)'/(2¢+1) The regret bounds of other algorithms for Lipschitz
MDPs also depend on the Lipschitz constant, which always appears in a bias term (e.g., (Ortner & Ryabko, 2012)).

10See page 7 of (Azar et al., 2017).
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Algorithm 3 Greedy-Kernel-UCBVI
Input: global parameters K, H, §, A, A\p, 0, 5
initialize Dy, = @ and V;} (x) = H — h + 1, for all h € [H]
for episode k = 1,..., K do
get initial state zf
forsteph=1,...,H do
/1 define, for all a:
QZ(:E]I?L: a) = 25;11 62@27 a) (TiSL + th+1($i+1)) + Bﬁ(l‘i,a)
execute af = argmax, QF (zF,a)
observe rf and x’le

VE (zF) = min (H —h+ 1, maxaean é’fb(mﬁ»a))
// interpolate: define V,f”] forall z € Dy, as
V,f“(x) = min (minse[kfl] [th(xi) + Lnpx (JU,IEZ)} 7th($§) + Lnpx (ﬂ”»l‘]ﬁ) )

add (xf, af, k1, rF) to Dy
end for
end for

In addition, the value L}, = Zg: h /\r)\f —h represents simply an upper bound on the Lipschitz constant of the ()-function
Q3. If the functions @}, for h € [H] are Zh-Lipschitz with Eh known and such that Eh < Ly, Kernel-UCBVI could exploit

the knowledge of Lj and use it instead of L, which would also improve the regret bound. For instance, if all rewards
functions 7, are 0 except for 77, we could use Ly = A, the Lipscthiz constant of rz, which is independent of H.

F. Efficient implementation

In this Appendix, following (Efroni et al., 2019), we show that if we only apply the optimistic Bellman operator once instead
of doing a complete value iteration we obtain almost the same guaranties as for Algorithm 1 but with a large improvement in
computational complexity. Indeed, the time complexity of each episode k is reduced from O(k?) to O(k). This complexity
is comparable to other model-based algorithm in structured MDPs (e.g., Jin et al., 2020).

The algorithm goes as follows. Assume we are at episode k at step h at state xﬁ To compute the next action we will apply
the optimistic Bellman operator to the previous value function. That is, for all @ € A we compute the upper bounds on the
(Q-value based on a kernel estimator:

éﬁ(‘mfw a) = ?kh(w7 a) + ﬁf]fvhk+1(x’ a) + BZ(J:’ a) .

Then we act greedily

aj, = argmax Q} (¢}, a)

acA

and define a new optimistic target V}*(z%) = min (H — h + 1, Qf («}, a)) for the value function at state zf. Then we
build an optimistic value function th by interpolating the previous optimistic target and the new one we just defined

Vo, thH(x) = min( en[lkiill] [th(x?l) + Lppx (;U,:Efl)] ,‘N/;f(mf;) + Lnpx (x,xﬁ)) .

The complete procedure is detailed in Algorithm 3.

Proposition 7 (Optimism). In the event G, whose probability is greater than 1 — 0, we have:

V(k,h),Yz, ViF(x) > Vi () and ViF (z) > th+1(m) .
Proof. To show that V}*(z) > V,**!(z), notice that
Ve, Vi (@) = min (Vi (), Vi (af) + Lupx (,28) ) < V()

since, by definition, V;*(x) = minsep,_1) [ViF(2}) + Lupx (z,23)].
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To show that V}¥(x) > V;*(z), we proceed by induction on k. For k = 1, V¥ (x) = H — h > V;*(z) for all z and h.

