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Abstract

In this work, we propose KeRNS: an algorithm
for episodic reinforcement learning in non-
stationary Markov Decision Processes (MDPs)
whose state-action set is endowed with a met-
ric. Using a non-parametric model of the
MDP built with time-dependent kernels, we
prove a regret bound that scales with the cov-
ering dimension of the state-action space and
the total variation of the MDP with time,
which quantifies its level of non-stationarity.
Our method generalizes previous approaches
based on sliding windows and exponential
discounting used to handle changing environ-
ments. We further propose a practical imple-
mentation of KeRNS, we analyze its regret and
validate it experimentally.

1 Introduction

In reinforcement learning (RL), an agent interacts with
an environment by sequentially taking actions, receiv-
ing rewards and observing state transitions. One of
the main challenges in RL is the trade-off between ex-
ploration, the act of gathering information about the
environment, and exploitation, the act of using the
current knowledge to maximize the sum of rewards. In
non-stationary environments, handling this trade-off be-
comes much harder: what has been learned in the past
may no longer be valid in the present. Therefore, the
agent needs to constantly re-explore previously known
parts of the environment to discover possible changes.
In this work, we propose KeRNS,! an algorithm that
handles this problem by acting optimistically and by

'meaning Kernel-based Reinforcement Learning in Non-
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forgetting data that are far in the past, which naturally
causes the agent to keep exploring to discover changes.
KeRNS relies on non-parametric kernel estimators of
the MDP, and the non-stationarity is handled by using
time-dependent kernels.

The regret of an algorithm, defined as the difference be-
tween the rewards obtained by an optimal agent and the
ones obtained by the algorithm, allows us to quantify
how well an agent balances exploration and exploita-
tion. We prove a regret bound for KeRNS that holds
in a challenging setting, where the state-action space
can be continuous and the environment can change
in every episode, as long as the cumulative changes
remain small when compared to the total number of
episodes.

Related work Regret bounds for RL in station-
ary environments have been extensively studied in fi-
nite (tabular) MDPs (Jaksch et al., 2010; Azar et al.,
2017; Dann et al., 2017; Jin et al., 2018; Zanette and
Brunskill, 2019), and also in metric spaces under Lips-
chitz continuity assumptions (Ortner and Ryabko, 2012;
Song and Sun, 2019; Sinclair et al., 2019; Domingues
et al., 2020; Sinclair et al., 2020). Recent works provide
algorithms with regret bounds for non-stationary RL in
the tabular setting (Gajane et al., 2018; Ortner et al.,
2019; Cheung et al., 2020). These algorithms estimate
the transitions and the rewards in an episode k using
the data observed up to episode k — 1. However, since
the MDP can change from one episode to another, these
estimators are biased. If nothing is done to handle this
bias, the algorithms will suffer a linear regret (Ortner
et al., 2019) that depends on the magnitude of the bias.
To deal with this issue, different approaches have been
proposed: Gajane et al. (2018) and Cheung et al. (2020)
use sliding windows to compute estimators that use
only the most recently observed transitions, whereas
Ortner et al. (2019) restart the algorithm periodically
and, after each restart, new estimators are build and
past data are discarded. In the multi-armed bandit
literature, in addition to sliding windows, exponential
discounting has also been used as a mean to give more
importance to recent data (Kocsis and Szepesvéari, 2006;
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Garivier and Moulines, 2011; Russac et al., 2019). In
this paper, we study the dynamic regret of the algo-
rithm, where, in each episode k, we compare the learner
to the optimal policy of the MDP in episode k. A re-
lated approach consists in comparing the performance
of the learner to the best stationary policy in hindsight,
e.g., (Even-Dar et al., 2009; Yu and Mannor, 2009; Neu
et al., 2013; Dick et al., 2014), which is less suited to
non-stationary environments, since the performance of
any fixed policy can be very bad. Non-stationary RL
has also been studied outside the regret minimization
framework, without, however, tackling the issue of ex-
ploration. For instance, Choi et al. (2000) propose a
model where the MDP varies according to a sequence
of tasks whose changes form a Markov chain. Szita
et al. (2002) and Csaji and Monostori (2008) study
the convergence of Q-learning when the environment
changes but remain close to a fixed MDP. Assuming
full knowledge of the MDP at each time step, but with
unknown evolution, Lecarpentier and Rachelson (2019)
introduce a risk-averse approach to planning in slowly
changing environments. In a related setting, Lykouris
et al. (2019) study episodic RL problems where the
MDP can be corrupted by an adversary and provide
regret bounds in this case.

Contributions We provide the first regret bound for
non-stationary RL in continuous environments. More
precisely, we show that the Kernel-UCBVI algorithm of
Domingues et al. (2020), based on non-parametric ker-
nel smoothing, can be modified to tackle non-stationary
environments by using appropriate time- and space-
dependent kernels. We analyze the resulting algorithm,
KeRNS, under mild assumptions on the kernel, which in
particular recover previously studied forgetting mech-
anisms to tackle non-stationarity in bandits and RL:
sliding windows (Gajane et al., 2018) and exponen-
tial discounting (Kocsis and Szepesvéari, 2006; Garivier
and Moulines, 2011; Russac et al., 2019), and allow
for combinations between those. On the practical side,
kernel-based approaches can be very computationally
demanding since their complexity grows with the num-
ber of data points. Building on the notion of repre-
sentative states, promoted in previous work on practi-
cal kernel-based RL (Kveton and Theocharous, 2012;
Barreto et al., 2016) we propose an efficient version of
KeRNS, called RS-KeRNS, which has constant runtime per
episode. We analyze the regret of RS-KeRNS, showing
that it enables a trade-off between regret and runtime,
and we validate this algorithm empirically.

2 Setting

Notation For any n € N*, let [n] ef {1,...,n}. If p
and P(-|z,a) are measures for any (z,a) and f is an

arbitrary function, we define pf def [ f(y)dp(y) and
def
Pf(z,a) = [ f(y)dP(ylz,a).?

Non-stationary MDPs We consider an episodic
RL setting where, in each episode k € [K], an agent
interacts with the environment for H € N* time steps.
The time is indexed by (k,h), where k represents an
episode and h the time step within the episode. The en-
vironment is modeled as a non-stationary MDP, defined
by the tuple (X, A, r,P), where X is the state space, A
is the action space, r = {TZ}k,h and P = {Pz}k,h are
sets of reward functions and transition kernels, respec-
tively. More precisely, when taking action a in state
x at time (k, h), the agent observes a random reward
7% € [0,1] with mean r(z,a) and makes a transition
to the next state according to the probability measure
P¥(-|xz,a). A deterministic policy 7 is a mapping from
[H] x X to A, and we denote by w(h,z) the action
chosen in state x at step h. The action-value function
of a policy 7 in step h of episode k is defined as

H
Qfp(z,a) € E [Z vk (en ) |on = v, = ]

h'=h

where zp 1 ~ P¥,(:|lzp, an), ap = w(W,z), and its
value function is defined by VT, (z) = Qf ,(z, 7(h, x)).

The optimal value functions, Vj  (z) def sup, Vi 5, (7)
satisfy the Bellman equations (Puterman, 2014)

Vi n(r) = max Qj ,(x,a), where
o acA 7

* def *
Qi n(x,a) = ry(z,a) + szk,thl(xva)

and where V} 5 ; = 0 by definition.

Dynamic regret The agent interacts with the envi-
ronment in a sequence of episodes and, in each episode
k, it uses a policy 7 that can be chosen based on its
observations from previous episodes. We measure its
performance by the dynamic regret, defined as the sum
over all episodes of the difference between the optimal
value function in episode k and the value of 7y:

K

R(K) Y (Via(ah) = Vs b))

k=1

where x¥ is the starting state in each episode, which is
chosen arbitrarily and given to the learner.

Assumptions Since regret lower bounds scale with
the number of states and actions (Jaksch et al., 2010),
structural assumptions are needed in order to enable

2See also Table 2 in Appendix A summarizing the main
notations used in the paper and in the proofs.
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learning in continuous MDPs. A common assumption
is that rewards and transitions are Lipschitz continuous
with respect to some known metric (Ortner and Ryabko,
2012; Song and Sun, 2019; Domingues et al., 2020;
Sinclair et al., 2020), which is the approach that we
follow in this work. We make no assumptions regarding
how the MDP changes, and our regret bounds will be
expressed in terms of its total variation over time.

Assumption 1. The state-action space X x A is
equipped with a metric p : (X x A)? — Ry, which
is giwven to the learner. Also, we assume that there
exists a metric pxy on X such that, for all (x,2,a),
P [(Iva)’ ('T/’ a)] < px (xv'r/)'S

Assumption 2. The reward functions are
L.-Lipschitz and the transition kernels are Ly-
Lipschitz with respect to the 1-Wasserstein distance:

V(z,a,2',a’) and V(k,h) € [K] x [H],
|T;€L(x7a) - r,’i(x’,a’)‘ < Lip[(z,a), ('Tlﬂa/)] , and

Wy (PZ("xva)’Pﬁ('m/va/)) < Lpp [(a@a ,(:v’,a’)]

where, for two measures w and v, we have Wy (p,v) def
SUD s 1ip( <1 S f()(dp(y)—dv(y)) and where, for any
Lipschitz function f X — R with respect to px, Lip(f)
denotes its Lipschitz constant.

Assumption 3. For any (k,h), the optimal Q-
Junction Qj, , is L-Lipschitz with respect to p. Assump-
tions 1 and 2 imply that L < Zthl LerH_
26 in the Appendiz).

b (Lemma

3 An Algorithm for Kernel-Based RL
in Non-Stationary Environments

In this section, we introduce KeRNS, a model-based RL
algorithm for learning in non-stationary MDPs. In each
episode k, we estimate the transitions and the rewards
using the data observed up to episode k — 1. Using
exploration bonuses that represent the uncertainty in
the estimated model, KeRNS builds a (-function QZ,
and plays the greedy policy with respect to it. KeRNS
generalizes sliding-window and exponential discount-
ing approaches by considering time-dependent kernel
functions, which also allow us to handle exploration in
continuous environments (Domingues et al., 2020).