Now, assume that V}f 1> Vi for all h. As in the proof of Proposition 4, we prove that Vh”“ > V;¥ by induction on h. For
h=H+1,V}F(z) = V;(x) = 0 for all z. Now, assume that V¥, (z) > V}*, | () for all z. We have, for all (z,a),

@i(‘ra a) = ;‘\]Ij/(m’ a) + f)}]fvhk+1('rv a) + BZ(J?, a’)
> 7z, a) + f’,lfV,fH(x, a) +BF(z,a) by induction hypothesis on h
>rp(z,a) + PV (2,a) = Qy(z,a) inG

which implies that V}* (%) > V;*(z¥) and, consequently,

V(@) + Lupx (2, 28) > Vil (@f) + Lupa (w,25) > Vil (@)
— V/(z) = min (V}f_l( ), Vh (x) + Lppa (2, ), ) >V (z) by induction hypothesis on k

and we used the fact that V" is Lj-Lipschitz. O

Proposition 8. With probability at least 1 — 0, the regret of Greedy — Kernel — UC BV I is bounded as
R(K) SH?\|Co|K + H3|Co||Co| + HY*VEK + LiK Ho + H?|Co| + H?|Cy,

where |Cy| and |C,| are the o-covering numbers of (X x A, p) and (X, p), respectively.

Proof. On G, we have

def s ™
oF = VI ak) — Vi (af) < ViF(af) — Vi (af)
S ‘/h (‘rh) - V]Zrk (a:h) S Qh(l‘hv afz) - sz (xl}c“ CLZ)

From this point we can follow the proof of Proposition 5 to obtain

1 H? H2|C,|

— ——— +
H) CZ(.I‘E,CLZ) CZ(I}N h)
1 ko~
N <1 + H) <5h+1 + Vh+1 V}f:ll) ($Z+1) + f}]§+1) + Lip [(xﬁ,a’ﬁ), (xlﬁaalﬁ)]

H?|C, |
Ck(mha@h) Ck(xha h)

5h+1 + §h+1) + Lip [(ﬂfh’ a), (=, aﬁ)] + + Lio

+L10’

On G, using that V" < V,f“ and the same arguments as in equations (7) and (8) in Proposition 5 (which can be used since
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Vh 2 thjll) we obtain

k=1h=1
B3 PPl ) 14 (5 ), (] < 20)
T + & Lo [(@h,ap), (g, ap)] <20
k=1h=1 Ck(xh,a’;) Cji (z, af)
K H h
i Z Z ( ) (Vifer thjf) (@} 41)
k=1h=1

This bound differs only by the last additive term above from the bound given in Proposition 5. Thus we just need to handle
this sum and rely on the previous analysis to upper bound the other terms. We consider the following partition of the state
space:

Definition 5. Let C, be a o-covering of X. We write C, def {z;,7 € [|Cs|]}. Foreach z; € C,, we define the set B;cXx

as the set of points in X whose nearest neighbor in C(, is x;, with ties broken arbitrarily, such that {B;}
partition of X.

jeliesll forma

Using the fact that the V;* are point-wise non-increasing we can transform the last sum in the previous inequality in a
telescopic sum

K H 1\"
Z Z (1 + H) (th+1 Viic-:rll) (xh+1) <e

Mx
M=

(th+1 thill) ($Z+1)

k=1h=1 k=1h=1

[

<e Z Z (th+1 Vlﬁrll) (510é€z+1)}I {$Z+1 € Bj}
J=1k=1h=1
Co| Kk H

=e Z Z (Vi — V;fff) (z;)I{z} 41 € B}
j=1k=1h=1
+2Lnpx (25,75 41) T{ah,q € By}

l

EsY
]

] >
M=

H
(Vibr = Vi) () + eK Y " 2Lyo

j=1k=1h=1 h=1
< eH?|C,| +2ec L HK ,
where in the third inequality, we used the fact that the function V,f "~ hkjll is 2L -Lipschitz. Combining the previous
inequalities and the proof of Theorem 4, as explained above, allows us to conclude. O

G. New concentration inequalities

In this section we present two new concentration inequalities that control, uniformly over time, the deviation of weighted
sums of zero-mean random variables. They both follow from the so-called method of mixtures (e.g., (Pefia et al., 2008)),
and can have applications beyond the scope of this work.

Lemma 2 (Hoeffding type inequality). Consider the sequences of random variables (wy)ien+ and (Yy)ien+ adapted to
a filtration (Fy)ien. Assume that, for all t > 1, w; is Fy—1 measurable and E [exp()\Yt)‘ft,l} < exp(A?c?/2) for all
A>0.



Kernel-Based Reinforcement Learning: A Finite-Time Analysis

Let

t

t
def def
S = E wsYs and Vi = g wf.
s=1 s=1

Then, for any 8 > 0, with probability at least 1 — 0, forall t > 1,

EA < |9 {10 (1) 1 (Vt+ﬂ)] Vi+ 8
- - = g| < |+ 5log .
ZZ:l ws + ﬁ 0 2 /B (Zt + 5)2

s=1Ws

In addition, if ws < 1 almost surely for all s, we have V; < 22:1 ws < t and the above can be simplified to

%S 2¢2 log 1+1/8 ; 1 .
Es:l ws + ﬁ 0 Zs:l ws + B

Proof. Let

2.2
Mf‘:exp()\St—)\CVt>,

2

with the convention Mg = 1. The process { M} },_ is a supermartingale, since

A2 cPw?
2

E {M{\‘}}_l} ) [eXp (th; - ) ‘J-"t_l} MM, < M},

(©))

which implies that E [Mt)‘] <E [Mg‘] = 1. Now, we apply the method of mixtures, as in (Pefa et al., 2008) see also

(Abbasi-Yadkori et al., 2011). We define the supermartingale M, as

_Be? A\ Bc2N\? B I6; S?
M; = 27r/RMteXp<_ 5 )d/\— VtJrﬁexp(W).

The maximal inequality for non-negative supermartingales gives us:

P[3t>0: M, >6"] <6E M) =0.

Hence, with probability at least 1 — , we have

VE> 0, |8 < v/2¢2 [log(1/6) + (1/2)log((Ve + 5)/B)] (Vi + B).

Dividing both sides by 22:1 ws + [ gives the result.

O

Lemma 3 (Bernstein type inequality). Consider the sequences of random variables (w;)ien+ and (Yi)ien+ adapted to a

filtration (F)en. Let

t t t
S Y wye, VEI VIR ad WY w,,

s=1 s=1 s=1

and h(z) = (x + 1) log(x 4+ 1) — x. Assume that, for all t > 1,

e wy is Fy_1 measurable,
« E[Vi|F] =0,

e w; € [0, 1] almost surely,
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o there exists b > 0 such that |Y;| < b almost surely.

Then, we have

b| S|
Vi + b2

P |3t >1,(V,/b* + 1)h( ) > log(1/6) + log (de(2t + 1))] <94.

The previous inequality can be weakened to obtain a more explicit bound: for all 5 > 0, with probability at least 1 — 9, for
allt > 1,

|5t
ﬁ + Zizl Ws

Vi + b2 2 log (de(2t +1)/9)

2log (4e(2t + 1)/6 s
e ! )(ﬂ+zi—1w5>2 3 B+ ws

Proof. By homogeneity we can assume that b = 1 to prove the first part. First note that for all A > 0,
MY Yy — 1 < (w, Y3)? (e = A= 1),
because the function y — (e¥ —y — 1) /y? (extended by continuity at zero) is non-decreasing. Taking the expectation yields
E [ Fio1] — 1 < wiE [Y2|Fia] (X =X —1),

thus using y + 1 < e¥ we get
E |:€>\(wtyt)|]:t—1} < eWIE[Y2Feoa] (e =A-1)

We just proved that the following quantity is a supermartingale with respect to the filtration (F;);>0,

Mt/\,+ _ eA(s,,+v,,)—v,,(ek—1) .

Similarly, using that the same inequality holds for — X}, we have

E [G_Awtyﬂfnﬂ] < ewf}g[yt?‘ft,l](ek,,\fl)

b
thus, we can also define the supermartingale

M{\’_ _ e,\(—s,,+v,,)—vt(ek—1).