3.1 Kernel-Based Estimators for Changing
MDPs

Let I': N x (X x A)2 — [0,1] be a non-stationary ker-
nel function, where I'(t,u,v) represents the similarity

31f (A, pa) is also a metric space, we can take
pl(z,a), (z',a")] = px (z,2') + pa (a,a’), for instance. See
Section 2.3 of Sinclair et al. (2019) for more examples and
a discussion.

between two state action pairs u,v in X x A visited at
an interval ¢.

Definition 1 (kernel weights). Let (z},a}) be the
state-action pair visited at time (s, h). For any (x,a) €
X x A and s < k, we define the weights and the nor-
malized weights at time (k,h) as

0 (k—s—1,(z,0),(z},0}))

where

W
h S(x7 )
and fs

def ks
(r,0) = (z,0)/Cj(x,a),
Ck(z,a) et 54 Zk 11wh (z,a) and 3 > 0 is a
reqularization parameter.

Using the kernel function I' and past data, KeRNS builds
estimators ?’ﬁ of the reward function and P}’f of the
transitions at time (k, h), which are defined below.

Definition 2 (empirical MDP). At time (s, h) € [K]x
[H], let (x},, af,, x}, 1, T}) represent the state, the action,
the next state and the reward observed by the algorithm.
Before each episode k, KeRNS estimates the rewards and
transitions using the data observed up to episode k — 1:

k—
d Tk
?f(x a) = Wy, (93 a)ry,
s=1
. fk—l
Pf(ylz,a) =Y @)% (2,0)00;  (y)
s=1

where 0, 1s the Dirac measure at x. Let ./\/lk be the MDP

whose rewards and transitions at step h are 7 (z,a) and

PE(y|z,a).t

The weights w,’j’s(x, a) measure the influence that the
transitions and rewards observed at time (s, h) will have
on the estimators for the state-action pair (x,a) at time
(k,h). Their sum, C¥(z,a), is a proxy for the number
of visits to (z,a). Intuitively, the kernel function T’
must be designed in order to ensure that wZ’S(x,a)
is small when (z,a) is very far from (x},a;), with
respect to the distance p. It must also be small when
k —s—1is large, which means that the sample (z}, aj)
was collected too far in the past and should have a
small impact on the estimators. For our theoretical
analysis, we will need the assumptions below on the
kernel function I'.

Assumption 4 (kernel properties). Let o > 0, n €
10,1[ and W € N be the kernel parameters. For each
set of parameters, we assume that we have access to
a base kernel function f(,,hw) :N xR —[0,1] and we
define, for any t,u,v € N* x X x A,

L(t,u,v) =T wy (¢ plu,v] /o).

4Since the normalized weights do not sum to 1, lg,lf is not
a probability kernel. In this case, we suffer a bias of order
3 and the property that PF is a sub-probability measure is
enough for the analysis.



A Kernel-Based Approach to Non-Stationary RL in Metric Spaces

We assume that z — f(,]’w) (t,z) is non-increasing for
any t € N. Additionally, we assume that there exists
positive constants C1,Co, a constant C3 > 0 and an
arbitrary function G : R — Rxq that satisfies G(4) > 0
such that

(1) V(t2), T (t,z) < Crexp (—2%/2)

(2) V(t.y.2), Lo (ty) = Tt 2)| < Caly — 2]
(3)

(4)

Vz, f(,,,yw)(t,z) < Csnt,  forallt > W
Vz, f(,],w)(t, 2) > G(2)nt,  forallt < W.

We now provide some justification for these condi-
tions. (1) ensures that the bias due to kernel smoothing
remains bounded by O (o) (Lemma 23); (2) ensures
smoothness conditions that are needed to provide con-
centration inequalities for the rewards and transitions
(Lemma 24); (3) and (4) allow us to control the bias
and the variance due to non-stationarity, respectively
(Lemmas 2 and 16). Intuitively, (3) says the algorithm
should forget data further than W episodes in the past,
and (4) says that recent data in the W most recent
episodes must have a minimum weight. The condition
G(4) > 0 is mostly technical: it is used to ensure that
Ck(x,a) is not too small in a 40-neighborhood of (z, a)
(see lemmas 15 and 16). The kernels in the example
below satisfy our conditions, and show that they indeed
generalize sliding-window and exponential discounting
approaches:

Example 1 (sliding-window and exponential discount).
The kernels T, w)(t,z) = 1{t < W}exp(—|z|" /2)
(sliding-window) and T, wy(t,z) = n'exp(—|z[" /2)
(exzponential discount) satisfy Assumption 4 for p > 2.

The conditions in Assumption 4 are needed to prove our
regret bounds. However, if one has further knowledge
about the MDP and its changes, this information can
also be integrated to the kernel function I'. For example,
if the MDP only changes in certain region of the state-
action space, the kernel can be designed to forget past
data only in that region. Also, the kernel I' can be
designed to enforce restarts, as proposed by Ortner
et al. (2019) for finite MDPs, by setting I'(¢,u,v) to
zero every time t exceeds a certain threshold. Although
this would require a separate analysis, our proof could
be combined to the one of (Ortner et al., 2019) to
obtain a regret bound in this case.

3.2 Algorithm

KeRNS is presented in Algorithm 1. At time (k, k), let
B¥(x, a) be the exploration bonus at (z,a) representing

the uncertainty of M\k with respect to the true MDP:

~ H BH
B (z,a) = O + =
C’;L(x,a) Ch(z,a)

+Lo| (1)

where O (-) hides logarithmic terms. The exact expres-
sion for the bonuses is given in Def. 5 in Appendix A. Be-
fore starting episode k, KeRNS computes, for all h € [H],
the values Q¥ by running backward induction on M ks
with the bonus BF(z,a) added to the rewards, followed

by an interpolation step:
Qlﬁ(xa a) = ?E(% a) + P}]ch}ﬁrl(xv a) + Bﬁ(l‘, a)

Qh(w,0) = min,ep 1y (@h (w5, a3) + Lp(w, 0), (<, ;)]
V¥ (z) = min (H — h + 1, max,Qf (z, a))

0. The interpolation is needed to

ensure that Qﬁ and V,f are L-Lipschitz. This procedure
is defined in detail in Algorithm 3 in Appendix A,
which is the same kind of backward induction used by
Kernel-UCBVI (Domingues et al., 2020). Once Q¥ is
computed, KeRNS plays the greedy policy associated
to it. Notice that, although Q% (x,a) and V[ (x) are
defined for all (z,a), they only need to be computed
for the states and actions observed by the algorithm
up to episode k.

where Vi,

Algorithm 1 KeRNS

1: Input: K, H, L, L, , L, 5,06,d, o0, n, W.
2: Initialize history: 7, = 0 for all h € [H].
3: for episode k =1,..., K do

4: get initial state zf

5: // Run kernel backward induction

6: compute (QF)y, using (7)n and Algorithm 3.
7 for h=1,...,H do

8: execute ay = argmax, QF (zF,a)

9: observe reward 7¥ and next state xlfl +1

10: store transition 7;, = T U {xfl,alfb, x’fLH,Fﬁ}
11: end for

12: end for

3.3 Theoretical guarantees

We introduce A, the total variation of the MDP in K
episodes:

Definition 3 (MDP variation). We define A = A" +
LAP | where

K H
r def i i+1
A= Zzsup |7"h(33,a) -7y (l‘,&)| 3
i=1 h=1 ©¢

K H
AP EERT ST sup Wy (P (fr, 0), Py (fr, )
i=1 h=1 ©¢
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A similar notion has been introduced, for instance, by
Ortner et al. (2019); Li and Li (2019) for MDPs and by
Besbes et al. (2014) for multi-armed bandits. Here, the
difference is that we use the Wasserstein distance to
define the variation of the transitions, instead of the to-
tal variation (TV) distance ||P} (-|z,a) — Pi (|2, a)|;.
This choice was made in order to take into account the
metric p when measuring changes in the environment:
our results would be analogous if we had chosen the
TV distance.?

Using the same algorithm, we provide two regret
bounds for KeRNS, which are given below. The no-
tation < omits constants and logarithmic terms (see
Definition 4 in Appendix A).

Theorem 1. The regret of KeRNS is bounded as
R¥S(K) < min (R1(K), R2(K)) + bias(o,n, W, A),
where

1 1
Ri(K) = H*K /logE\/|C{,| IC,| + H?|C,| Klogg
1 1
Ro(K) = H*K , [log 7?/|c(,| + H3|C,||C| Klog?]

w
bias(o, 1, W,A) = WAH + 177—1(1{3 + LKHo
—n
with probability at least 1 — 0. Here, |C.| and |C,]|
are the o-covering numbers of (X, px) and (X x A, p)
respectively, (0,1, W) are the kernel parameters.

Proof. This result comes from combining theorems 3
and 4 in Appendix F. See Section 5 for a proof outline.

As discussed below, after optimizing the kernel param-
eters (Table 1), the bound R4 has a worse dependence
on K, and a better dependence on A. On the other
hand, R» is better with respect to K, but worse in
A. Concretely, this trade-off may give hints on how to
choose the kernel parameters according to the amount
of variation that we expect to see in the environment.
Technically, the difference comes from how we handle
the concentration of the transitions in the proof. To
obtain R;, we use concentration inequalities on the
term |(PF —PF) f| for all functions f that are bounded
and Lipschitz continuous. To obtain R, the concen-
tration is done only for f = V[, ;, but this results
in larger second-order terms, as in (Azar et al., 2017;
Domingues et al., 2020).

Corollary 1. Let d be the covering dimension of (X X
A, p). By optimizing the kernel parameters, we obtain
the regret bounds in Table 1. Table 3 in Appendix B.2
gives the values of (o,n, W) that yield these bounds.