We now choose the prior over A, = log(z + 1) with x ~ £(1), and consider the (mixture) supermartingale

L [T SV Vi 1) . —a LT SV Va(P 1)
M; == ere T V)T VelCy edx+§ ere\ TtV T VnlCe T e T

2 0 0

Note that by construction it holds E [M;] < 1. We will apply the method of mixtures to that super martingale thus we need
to lower bound it with the quantity of interest. To this aim we will we will lower bound the integral by the one only around
the maximum of the integrand. Using the change of variable A = log(1 + ), we obtain

1 +oo N 1 +oo N
M, > ,/ PAelISIHVO-Vi(Ar=1) =2 g > 5/ S VA —(Vit 1) (1) g

2 0 0

1 flog (ISel/(Vit D+141/(vi41)) .
/ AUSe Vi D)= (Vi 1) (e =1) g )
1

Y

2 Jiog (1s:1/(Vit1)+1)

log{[Se|/(Ve+1)+1+1/(Vi+1
}/ s(is/ vt/ ) (108 (ISe1/ (Vi+D)+1) (1Si+Ve+ )= ISe[—1 g
1

v

2 Jrog (I5:1/(Vit1)+1)

1 1 1
_ L vennr(I8id/ (Vi) 100f 1 > Vet DR (|S:1/ (V1))
2¢° st [Sel+Vi+1) — 4e(2t+1)€ ’
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where in the last line we used log(1 + 1/z) > 1/(2z) for x > 1 and the trivial bounds |S;| < 1, V; < ¢. The method of
mixtures, see (Pefia et al., 2008), allows us to conclude for the first inequality of the lemma. The second inequality is a
straightforward consequence of the previous one. Indeed, using that (see Exercise 2.8 of (Boucheron et al., 2013)) for z > 0

2

x
h(z) = ma
we get
|S¢|/b < \/210g (4e(2t +1)/6) 2log (4e(2t +1)/6)
AE S 37 V/2+1
Dividing by 3 + 22:1 w, and multiplying by b(V; /b + 1) the previous inequality allows us to conclude. O

H. Auxiliary results
H.1. Proof of Lemma 1

In this section, we prove that the optimal Q)-functions ()}, are Lipschitz continuous.

Lemma 4 (Value functions are Lipschitz continuous). Under assumption 2 we have:

V(z,a,2',d'), Vh € [H], |Q}(x,a) — Q}(2',d")| < Lup|(x,a), (', a")]

def H _n
where Ly, = Y 1, )\T)\f -

Proof. We proceed by induction. For h = H, Q5 (z,a) = r(z, a) and the statement is true, since r is A,-Lipschitz. Now,
assume that it is true for h + 1 and let’s prove it for h.

First, we note that V", () is Lipschitz by the induction hypothesis:

Vi;k+1(33) - fo+1(37/) = m{?X QZH(% a) — mfx QZ+1($I, a) < maax (QZH(%@) - QZ+1($/7 a))

H H
< max Z )\T)\f*h/p [(z,a), (2, a)] = Z )\T)\f*h/p;g (x,2"),
h'=h+1 h'=h+1

where, in the last equality, we used the fact that p [(z,a), (2/,a’)] = px (z,2') + pa (a,a’) by Assumption 1.

By applying the same argument and inverting the roles of x and z’, we obtain

H
Vi (@) = Vi (@) < Y0 AN pa (a,2)
h'=h+1

Now, we have

Qp(x,a) = Q(a",d") < Arpl(w,a), (2/,d')] + /X Vi1 (0)(Pa(dyla, a) — Pr(dyla’, a))

Vi (y
<l @ + L [ T @yl a) ~ Pafayle, o)
X h+1

<

H H
Aty S mgfh’]p[u,a),(xaa')]— ST AN p[(a,a), (2!, )]
h’=h+1 h'=h

where, in last inequality, we use fact that V", ; /Ly 41 is 1-Lipschitz, the definition of the 1-Wasserstein distance and
Assumption 2. O
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H.2. Covering-related lemmas

Lemma 5. Ler Fy, be the set of L-Lipschitz functions from the metric space (X, p) to [0, H]. Then, its e-covering number
with respect to the infinity norm is bounded as follows

8 H)Me/(u)mp)
€

N@EALQ§<

Proof. Let’s build an e-covering of 7. Let Cx = {z1,..., 2} be an €;-covering of (X, p) such that p(z;, z;) > €; for
all 4,5 € [M] (i.e., Cx is also an e;-packing). Let Cjo g} = {¥1,...,¥n} be an es-covering of [0, H]. For any function
p : [M] — [N], we build a 2L-Lipschitz function f, : X — R as follows

f () = mi N+ 2L .