Proof. Assuming that |C/| < |C,|, we have that |C, |
and |C.,| are O (1/0). Then, the bounds follow from

5More precisely, in the proof of Corollary 2, the Wasser-
stein distance could be replaced by the TV distance.

Theorem 1. The general case, handling separately the
covering dimensions of (X x A, p) and (X, px), is stated
in corollaries 6 and 9 in Appendix F.

Discussion We now discuss regret bounds for op-
timized kernel parameters, according to the covering
dimension of (X x A, p), denoted by d. Roughly, the
covering dimension is the smallest number d > 0 such
that the o-covering number |C,| is O (1/0%).5 We con-
sider two cases: the tabular (finite MDP) case, where
the covering dimension of (X x A, p) is d = 0, and the
continuous case, where d > 0.

Tabular case Let X = |X| and A = |A|. By taking
o =0, we have |C/| = X and |C,| = X A. As shown in
Table 1, the R1 bound states that the regret of KeRNS
is O (HQX\/ZA%K%). This bound matches the one

proved by Ortner et al. (2019) for the average reward
setting using restarts, up to a factor of H 3 coming
from our episodic setting, where the transitions P¥
depend on h. The R bound states that the regret of

KeRNS can be improved to o (H2\/ XAA%K%), up to
second-order terms. In the bandit case (H = 1), these

bounds are optimal in terms of K and A (Besbes et al.,
2014).

Continuous case For d > 0, we prove the first
dynamic regret bounds in our setting, which are of
order H2A3 K 27+ (better in A) or H2A3 K 5 (bet-
ter in K) for two different tunings of the kernel. De-
riving a lower bound in the non-stationary case for
d > 0 is an open problem, even for multi-armed ban-
dits. As a sanity-check, we note that in stationary
MDPs, for which A = 0, we recover the regret bound of
Kernel-UCBVI’ (Domingues et al., 2020) of H3K =%
from the bound Ry with log(1/n) = 1/K, W — oo
and 0 = K_ﬁ, which is optimal for d = 1 in the
(stationary) bandit case (Bubeck et al., 2011).

In tabular MDPs, we may achieve sub-linear regret

as long as A < K.% In the continuous case however,
3

our bounds show that we might need A < K233 (for

the R, bound) or A < K71 (for the Ry bound) in
order to avoid a linear regret, which is an immediate
consequence of the bounds in Table 1.

Knowledge of A To optimally choose the kernel
parameters, KeRNS requires an upper bound on the

5For more details about covering numbers and covering
dimension, see Section 3 of Kleinberg et al. (2019) and
Section 2.2 of Sinclair et al. (2019).

7 Another choice of 1 might allow us to avoid the depen-
dence on H® of Kernel-UCBVI and get H? instead.

8Notice that, if A scales linearly with the number of
episodes K, we cannot expect to learn. Indeed, according
to the lower bound (Besbes et al., 2014), the regret is
necessarily linear in this case.
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Table 1: Regret for optimized kernel parameters.

| bound  regret
-0l R H2XVAANSK3
B Ry  H*/XAASKS + H3X2AAGKS
R,  H2A}K3T3
d>0

Ra H2AS K35 1+ g3AYKS

variation A. Recent work has started to tackle this
issue in bandit algorithms (Chen et al., 2019; Auer
et al., 2019), and finite MDPs using sliding windows
(Cheung et al., 2020). Their extension to continuous
MDPs is left to future work.

4 Efficient Implementation

Since KeRNS uses non-parametric kernel estimators,
its computational complexity scales with the num-
ber of observed transitions. Let 74 be the time re-
quired to compute the maximum of a — QF(z,a).
Similarly to Kernel-UCBVI, its total space complex-
ity is O (K H) and its time complexity per episode k
is O (Hk;2 + HTAk), resulting in a total runtime of
@) (HK3 + HTAKQ). This runtime is very prohibitive
in practice, especially in changing environments, where
we might need to run the algorithm for a very long
time. Domingues et al. (2020) propose a version of
Kernel-UCBVI with improved per-episode time com-
plexity of O (Htak) based on real-time dynamic pro-
gramming (RTDP) (Barto et al., 1995; Efroni et al.,
2019). However, this requires the upper bounds V}f
to be non-increasing, which is not the case in KeRNS,
since Vh]f increases in regions that were not visited re-
cently. This property is necessary to promote extra
exploration and adapt to possible changes. Addition-
ally, the RTDP-based approach of Domingues et al.
(2020) still has a time complexity that scales with time,
which can be a considerable issue in practice. Here,
we propose an alternative to run KeRNS in constant
time per episode, while controlling the impact of this
speed-up on the regret.

4.1 Using Representative States and Actions

As proposed by Kveton and Theocharous (2012) and
Barreto et al. (2016), we take an approach based on
using representative states to construct an algorithm
called RS-KeRNS (for KeRNS on Representative States).
In each episode k, RS-KeRNS keeps and updates sets of
representative states X n, actions flh and next-states
V», for each h, whose cardinalities are denoted by
X, Ay and Yy, respectively. For simplicity, we omit
the dependence on k of these sets and their cardinal-

ities. Every time a new transition {xz, aﬁ, m’gﬂ,ﬂj}
is observed, the representative sets are updated using
Algorithm 2, which ensures that any two representa-
tive state-action pairs are at a distance greater than
¢ from each other. Similarly, it ensures that any pair
of representative next-states are at a distance greater
than ¢y from each other. Then, (z},af) and z7 , are
mapped to their nearest neighbors in X}, x A; and
YV, respectively, and the estimators of the rewards
and transitions are updated. Consequently, we build
a finite MDP, denoted by /\\7lk7 with X states, Ay
actions and Y, next-states, per stage h. The rewards
and transitions of M r can be stored in arrays of size
XhAh and Xh;lh?ha for each h.

RS-KeRNS is described precisely in Algorithm 4 in Ap-
pendix G. It computes a @Q-function for all (Z,a) €
UnrX, x A by running backward induction in /T/l/k,
which is then extended to any (z,a) € X x A by
performing an interpolation step, as in KeRNS. In Ap-
pendix G, we explain how the rewards and transitions
estimators of ./\v/l;€ can be updated online. Below, we
provide regret and runtime guaranties for this efficient
implementation.

Algorithm 2 Update Representative Sets

1: Input: k, hy Xn, An, V1, {xﬁ,aﬁ,w’fl+1}, €, Ex.
2: if ming a)c 2, x4, £ [(T. @), (xF,a))] > ¢ then

3: .)Eh:AjhU{l’Z}, AhIAhU{aﬁ}

4: end if

5: if mingej,h pPx (E, xﬁ_‘,l) > ey then

6: yh:yhU{CL‘ﬁ+1}

7: end if

4.2 Theoretical Guarantees & Runtime

Theorem 2 states that RS-KeRNS enjoys the same regret
bounds as KeRNS plus a bias term that can be controlled
by € and £y, as long as we use a Gaussian kernel.

Theorem 2 (regret of RS-KeRNS). Let x(,w) : N —
[0,1], u,v € X x A, and consider the kernel

P(t,u,) = X0 0 (B exp (—p [, 0] /(20%))

assumed to satisfy Assumption 4. With this choice of
kernel, the regret of RS-KeRNS is bounded by

R(K) < RFMS(K) + L(e + ex) KH? + ~KH?
a

with probability at least 1 — §, where R¥eHS

bound of KeRNS given in Theorem 1.

18 regret

Proof.  This result comes from theorems 5 and 6 in
Appendix G. See Appendix B for a proof outline.
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Lemma 1 (runtime of RS-KeRNS). Consider the kernel
defined in Theorem 2, and let (ov;)i>1 be a sequence of
real numbers in [0, 1]. If we take x ¢, wy(t) = H§=1 a;,
the per-episode runtime of RS-KeRNS is bounded by

@) (Hmin (k:Q, ICc] |C;X |) + H min (k:, |C;X|) TA) )

where |C.| is the e-covering number of (X x A, p), |CL_|
is the e x -covering number of (X, p), and T4 is the time
required to compute the mazimum of a — QF(z,a).
In particular, we can take o; = n for all i, which
gives an exponential-discount strategy for handling non-
stationarity.

Proof. By construction, in any episode k, we
have XA, < min (k,|C|) and Y} < min (k,|C., ).
Backward mductlon (Algorlthm 5) is performed in

(Zh XAy +7a >on Yh) time, and the choice of
X(y,w)(t) implies that the model updates can be done
in O (Zh XhAth) time, as detailed in Appendix G.2.

Consequently, the constants € and ¢y provide a trade-
off between regret and computational complexity. Since
IC.| = O(e7") and |C.,| = O (%), increasing
(e,£x) may reduce exponentially the runtime of RS-
KeRNS, while having only a linear increase in its regret.

Kveton and Theocharous (2012) and Barreto et al.
(2016) studied the idea of using representative states to
accelerate kernel-based RL (KBRL), but we provide the
first regret bounds in this setting. More precisely, our
result improves previous work in the following aspects:
(i) Kveton and Theocharous (2012) and Barreto et al.
(2016) do not tackle exploration and do not have finite—
time analyses: they provide approximate versions of
the KBRL algorithm of Ormoneit and Sen (2002) which
has asymptotic guarantees assuming that transitions
are generated from independent samples; (ii) The error
bounds of Kveton and Theocharous (2012) scale with
exp(1/0?). In our online setting, o can be chosen as a
function of the horizon K, and their bound could result
in an error that scales exponentially with K, instead of
linearly, as ours. Our result comes from an improved
analysis of the smoothness of kernel estimators, that
leverages the regularization constant 5 (Lemma 25);
(iii) Barreto et al. (2016) propose an algorithm that also
builds a set of representative states in an online way.
However, their theoretical guarantees only hold when
this set is fized, i.e., cannot be updated during explo-
ration, whereas our bounds hold in this case; (iv) unlike
(Kveton and Theocharous, 2012; Barreto et al., 2016),
our theoretical results also hold in continuous action
spaces.