Let ¢; = €¢/(4L) and €3 = ¢/8. We now show that the set Cr, e {fp : p is a function from [M] to [N]} is an e-covering

of Fy. Take an arbitrary function f € F. Let p : [M] — [N] be such that | f(;) — y,(;)| < €2 for all i € [M]. For any
x € X, let j € [M] be such that p(x, z;) < €;. We have

o~

J@) = Fo@)| < |£l@)) = Folw)| +1£@) = F@)|+ | Fols) = Fo()]
< | f(w5) - fp(%‘)‘ +3Lp(x, z;)
< |F@5) = voii| + [ — fp(%)’ +3Le
< Yp(s) — Fol@;)| +3Ler + 2.

Now, let’s prove that fp(xj) = Yp(j)» Which is true if and only if y,,;) < ypq) + 2Lp(x, 2;) for all ¢ € [M]. By definition
of p and the fact that f is L-Lipschitz, we have y,;y < Y, + Lp(w), 2;) + 2€2 < ypy + 2Lp(xj, ;) for all i € [M],
since Lp(xj,x;) > Ler = 2¢,. Consequently,

Vo, |f(z) — fo(z)| <3Le 46 < €

which shows that Cx, is indeed an e-covering of 77, whose carnality is bounded by N . To conclude, we take Clo,m =
{0,€2,...,Nea} for N = [H/eo| and Cy such that [Cx| = M = N(e1, X, p).
For H = 1, this result is also given by (Gottlieb et al., 2017), Lemma 5.2. O

Lemma 6. Let (X X A, p) be a metric space and (2, T,P) be a probability space. Let F and G be two functions from
X x AxQtoR such thatw — F(z,a,w) andw — G(z, a,w) are random variables. Also, assume that (x,a) — F(z,a,w)
and (z,a) — G(z,a,w) are Ly and Lg-Lipschitz, respectively, for all w € Q. If

V(z,a), Plwe:G(z,a,w)>F(z,a,w)] <4
then

PlweQ:3(z,a), G(z,a,w) > F(z,a,w) + (Lg + Ly)e] <N (e, X x A, p).
Proof. Let C, be an e-covering of (X x A, p) and let

(e, a0) & argmin p[(2,d'), (x,a)].
(z,a")€C

Let B < {weQ:3(z,a), G(z,a,w) > F(z,a,w) + (Lg + Ly)e}. In E, we have, for some (z, a),

G(z,a%,w) + Lge > G(z,a,w) > F(x,a,w)+ (Lg + Ly)e > F(z%,a%,w) + Lge.
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Hence, in E, there exists (x, a) such that:

G(x67 a’eﬂw) Z F(me?a67 70'))

and
PIE] <Plwe Q:3(za) € C, G(z,a%,w) > F(z%,a%,w)]
< Z PlweQ: G afw) > F(zf,af,,w)] < é
(z€,a¢)eC. (z€,a¢)EC,
which gives us P [E] < 0N (e, X x A, p). O

H.3. Technical lemmas

We state and prove three technical lemmas that help controlling some of the sums that appear in our regret analysis.

Lemma 7. Consider a sequence of non-negative real numbers {zs}izl and let g : Ry — [0, 1] satisfy Assumption 3. Let

def Zs ~ def Ws
ws =g\ and Wy = —————.

for 8 > 0. Then, fort > 1, we have

t

S iz, < 20 (HW)-

s=1
Proof. We split the sum into two terms:

t
Zi[}szsz Z WeZs + Z Wezs < C+ Z WeZs
s=1

sizg<c Sizg>cC sizg>cC

From Assumption 3, we have wy < Cf exp (—22/(202)). Hence, Wy < (C7/B) exp (—22/(20?)), since B+3_",_; wy >

8.

We want to find ¢ such that:

- cy 22 1202
2. >c = —Lexp|-— =
° g Pl7202) =7 z2
which implies, for z, > ¢, that w, < %2;22.