4.3 Numerical Validation

To illustrate the behavior of RS-KeRNS, we consider
a continuous MDP whose state-space is the unit

ball in R? with four actions, representing a move
to the right, left, up or down. The agent starts
t (0,0). Let b¥ € {0,0.25,0.5,0.75,1} and z; €
{(0.8,0.0), (0.0,0.8), (—0.8,0.0), (0.0, —0.8)}. We con-
sider the following mean reward function:

" =il
Z max(() 05

which do not depend on h. Every N episodes, the
coeflicients bf are changed, which impact the optimal
policy.

le4 Total reward
gl ~T" RestartBaseline &
—-— RS-Kernel-UCBVI Vel
—— RS-KeRNS
6 4
4 4
2 4
01 episode
0.0 0.5 1.0 1.5 2.0

led

Figure 1: Performance of RS-KeRNS compared to base-
lines for N = 2000. Average over 4 runs.

Taking n = exp(—(1/N)?/3), we used the kernel
D(t,u,v) = nlexp(—(plu,v] /0)*/2). We set o =
0.05, = = ey = 01, 7 = 001, H = 15 and
ran the algorithm for 2 x 10* episodes. KeRNS

was compared to two baselines: (i) Kernel-UCBVI
combined with representative states, that we call
RS-Kernel-UCBVI, which is designed for stationary
environments. This corresponds to RS-KeRNS with
x(t) = 1, that is, n = 1; (ii) A restart-based al-
gorithm, called RestartBaseline, which is imple-
mented as RS-Kernel-UCBVI, but it has full informa-
tion about when the environment changes, and, at
every change, it restarts its reward estimator and its
bonuses. We can see that, as expected, RS-KeRNS out-
performs RS-Kernel-UCBVI, which was not designed
for non-stationary environments, and is able to “track”
the behavior of the restart-based algorithm which has
full information about how the environment changes.
In Appendix I, we give more details about the experi-
mental setup and provide more experiments, varying
the period N of changes in the MDP and the kernel
function.

5 Proof Outline

We now outline the proof of Theorem 1 assuming, for
simplicity, that the rewards are known.
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Bias due to non-stationarity To bound the bias,
we introduce an average MDP with transitions Pp:

Z

3Pk (y|z, a)

)P ,
(z,a)Pi (y|z,a) + Ch (2, a)

y|m a)

where (Pj)s are the true transitions at time (s, h).
We prove that, for any L-Lipschitz function f bounded
by H, (Corollary 2):

‘(Pﬁ —Pi) f(x7a)‘ < biasy(k, h)

where the term biasy (k, h) is defined as

k—1
L Z Sule (PZ('WWL)’PZH('WWL))
i=1v(k 7W) Ta
203H
L 2CH
51— 7]

Concentration Using concentration inequalities for
weighted sums, we prove that P}’f is close to the average
transition P, using Hoeffding- and Bernstein-type in-
equalities (lemmas 5, 6, 7, and 8), and define an event
G where our confidence sets hold (Lemma 9), such that

P[G] > 1 —§/2. For instance, Lemma 5 gives us

~. —k H? GH

Pr Py , ‘ < i + Lo,
(Pp h) k:,h+1($ a)| S Cfl(x,a) Cﬁ(m,a) o

which explains the form of the exploration bonuses.

Upper bound on the true value function On
the event G, we show that (Lemma 10):

QF (z,a) +

Z bias(k, h) > Qi 5 (x, a)

h'=h

where the term bias(k, h) is the sum of biasy(k, h)

defined above, and a similar term representing the bias

in the reward estimation.

Regret bounds Let (%,ad¥) be the state-action pair

among the previously visited ones that is the closest

to (zF,ak):
@.ah) <

Ty, ap argmin p [(xﬁ, aﬁ), (J;Z,ai)} .

(af,a3):5<h,hE[H]
We show that (see proof of Lemma 11):

K H

HY Y 1{p[(z},af), (@}, ap)] > 20} < H*|C,].

k=1h=1

Thus, to simplify the outline, for all (k, h), we assume
that p [(z},af), (z},af)] < 20 and add H?|C,| to the

final regret bound. On the event G, we prove that the
regret of KeRNS is bounded by (lemmas 11 and 12):

K H
H BH
R(K) S ek
;;1;; ck(@k,at) Ch(@h @)

where we omitted factors involving |C, | and |C] | (which
depend on the type of bound considered, Ry or
R2), and martingale terms (which are bounded by
~ H3/?\/K with probability at least 1 — §/2).

Using the properties of the kernel I' (Assumption 4),
we prove that (Lemma 16):

K H 1 |CU|
227<HKlog Col + V| 7
k=1 h=1 \/ CE(aF,af) og(1/n)
SN ko S HIC Klog !

k=1h=1 Ch (@ ar) "

Finally, in Corollary 5, we prove that the bias
Zle Zthl bias(h, k) is bounded by

203(H +1)KH n"

2W (AY 4+ LAP :
(A7+ )+ 5} 1-—79

Putting these bounds together, we prove Theorem 1.
The proof of Theorem 2 is outlined in Appendix B.

6 Conclusion

In this paper, we introduced and analyzed KeRNS, the
first algorithm for continuous MDPs with dynamic
regret guarantees in changing environments. Building
upon previous work on using representative states for
kernel-based RL, we proposed RS-KeRNS, a practical

)

version of KeRNS that runs in constant time per episode.

Moreover, we provide the first analysis that quantifies
the trade-off between the regret and the computational
complexity of this approach. In discrete environments,
our regret bound matches the existing lower bound
for multi-armed bandits in terms of the number of
episodes and the variation of MDP, whereas finding a
lower bound in continuous environments remains an
open problem.

We believe that the ideas introduced in this paper might
be useful for large-scale problems. Indeed, we provide
stronger online guarantees for practical kernel-based
RL, which has already been shown to be empirically
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successful in medium-scale environments (d ~ 10) (Kve-
ton and Theocharous, 2012; Barreto et al., 2016), and
we show that kernel-based RL is naturally suited to
tackle non-stationarity. In larger dimension, kernel-
based exploration bonuses have been recently shown
to enhance exploration in RL for Atari games (Badia
et al., 2020), and our approach might inspire the de-
sign of bonuses for high-dimensional non-stationary
environments.
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A Preliminaries

A.1 Notation

Throughout the proof, we use the following notation when omitting constants and logarithmic terms:

Definition 4.

A< B < A< B x polynomial (d1, ds,log(K),log(1/0), 3,1/3, Ly, L;) .

Table 2 summarizes the main notations used in the paper and in the proofs.

Table 2: Table of notations

Notation ‘ Meaning

p: (X x A)? = Ry | metric on the state-action space X x A

px X2 > Ry metric on the state space X

N(e, X x A, p) e-covering number of the metric space (X x A, p)

K number of episodes

H horizon, length of each episode

1) confidence parameter

o kernel bandwidth parameter

n kernel temporal decay parameter

W kernel temporal window parameter

3 regularization parameter

ICol, |CL] o-covering numbers of (X x A, p) and (X, px), respectively
Ly, Ly, L Lipschitz constants of the rewards, transitions and value functions
r kernel function from N* x (X x A)? to [0, 1]

f(,],W) parameterized kernel function from N* x Ry to [0, 1]
C1,C5,C4 constants related to kernel properties, see Assumption 4
G:Ry - Ry function related to kernel properties, see Assumption 4

My, true MDP at episode k, with rewards rﬁ and transitions P’fL
M\k empirical MDP built by KeRNS in episode k

w,’j’s(m,a) weight at (z,a) in at time (k, h) w.r.t the sample (z},a;,) (Def. 1)
0y (2, a) normalized version of w}"*(z,a) (Def. 1)

(Qz,hv Vz,h)he[H]
(@]}2’ th)hG[H]
(QF, Vi) helm)
X5 AL

true value functions in episode k

value functions computed by KeRNS in episode k

value functions computed by RS-KeRNS in episode k

sets of representative states, actions and next states, at stage h of episode k
mapping from X x A to X¥ x A¥

h
Z,’i mapping from X to 37’2
Ar, AP temporal variation of the rewards and transitions (Def. 3)
A temporal variation of the MDP = A" 4+ LAP
d(=dy) covering dimension of (X x A, p)
do covering dimension of (X, px)
€ threshold distance to add a new representative state-action pair
Ex threshold distance to add a new representative state
L(L,H) set of L-Lipschitz functions from X to R bounded by H
biasy (k, h) bias in transition estimation at time (k, h), (Def. 6)
bias,(k, h) bias in reward estimation at time (k, k) (Def. 6)

bias(k, h) sum of biases bias,(k,h)+ biasp(k, h) (Def. 6)
g good event, on which confidence intervals hold (Lemma 9)

equal to log(z + e) for any z € R
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A.2 Probabilistic model

The interaction between the algorithm and the MDP defines a stochastic process (3}, a3, 2} ,7}) for h € [H]
and s € N*, representing the state, the action, the next state and the reward at step h of episode s. Let

def / ’ ’ ~a! ~, . .
HE = {a:‘,i,,afl,,xfl,ﬂ,ri,} el U {xi,,ai,,xi,+1,r2,}h,<h be the history of the process up to time (s, h).
s'<s,

We define Fj as the o-algebra generated by 7, and denote its corresponding filtration by (Fj)s n.

A.3 Exploration Bonuses and Kernel Backward Induction

A reinforcement learning algorithm can be seen as a mapping from the set of possible histories
Unepa pens (X x A x X x [0, 1)1 to the set of actions A.

For a time (k, h), KeRNS performs this mapping in the following way:

1. Build ﬁl and ﬁ,’j as in Definition 2, which are f}]f_l—measurable.

2. For each h € [H], with VI’}H =0,

e Compute

Qvﬁ(maa) = ?kh(xva) + ﬁ}lfviﬁrl(‘%a) + BZ(‘%G) fOl“ all (337(1) € {(xi7a2)}s<k

e Define, for any (z,a),

Qhtra) = min [Qh(rh,ah) + Lp[(@,a), (a7, o)

se

Vi¥(z) = min (H —h+ 1, max QF (x, a’))

3. Choose the action af € argmax, Q¥ (zF, a).

Notice the algorithmic structure of KeRNS is the same as Kernel-UCBVI (Domingues et al., 2020). However, KeRNS
uses non-stationary kernels to be able to adapt to changing environments.

It can be checked that Algorithm 3 returns the functions Q¥ described above.

The exploration bonus is defined below:
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Definition 5 (exploration bonuses). The exploration bonus in (x,a) at time (k,h) is defined as

B (z,a) e "B (2,a) 4+ PBY (2,a), where
of |20 (K, 0/8) B i
"B (2,a) & 1% +b.(k,5/8)c, and
" Ci(z,a) = Cf(w,q)
2P (k, 6 B
Bk (3,q) & 2O (05, 0)8) H b, (k, 6/8)c

Cﬁ(m, a) C’,?L(x, a)

where

0

L C < 4C )
b.(k,0) = O (L + «/dl) — (2;/2 201 (k, 6) + f) + 2L, L (1 + \/log+(C1k/J)>

i

HN (02/KH, X x A, p) /1 + k/:ﬁ)

Dﬂh®5wﬂbg< >
C

L~ @ = 4C ,
b, (k,0) = O (L + \/I) = (2;/2 200° (k, 0) + f) +2L,L (1 + \/log"'(Clk/ﬁ)) :

and where d; is the covering dimension of (X x A, p) and, for any z € R, log™ () = log(z + e).

CE (k, 6) = & (dy) = log (N (0/K, X x A p) W)

Algorithm 3 Kernel Backward Induction with Exploration Bonuses

1: Input: k, H, I, L, 3, transitions (xi,az,xiﬂ,?’fl)g;ll for all h € [H].
2: Initialization: Vg (z)=0forallz € X

3: for h=H,...,1do

4: form=1,...,k—1do

5: // Using weights given in Def.1 and bonus given in Def. 5, compute:
~ k=1 ~k, ~
6: Qn(ap, af) = 32,21 @y (=), apt) (75 + Vi (@10)) + BR (a7, afl)
7: end for
8: // Interpolated @Q-function. Defined, but not computed, for all (x, a)
o Qulra)= min (Qulri o) + Lol a), (af!, 7))
m -
10: form=1,....,k—1do
11: Vi(z') = min (H — h + 1, max, Qx(z}", a))
12: end for
13: end for

14: Return: (Qh)he[H]
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B Proof Outline

In this section, we outline the proof of the regret bound of RS-KeRNS (Theorem 2).

B.1 Theorem 2

To prove the regret bound in Theorem 2 for RS-KeRNS, we consider the kernel:
def
L(t,u,v) = X))@ (u,v), where ¢ (u,v) = exp (—p[u, v)? /(202)> )

for a given function x(, w) : N — [0,1]. In each episode k, RS-KeRNS has build representative sets of states é\?ﬁ,
actions AF and next states Y¥, for each h € [H]. We define of the projections:
-k def . — def
Ch(w,a) = argmin p[(z,a),(@a@)], Chy) = argminpx (y,7).
(T,a)eXh x A yeYy
from any (x,a,y) to their representatives.

Let WE(z,a) = Y5, x(k — 8)6 (CFY (2, a), (5 (23, ). In episode k + 1, RS-KeRNS computes the following
estimate of the rewards
k

1
“k+1 -k+1 s+1/,.s _5\\ s
1 (x,a) - — E X(k 5)¢ (%a),C (.T ) a ) 7
h ( W];L 1( : ) —~ ( h h hs%h ) h

and the following estimate of the transitions

k
P 1 S S S
Pyt (ylz,a) = HW—H()ZX% )¢ (G (2, 0), G (5, 07)) O s
F h Z,a) s=1

)(y)

which are similar to the estimates that would be computed by KeRNS, but using the projections ¢ and ( to the
representative states and actions. The values of 7 ' (2, a) and Pk'H (y|x, a) are defined for all (x,a,y) € X x Ax X,
but they only need to be stored for (z,a,y) € X F X .Ak X yh, Wthh corresponds to storing a finite representation
of the MDP. The exploration bonuses of RS- KeRNS are defined similarly:
Bt (w,0) € O i + ;ZHI + Lo
5+ VT/ZH(QC, a) I+ Wy (z,a)

We prove that the estimates used by RS-KeRNS are close to the ones used by KeRNS up to bias terms. Then, this
result is used to prove that the regret bound of RS-KeRNS is the same as KeRNS, but adding a bias term multiplied
by the number of episodes. For any (z},a;) with s < k and h € [H], we show that (consequence of Lemma 18):

(B = P) V(ai,ai)

and similar bounds are obtained for the rewards 7 (z,a) (Lemma 19) and the exploration bonuses (Lemma 20).
This allows us to prove that the regret of RS-KeRNS is bounded as (theorems 5 and 6)

<Ley +8H-
g

RRS—KeRNS(K) < RKeRNS(K) + L(E + EX)KHQ + EKH3.

If we choose X, w(t) = szl «;, the estimators used by RS-KeRNS can be updated online. Indeed, as detailed in
Appendix G, we can related the estimates at time (k + 1, k) to the ones at time (k, h):

Wit(@,a) = ¢ (@a), " (2f, af)) + o WE (T, ),
1 gy = @D G ) ( i+ Whz.a) ) i
"h j+Wk+1(f a) h H_Wkﬂ(x a)

¢ (@ @), ¢ " (z}, af)
g+ Wﬁ“(m, a)

= o
Ph+1(y|x7a) = 5Z:+1(zk
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One issue that we need to solve is that VVZ (z,a), 7% (z,a) and JB/Z (y|Z, @) were not necessarily computed before
episode k + 1. This happens when (Z, @) is a new representative state-action pair added in episode k. In Section
G.2, we show that this can be easily handled by defining some auxiliary quantities that can be updated online and
that can be used to initialize the values Wﬁ(f, @), 7%(z,a) and ]Sﬁ(yﬁ, @) when necessary, with little overhead to

the runtime of the algorithm.
B.2 Optimized Kernel Parameters and Regret Bounds

Table 3: Regret bound for optimized kernel parameters, for W = log, ((1 —17) /K).

o log (%}) condition bound regret
J—0 0 ASK™3 | A<K R1  H2XVAASKS
- 0 ASK"3 | A<K Ry  H2VXAASKS + H3X2AAG K3
(L)75 | ABK35 | A< ks | Ry HIAVKSS
d>0 L\3ars | A3 j-—24tl 4 2 A L2041 3 01,3
(1) AZK 2 | A< Ko Ry  H2A:K3m2 + H2AiK74
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C Handling the bias due to non-stationarity

Lemma 2 (temporal bias). Let (F)n s be an arbitrary sequence of functions from X x A to R bounded by

M. Then,
k—1 k—1
1 k s i i 2MC3 HW
Ckiz:wh’s(x,a) (Fi(z,a) — Ff(z,a))| < Z ’Fh(x,a)—Fh"'l(a:,a)!—l— 1
a(@a) 5 i=1V(k—W) g

Proof. The result is straightforward when k& < W. Assuming k > W, we have

k—1
1 ks S
m ;wh’ (7,a) (Fh(xva') - F,’f(x,a))
1 k-1 1 E—W—1
k,s S k S k
- S(z,a) (F&(z,a) — F : F FF(z,
oo L vk (e~ Hwa) + g 3wl (Fitea) — Fi(oa)
k-1 k-1 E—W—1
1 k,s i 1 QMCS k—1—
< wy,”(z,a) Fii(x,a) — Fy (2, a)) + n e
C’;L(x,a) s=k—W " zz:; ( " " ) g ;
k—l (2 7
1 X . i 2MCs "V —nk—1
< -5 wZ’é(x, a) | (Fi(z,a) — Fh+1(ac,a)) + 3 1,
Ch(,a) i=k—W \s=k—W ' "
k-1
. . 2MC:-
< S |Fiwe) - B o+ 2 1
i=k—W f o L1=m

where in the first inequality we used by Assumption 4 that

wp(z,a) =T (k- s —1,(z,a), (z},a}))
=Tk —s—1,p(z,0), (z},a})])

< CgT]k_S_l .
By symmetry, we obtain
k—1 k—1
1 k, k . i i+1 2M03 T]
—— ) w¥(x,a) (Fi(z,a) — Fi(x,a)) < Fi(z,a) — F}TY( +
Cﬁ(.’l},@)s 1 h ( )( h( ) h( ))—l:kz_w| h( ) h ’ 3 17”

which concludes the proof.

Definition 6 (temporal bias of the MDP). The temporal bias at time (k,h) is defined by

bias(k, h) = bias,(k,h) + biasp(k,h)

where
k—1
, 2C
bias, (k, h) = g sup ’r}l(w, a) — ritt(z, ‘ e i
. T,a 51— n
=1V (k=) &

k—1
; ; 2C3H nWv
biasy(k,h) = L Z sup W1 (P}L(~|x7a),P§l+1(~|x,a)) + 3 i
i=1v(k—Ww) ©% B 1-m
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Definition 7 (Average MDP at episode k). Let

— 5
é Z (z,a)ry(x,a) + WTZ(ym,a)

k—
y|:ra ﬁz *(x,a)P; (y|x, a) +

5]
mPi(ylx,a)
R\

and let M3 be the MDP with transitions {f:}h and rewards {?’fl}h.

Corollary 2. Let L (L, H) be the class of L-Lipschitz functions from X to R bounded by H. Then,

sup |rf(z,a) — 75 (2,a)| < bias,(k,h)

z,q

sup ‘(Pﬁ —ﬁi) f(x,a)‘ < biasy(k, h)
FEL(L,H)

Proof. For the reward term, we have from Lemma 2:

k—1
|rﬁ(x,a) ffﬁ(x,aﬂ =

@]Z S(xv a) (7"2(%@) - Tg(it, a))|

s=1
k—1
- 2C5 1
1 3 7
= 2. Iri@a) =" (@ a)| + =57 71—,
i=1V(k—W)

< bias,(k,h).