Let x = 22/202%. Reformulating, we want to find a value ¢’ such that C{ exp(—z) < B/(xt) for all z > /. Let
d =2log(Cjt/B +e). If x > ¢/, we have:

|8

Ccit Ccit
Zlog(ﬁl—i—e) = ng—l—log(ﬂl—&—e) = x >logz +log(Cyt/B +e€)

= (C{/B)exp(—z) < 1/(xt)
as we wanted. Hence, we choose ¢’ = 21og(C{t/ + e).
Now, z > ¢’ is equivalent to z; > V202¢’ = 20/log(C{t/S + e). Therefore, we take ¢ = 201/log(C{t/3), which gives

us

E E 1202 20° 1 202 Dz > 202
Wszs < *Lzs < 27 — < 20 M < g
t Zg t Zs c t ¢

Sizg>cC sizs>e sizs>cC
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Finally, we obtain:

t 20.2
Zﬁszsgc—k Z Wszs < ¢4+ —
s=1 ¢

S:izg>cC

2 fioa( Ot/ + 0+ 7t <20 (1 i1/ )

O
Lemma 8. Let {ys}iz1 be a sequence of real numbers and let 0 > 0.For z € RY, let
¢
def s=19\2s/0)Ys def 1 def 1
fi(z) 2 Rt SN e : O — .
B+ 2 =19(2/0) B+ =19(2/0) B+ 2 =19(2/0)
Then, f1, f2 and f3 are Lipschitz continuous with respect to the norm ||-|| . :
. 2CYt(max; |ys|) . Cyt . Cst
Lip () < 2D pip () < SO () < 5
where Lip (f;) denotes the Lipschitz constant of f;, fori € {1,2,3}.
Proof. Using Assumption 3, the partial derivatives of f; and f, are bounded as follows
) 1|9/ (z s 1Y (s s 204
];1(2’) <= |g (Zt/U)Hy | 4= 25_19(2 /U)‘y | 2|g/(zs/0)|§ BQmaX|yS|
z o o o s
SRR PSR CED SN L)
0|1 lgesol
0zs |~ 20 3/2 = 2033/2
CES >yIevs) ’
0|1 ol o
> 2 = 32
A R ) I
Therefore,
2CYt(max; |ys|) Cit Cit
V() < T — IVf2(2)ll; < 20537 IV f3(2)ll; < o2
and the result follows from the fact that | f;(21) — fi(22)| < sup, |V fi(2)]l; |21 — 22]|, for¢ € {1,2,3}. O

Lemma 9. Consider a sequence {a,},~, of non-negative numbers such that a,, < c for some constant ¢ > 0. Let
A = 22;11 Gy. Then, for any b > 0 and any p > 0,
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def _ _
Proof. Letn <= max {t:ay +...+a;_1 <c}. We have Z;’:f (H’;ijmp < E?:f a; < c and, consequently,

T
A1 —
D Ty 1+bAt C+Z 1+bA C+Z 1+bAt

t=1

_ At+1 — At At+1 At
_c+; (1+bAsr1 — bay)P +Z (1+b(As11 — )P

t=n
T Aipa

At 1
=c+ d <c+ / —d
¢ ;L/At (1+b(At+1—C z ¢ Z +bZ_C)) *

Aty 1 AT+1 1
=c+ — _dz < +/ — dz.
¢ /A Atbz—op =) Atbz—opr™

I. Experimental setup
For Kernel-UCBVI, we used the following simplified exploration bonuses:

1 H-h+1

B (z,a) = .
h Ck (x, ) Ck(z,a)

The same bonus was used for the baselines, except that CF(z,a) was replaced by NF(I(z),a) =

max (1, le:ll I{I(z}) = I(z),a; = a}) where I(x) is the index of the discrete state corresponding to the continu-
ous state x.

We used the Euclidean distance on the states and the Gaussian kernel function g(z) = exp(—22/2). The regularization was
taken as § = 0.01.

Additionally, in Kernel-UCBVI, we used representative states (Kveton & Theocharous, 2012; Barreto et al., 2016) to merge
states that are at a distance smaller than 0.05 from each other, which provides a great improvement in the runtime of the
algorithm.