For the transitions term, we also apply Lemma 2 and the definition of the 1-Wasserstein distance:

k—1
—k ks —k
|(Ph=72) fw.0)| = |3 @k () (Phf(w.0) - Phi(e, a))
s=1
k—1
< Z ’P;Lf(x)a’) P+1f g 1— 1
i=1V(k—W) ! !
k—1 .
i i 205H nw
SL Z W1 (Ph(-|x,a),Ph+1(-|x,a)) + ? 1—1
i=1V(k—W) . !

< biasp(k, h).

Remark 1. Since the functions in L(L, H) are bounded, the 1-Wasserstein distance could be replaced by the
total variation (TV) distance ||P%(-|z,a) — Pyt (-|z,a)l]:.
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D Concentration

In this Section, we provide confidence intervals that will be used to prove our regret bounds. The main
concentration results are presented in Lemma 9, which defines an event G where all the confidence intervals hold,
and we show that P [G] > 1 —¢/2.

D.1 Concentration inequalities for weighted sums

We reproduce here the concentration inequalities for weighted sums proved by Domingues et al. (2020), which we
will need.

Lemma 3 (Hoeffding type inequality (Domingues et al., 2020)). Consider the sequences of random variables
(wi)ten= and (Yi)ien+ adapted to a filtration (Fi)ien. Assume that, for all t > 1, wy is Fy—1 measurable and

E [exp()\Yt) .7-},1} < exp(A2c?/2) for all X > 0.

Let Sy def ZS L wsYs and V} ZS L w2, and assume ws < 1 almost surely for all s. Then,for any B > 0, with
probability at least 1 — 9§, for allt > 1,

5] 32&%Cﬂﬂw>z !

ZZ:1w3+/6 0 izlws+ﬂ'

Proof. See Lemma 2 of Domingues et al. (2020). O

Lemma 4 (Bernstein type inequality (Domingues et al., 2020)). Consider the sequences of random variables
(wi)ten+ and (Y)ien+ adapted to a filtration (Fi)ien. Let

t t
St dﬁf ZwsYSa ; Z 2E {Yf
s=1 s=1

Assume that, for all t > 1, (i) wy is Fr—1 measurable, (ii) E [Yt‘ft_l} =0, (#i) wy € [0,1] almost surely,

(iv) there exists b > 0 such that |Y:| < b almost surely. Then, for all B > 0, with probability at least 1 — &, for all
t>1,

t
} and W; dﬁwas,

s=1

2 log(4e(2t +1)/6
%g 2log (4e(2t 4+ 1)/6) Vetb 5 % o8 (4e( t+ )/9) .
B+ 25:1 Ws (5 + 22:1 ws) 3 B+ 25:1 Ws
Proof. See Lemma 3 of Domingues et al. (2020). O

D.2 Hoeffding-type concentration inequalities

Lemma 5. For all (z,a,k,h) € X x A x [K] x [H], we have

2H2R (k, ) BH
Ci(z.a)  Cji(z,a)

ko .
(P = P)Vipa(@,0)| < + by (k,0)o

with probability at least 1 — o, where

P (k,8) = O (dy) = log ( )_
(

KHN (02/(KH),X x A,p) /T + k/j>

by (k, 9) (L+\F) <33/2 2P (k, 5) + €2>+2LPL(1+ log(Olk/()’))

and where d; is the covering dimension of (X X A, p).
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Proof. Let V.=V, .. For fixed (z,a,h), we have

’(Pf’f - Ph)vk,thl(xaa)’

k—1 )
ks s R 153
_ Sle}’j’ (z,0) (V(th)— /X V(y)dPh(yx,a)) -Tos /X V (y)dPE (]2, a)
k—1
<Y @ (. a) (wxzm -/ v<y>sz<yxz,az>)’
@
k—1
+ o ( [ vriwla - [ V(y>sz<y|x,a>)|
@
n BH
Cﬁ(w,a) '

Bounding @ (martingale term) Let Y, = V(27 ,,) — P}V (z},a7). From Lemma 3, we have, for a fixed
tuple (z,a,k,h),

k—1
Wy (@, a)Y,

s=1

®:

T ) G

< .|2H?log (

\/1+k/3> 1

with probability at least 1 — 4§, since (Y5); is a martingale difference sequence with respect to (F})s.

From Lemma 24, we verify that the functions

k—1
(z,a) = \/1/Ck(z,a) and (z,a) = Y @)°(x,a)Y,

are Lipschitz continuous, with Lipschitz constants bounded by Cyk/(203%/2) and 4HCqk/(30), respectively. Let
Cxxa (0?/KH) be a (02 /K H)-covering of X x A. Using the Lipschitz continuity of the functions above and a
union bound over Cx x4 (02/(KH)) and over h € [H], we have

< 21{21og<V H_k/'}) L

i) Ciwa)

k—1
~k,s

wy, (1‘, CL)Y;

s=1

®:

Cok V1t k/.3> L AHOK o2

2H?1 -
203372 o8 < 5 o | KH
for all (z,a, k, h) with probability at least 1 — 0K HN (02/(KH), X x A, p).

Bounding @ (spatial bias term) We have

k—1
@@= @,"(z,a) (/X V(y)dP; (yle, af,) — /XV(y)dPZ(y|$7CL))|
s=1
k-1
< LZ@fL’S(x, a)Wy (P (-|z7,a}), Py (-|z,a)) by the definition of W (-, ")
s=1

k-1
< L,L Z @S (x,a)p (25, a5), (x,a)] by Assumption 2
s=1

<20L,L (1 + 10g+(01k/3)) by Lemma, 23.
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Putting together the bounds for ® and @ concludes the proof. O

Lemma 6. For all (z,a,k,h) € X x A x [K] x [H], we have

90Tk (k, 0) 3
=
Cﬁ(m, a) Cj(z,a)

7k (2, a) = T (2,0)| < + bk, 0)o

with probability at least 1 — 0, where

E (k, 6) = O (dy) = log (N (02/K, X x A, p) W)

0
bi(k,0) = O (L+ /i) = ( /20, ¢ )+C;2>+2LI.L(1+ log(C1£/7))

and where dy is the covering dimension of (X x A, p).

Proof. Almost identical to the proof of Lemma 5, except for the fact that the rewards are bounded by 1 instead
of H. O

Lemma 7. Let L(2L,2H) be the class of 2L-Lipschitz functions from X to R bounded by 2H. With
probability at least 1 — 0, for all (z,a,h, k) € X x Ax [K] X [H] and for oll f € L(2L,2H), we have

BH2DY(k,0) | 20H

P
(By Ph)f(x,a)‘ = Ch(z,a) Ci(z,a)

+ 0L (k,0)01+%2/2 1 02(k, 6)o

where

N KHN (0**%/2/KH, X x A, p) /T+ kJB (2H\N(7%r%)
DS(M)=0(|C;|+d1dz)=log< (227 ¢) / (LU>

1)

10, C
oL (k (9( o] + d1d2)272+2332/2

8T8 (k, 0)
02 (k,0) = O (L) = 4L, L (1+ 1og+(01k/3))+32L
and where dy is the covering dimension of (X x A,p), ds is the covering dimension of (X,px) and

|Cr/r| :N(U,X,px).

Proof. Fix a function f € £(2L,2H). Proceeding as in the proof of Lemma 5, we have
(P =P f(a,0)

UL 3
(2, ) (f(xzm— / f(y)sz<y|x,a>) e T | et

s=1
k—1

@y (x,0)Ys(f)
s=1

where Y, (f) = f(z},,,) — Pyf (x5, af).

26H

< -
- Chi(z,a)

+40L,L (1 + long(C'lk/{f)) +
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Now, for fixed (z,a, k, h, ), Lemma 3 gives us

S V1+k/3 1
s;w,li’ (z,a)Ys(f)] < 8H210g< > i a)

with probability at least 1 — 4, since (Y,(f))s is a martingale difference sequence with respect to (Fj)s bounded
by 4H.

Covering L (2L,2H) Now let C; be a 8Lo-covering of (£ (2L,2H),|-||,,).- Using the fact that the function
J — Y,(f) is 2-Lipschitz with respect to |-|| .., we do a union bound over C to obtain

k—1 ,

s Ny A
E Wy (x,a)Yy(f)| < | 8H? 10g< 5 / > e a) +32Lc
s=1 h A"

for all k and all f € £ (2L,2H), with probability at least 1 — ¢ (QL—IZ)N(U’X’M)

Cr is bounded by (%)N(U’X’M), by Lemma 5 of Domingues et al. (2020).

, since the 8 Lo-covering number of

Covering (X x A,p) By Lemma 24, the functions

k—1 1

(z,a) — 702(%&)

@E’S(z,a)Ys(f)‘ and  (z,a) —

s=1

are 4HCyk/(o)-Lipschitz and Cyk/(23%/%0), respectively, with respect to the distance p. Let Cxx4 be a

02*4%/2 |KH covering of (X x A, p). Using the continuity of the functions above, a union bound over Cx x4 gives

U.S9

k—1

Wy (w,a)Ys(f)] < 5 Cj(z,a)

s=1

V1+k/5 1
< 8H210g< + / ) + 32Lo

+

2+da/2 V1 B
o 4HCk  Csk 8H210g< fk/)

KH Bo 23320 0

for all k, all f € L(2L,2H) and all (z,a) € X x A, with probability at least

N(o,X,px)
2H 2+dy /2
1—5(LU) N(U /KH,XxA,p)
and a union bound over (k, h) € [K] x [H] concludes the proof. O

%see, for instance, Lemma 6 of Domingues et al. (2020).
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D.3 Bernstein-type concentration inequality

Lemma 8. Let L (2L,2H) be the class of 2L-Lipschitz functions from X to R bounded by 2H. With
probability at least 1 — 0, for all (z,a,h, k) € X x Ax [K] x [H] and for oll f € L(2L,2H), we have

(13}’? _ ?ﬁ)f(a:,a) < %Plﬁ |fl (z,a) + Cﬁ(x,a)

2
+63(k, )T 4 0t (k, 0)0 + = biasp (k, h)

where dy is the covering dimension of (X x A, p), ds is the covering dimension of (X, px) and

N > (! (2k+1) o2t 2l \ V(70
Dg(k,())ZO(‘CU|+d1d2)=10g KHN<H2K XX.A,O) <LO’>

QLDLO' + 476'2 14D3(/€,O)CQ
H2K Hp 32

O (L) = 32L + 6L, L (1 - 1og+(01k/3)>

03(k,0) = O (IC.| + didy + Lo) =

05 (k. 0)

where |C,| = O (1/0%) is the o-covering number of (X, px).

Proof. We have
P
(P =P f ()

k—1 ok
= [0 (ko) ~ Pif(o) — LT

k—1
SACOIVEWE| f(y)dPi(wa‘Z,ai))’

s=1 x

®
— 25H
A ([ swarileian - [ saariois ))‘ e

@

Bounding @ (spatial bias term) As in the proof of Lemma 5, we can show that
TP (x, a) (/X f(y)dP3 (y|x}, a3) — /X f(y)deL(y|x,a)> <40L,L (1 + \/long(C’lk:/J))

Boundlng the martingale term (®) with a Bernstein-type inequality Notice that (z,a) —
[ f(y)dP} (y|z,a) is bounded by 2H and

E [f(z}41)| 7] = /X F)dP} (], af)-

k—1
@:

s=1

The conditional variance of f(x7 ;) is bounded as follows
2
¥ [Fi)IF] = B (i) - ( [ feapioie. o)
<2HE Hf(l‘fu-l)’ |]:i]
=211 [ |f)| 4P i oi)
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which we use to bound its weighted average

k—1
1 k,s s S
i) 2 @@V /@)l 7i]
1 k—1
k,s s S
< Cﬁ(w, a) 2 wy,” (z,a)V [f(thrl)‘fh]
k—1
2H k,s s S s
< Giea) 2w [ 170 aP i ai)
k—1 k—1
2H S S 2H »S S S S S
= 702(33’&) 2 U’Z (z,a)P} | f] (2, a) + m 2 w;’i (z,a) (P, [f] (x},, a},) — Py, | f] (z,a))
—k BPE | f| (2, a AHL,L %= .
<2H <th|(1‘,a) Ch’l(L(a) )> Ck xla Z xh’ah)’(x’a)]
h\% —

§2HP:|f|(x,a)+8HLpLo(1+ log™ Clkz/i)

where, in the last inequality, we used Lemma 23.

Let A(k,0) = log (4e(2k +1)/0). Let Ys(f) = f(x5,,) — P} f(2},a}). By Lemma 4, we have

k—1

@:

@) < \/ a1s(p, 0y om0V (e IT] | 10HAG

Ch(z,a)? Ci(z,a)

s=1

with probability at least 1 — ¢, since, for a fixed f, (Ys(f))s is a martingale difference sequence with respect to
(F7)s- Using the fact that v/uv < (u+ v)/2 for all u,v > 0,

k=1 - k=1 ks .
s AHAR,0) | 1 2wy (@) [f(z )1 FR] | 10HA(K,O)
2 1’wh (xva)Y;(f)' < CE(S&(Z) 4H? Cﬁ(x,a) T Cﬁ(;ma)
1 = 4H? + 10H)A(k,0)  2LyLo }
< E/X \f(y)|dPi(y|x,a) + ( Zg(x,l) (k,9) +—g (1 + log+(C1t/~f))

From Corollary 2, we have

/If )| AP (yle,a) = Py — PE) £ ()] (z,0) + Pk [ £(y)] (x,0) < 2 biasy(k, h) + P} | f(y)] (z,a)

which gives us

k—1 -
ks 1 (4H? + 10H)A(k, 0)
> )| < ZPEWI o) + G
+ % biasy (k, h) + 2217 (1 + 1og+(clt/&)>

with probability 1 — 9.

Covering of X x A As a consequence of Assumption 2, the function (x,a) — (1/H)P¥ |f(y)| (z,a) is 2L, L-
Lipschitz . Also, the functions

k—1

Zﬁ,’j’s(x,a)Ys(f)‘ and (z,a) —

s=1

1

(z,a) — 702(36’&)
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are 4HCsk/(30)-Lipschitz and Cak/(3%0), respectively, by Lemma 24. Consequently, a union bound over a
(02*% /(H?K))-covering of (X x A, p) and over [H| gives us

k—1 .
ks 4H? +10H) A (k,
(@, a)Ya(F)| < &P @) (x,0) + T ELOEED)
s=1 Ch(x7 a’)
2 . 2L, Lo
+ T biasp (k, h) + Ip{ (1 + 10g+(01t/0’))
AHCok  (AH? + 10H)A(k, 5)Cok \ o2+
+ <2LPL + Bo + 320 H2K
for all (z,a, h, k) with probability at least 1 — 0K HN ( TR 2 X XA, p)
Covering of £(2L,2H) The bounds for ® and @ give us
Sk AH? + 10H)A(k, 0
(B~ Ph) (@ 0)] < 1 PE IS0 (2, 0) + LI OIOTED)
h(xa Cl)
2 AHCsk  (4H? + 10H)A(k, 0)Cok\ 02+
+ g7 Plasp(k, h) + <2LPL T T 2o H2K

20H

L,L{1 logt(C1k/ 3 e
+60L, ( +1/log" (C1k/ )>+C’g(w,a)

The 8Lo-covering number of £ (2L, 2H) with respect to the infinity norm is bounded by (2H/(Lo))N(@Xrx),
by Lemma 5 of Domingues et al. (2020). The functions f — ‘(P’;”; - ﬁ}lf)f(x,a)’ and f— % [ ]f(v)] dﬁi(y\m,a)
are 2-Lipschitz with respect to ||-|| . Consequently, with probability at least

)

02+d2 2H N(”vaPX)
|- 0KH x
( N(H2K XA") (LJ)

for all £(2L,2H) and for all (z,a, h, k), we have

(4H? + 10H)A(k, 0)

(P~ P, a)| < 2Pk £ )] () +

Ci(z,a)
2 . AHCok  (AH? + 10H)A(K, 6)Cok\ o2+
+ g7 Plasp(k, h) + <2LPL T T 2o H2K
+ ) 260H
+60L,L (14 \/log™ (C1k/5) ) + = + 32L0
Ch(x,a)

which concludes the proof. O
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D.4 Good event

Lemma 9. Let G = G1 NGy N G3N Gy, where

20T (K, 6/8) 8
k + k
Ch(xaa) Ch(x»a)

G, {v(x,a,k,h), [7h(w0) = Th (2, a)] < e <5/8>0}

def ~p =k 2H20} (k,0/8) BH )

g2 = {V(x,a,k,h), ‘(Ph _Ph)VkJL-‘rl(m?a)‘ S Cgl(x’a) + CZ(Q%G,) +bp(k7(>/8)(7
def o 9oH20B(k,0/8)  AH
= v ’ kv h’u ) Py —P ) <

s { (.0 k.h. ). |(Ph = Pr)f(z,0) SEoh L Een

+ 0L (k,0/8)ct /2 1 02 (k, (5/8)0}

14H2C,03(k, 6/8) + 28H
Ck(z,a)

def

g4 = {V(I, a, ka ha f):

(Bf ~ Ph)f(w,0)] < =PEIF )] (2, 0) +

2
403 (k, 6/8)0 2 4 gk, 6/8)0 + = biasp (k, h)}

for (z,a,k,h) € X x Ax [K] x [H] and f € L(2L,2H), and where

DR (k,0) = O (i), by(k,0) = O (L+di), Di(k,0)=0(d), bu(k,0) =0 (L+/a)
D8 (k,0) = O (ICs| + i), 8k, 0) = O (VICHT + V/duda) . 62(k,0) = O (L)
Os(k,0) = O (|CL| + didy),  63(k,0) = O (ICL] + didy + Lo), 62(k,5) = O (L)

are defined in Lemmas 5, 6, 7 and 8, respectively. Then,

PG >1—4/2.

Proof. Immediate consequence of Lemmas 5, 6, 7 and 8.
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E Upper bound on true value function

In this section, we show that the true value functions can be upper bounded by the value functions computed by
KeRNS plus a bias term. This result will be used to upper bound the regret in the next section.
Lemma 10 (upper bound on @ functions). On G, for all (z,a,k,h) € X x A x [K] x [H], we have

H

Qb(a,a)+ > bias(k,h) > Qf (z,0)

h'=h

where bias(k,h) = bias,(k,h) + biasp(k,h) is the temporal bias of the algorithm at time (k,h) (see
Definition 6).

Proof. We proceed by induction on h. For h = H + 1, both quantities are zero, so the inequality is trivially
verified. Now, assume that it is true for A + 1 and let’s prove it for h.

From the induction hypothesis, we have V¥, | (z) + Zg:hﬂ bias(k, h) > Vi ;. (2). Indeed,
H
max Q) (z,a) + Z bias(k, h) > max Qj j,(z,a) = Vi ;11 (z)
¢ h'=h+1 “
and, since Vi ;. () < H — h, we have

H H
Vi () + Z bias(k, h) = min (H — h,mgx QZH(Z‘,a)) + Z bias(k,h) > Vi ;.1 (2).
h'=h+1 h'=h+1

From the definition of the algorithm, we have

Qh(w,0) = min [Qh (e} i) + Lpl(x, ), (v, a})]
selk—1]

where @ﬁ(m,a) =7 (x,a) + ]S,IL“V}Z“H(:U, a) + BY(x,a). Hence,

QZ(JJ,G) - Qlt,h(x7a)
= ?E(l’, a) - Tili(‘%a) + TBZ($70') + Pf’zfviﬁrl(x?a) - PZVI:JH»I(m?a) +pB§(x7 CL) .

(A) (B)

The term (A) is lower bounded as follows
(A) =7}(z,a) = T (x,a) + "B} (z,a) + T} (2, a) — rj(2,a) > — bias,(k, h)

by Corollary 2 and the fact that 7 (z,a) — 75 (x,a) + "Bf (z,a) > 0 on G.

Similarly, for the term (B), we have

D * D -k * -k *
(B) = P (Vifs = Vi) (@,0) + (B = P3) Vi (0,0) + (P = PE) Vi (2,0) + B (2,0)

Z Aflf (‘/hk-‘rl - Vz,h-i-l) (a:,a) - biasp(ka h)
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which gives us

éﬁ(‘% a) - Qz,h(x7 a)
> Pf (VEF,y = Vi) (2,a) — ( bias,(k, h) + biasy(k, h))

H H
= pF (ViF - Vi) (z,a0) + Z bias(k, h) Z bias(k, h)
W =h+1 h'=h

H H
> Pf (th-H + ) bias(k,h) V,’;hH) v,a) — > bias(k,h)
h'/=h+1 h'’=h

H
- Z bias(k,h) by the induction hypothesis.

Consequently, for all (z,a) and all s € [k — 1], we have

H

Qi n(7,a) Z bias(k, h) < Qg 5 (x5, ap) + Lp[(z,a), (z}, ap,)] Z bias(k, h)
W=h

< @Z(xigm a;) + Lp [(1‘7 a)7 (mhv ah)}

since Qj, , is L-Lipschitz . Which implies the result

Qin(r,a) = 37 bias(k,h) < min [QF(rh,a}) + Lp[(w,a), (a}, )] = Qh(x.0)

Corollary 3. Let Q;h and V,:"h be defined as as

Qi (e, a) ¥ QF(x,a) Z bias(k,h'), V5, (x z) < min (H maXQk (T, a))

Then,

sup |V (x) — V;’h ‘ Z bias(k, h’)

TeX

and, by Lemma 10, we have V,:h > Vi, on the event G.

Proof. For any z € X,

Vi (z) — Vk":h(x)’ = ’min (H, max QF (x, a)) — min (H, Hl(?XQ;h(JC, a)) ’
< ‘max Q¥ (x,a) — max Q;ﬁh(w, a)‘

< max | Q) (, @) — Qf (¢, 0)

H
= ) bias(k, /).

h'=h

where we used the fact that, for any a,b, ¢ € R, we have |min(a,b) — min(a, c)| < |b— ¢|.
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F Regret bounds
Using the results proved in the previous sections, we are now ready to prove our regret bounds. We first start by

proving that the regret is bounded by sums involving 1/1/C¥(z,a), 1/ C¥(z,a) and bias terms. Then, we provide
upper bounds for these sums, which result in the final regret bounds.

In Theorem 1, we prove two regret bounds, R; and Ro. Here, we refer to Ry as a UCRL-type regret bound and
to R as a UCBVI-type bound, due to the technique used to bound the difference between P}’f and PZ~ Making

an analogy with finite MDPs, in UCRL (Jaksch et al., 2010), a term analogous to || P, — P¥]; is bounded (as in
Lemma 7), whereas in UCBVI (Azar et al., 2017), the term |(P}, — Pﬁ)Vz’hH| is bounded (as in Lemma 5).

Corollary 4. Let 6% = ef Vik(zh) — Vz"h(zﬁ) Then, on G

K K H
gZé’HZZ bias(k, h).
k=1

k=1h=1

Proof. Tt follows directly from Lemma 10:

K
ka (@) = Vi ) <> <V1 zt +Z bias(k, h) — vg;(ﬂ;)) .

k=1 h=1

Definition 8. For any (k,h), let (zF,a¥) be defined as

~k ~ ef . .
(&, ah) < Jremin p [(zh, k), (x}, a})]
zy,a3):s<k

that is, the state-action pair in the history that is the closest to (x’,?b, aZ).
F.1 Regret bound in terms of the sum of exploration bonuses (UCRL-type)

Lemma 11 (UCRL-type bound with sum of bonuses). On the event G, the regret of KeRNS is bounded by

K H ,
H.\/|C’ BH
K<Yy Col | PH ) 1ip((k, b, @) < 20} + H?(C,]

k
oo\ Jck@k,ay)  Ca(@gsag)
K H K H
ZZ & +HY Y bias(k,h) + LKHo
k=1 h=1 k=1h=1

where |C,| is the o-covering number of (X X A, p), |CL| is the o-covering number of (X, px) and (E’;ﬂ)k,h
is a martingale difference sequence with respect to (}-;f)lc,h bounded by 4H .
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Proof. Regret decomposition On G, we upper bound (52 using the following decomposition:

S = Vi (x}) — VZ’“h(wh)
< Qp(@h, ap) — Qp, (x3, af)
< Qﬁ(x’,ﬁ,’dﬁ) (:Eﬁ, a ) + Lp [(E;‘;,Eﬁ), (:Eﬁ, a’,i)] , since Qfl is L-Lipschitz
< Qh (@, ay) — Qgh, (x4, ak) + Lp (&, @), («f,af)] ,  since QF (&, ap) < QF (T}, ar)
= 75(h, ay) — T;’i(xh’a af) + PRV (@, ah) — PRV, 4 (ah, af) + BE(EE, @f) + Lo (@, a}), («F, af)]
= Ph@h @) = rh(ah, ab) + | PF = PE] Vi Gh k) + [P = PE] (Vi = Vi) @)

(4 (B) (©

+ PRV @, ar) — kazkhﬂ(ﬁu ap)+ By (T}, ay) + 2Lp (@, ay), (x7, af)] -

(D)
Now, we bound each term (A)-(D) separately.
Term (A):
) — (T, @) + 1 (T, ay) — (e, af)
< ﬁ(f’iﬁ,ﬁ’ﬁ) (@, ay) + Lep [(@5,a3), (v, ah)]
= 7@, @) + T4 (Th, a3) — (@5, @) + Lep [(Th, a3), (25, a7)]
< TB’Z(EQ,&’E) + bias,(k,h) + L.p [(T}, @), (), af)]
by the definition of G and Corollary 2.
Term (B):

* ~k ~ D -k * ~k ~ o * ~k ~
[Ph Pk} Vk,h+1($§aah) [Pflf - Ph} Vk,h+1($ﬁv alfi) + [Ph - Plfb] Vk,h+1(5€;kma;]§)
< PB} (T}, ay) + biasp(k,h).

Term (C): Using Corollary 2, we obtain

)= [P = Pk] (Vibi1 = Vi) @6 ah)
<[ =Py (Vs = Vi) (@, 3) + 2 biasp (k. h)
8H2B (k, /8) 20H L J _
< = 4+ 0L (k,0/8)0 /2 4 02(k,0/8)c + 2 biasy(k, h)
Ci(@.ap)  Ck(@ap) " y P
H2|C!| BH

— ———— + Lo + 2 biasy (k, h)
C;(@y.ay)  Ch(zy,ap) ’

by the definition of G.

Term (D): From Assumption 2, for any L-Lipschitz function, the mapping (z,a) — P¥ f(x,a) is L, L-Lipschitz .
Consequently,

(D) = Pthk+1(9?Z,5Z) kazkh+1(x
< P Vh+1<x;€wa‘h) kazkh-k ) + L Lp [(xhvaz) (‘rzvallj,)]
=P} (Vh+1 - Vk:,thl) (z},ar) + LpLp [(37;“ a), (xﬁ,&ﬁ)]

= 65—1—1 + gﬁ—&-l =+ LI)LP [(xlfcw a’]ii)v (xfmal}i)]

7a)

D“?T' >

xT

(
)
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where

def

5h+1 = P’Z (thﬂ - szhﬂ) (x§7ah) 5h+1

is a martingale difference sequence with respect to (FF)y » bounded by 4H.

Putting together the bounds for (A)-(D) and using the definition of the bonuses B, we obtain

H2|CL| GH
Cr(zf,ay) — Ck(z),ap)

OF SOppy + &8+ Lp [(2f,af), @, af)] + + Lo + bias(k, h)

where the constant in front of 6}, | is ezact (i.e., not omitted by ).
Let EF of {p[(zf,af), (@}, af)] < 20}. The inequality above implies

H2|C!| SH
Ch(@y.ar)  Ci(@y.ap)

I{ER} o) ST{ER} 05y + I{E}} <€;“{+1 - ) +3Lo + bias(k,h).  (2)

Now, we bound I {E}} 6F, | in terms of 67, ;, which will be later used to bound &} in terms of 6y ;. On G, we
have

I {Eilf} 5}li+1 =1I {Eili} (th—&-l(xlii+l) - szhﬂ(mﬁﬂ))

=I{E | VE L (af ) Z bias(k, h') = Vi, (@f ) — Z bias(k, h')
h'=h+1 h'/=h+1

>0 by Lemma 10

<VEL(xh) Z bias(k, h') — V% i ( xy ) —1{Er} Z bias(k, ')

=h+1 h/=h+1
H H
=0fy + Y bias(k, k) —I{Ef} > bias(k,h')
h'=h+1 h'=h+1
H
<Of+ > bias(k, ).
h'=h+1

The inequality above, combined with (2) yields

T S - H2|Cy | SH
H{Eh}5h Ndh_;'_1+ Z blaS(k,h)+H{E}L} gh-"-l_'_ Ck)("’k ak) + Ck(fk ,d,k) +3L(7
h'=h Th, Ap, h%h

Let F: be the complement of E}’f Since 52 < H, we have

55:H{E2}55+H{E,‘;}5,’3

< HI {EZ} +I{E}}op

S £ , o [k H2|C!| SH
< H]I{Eh} +6f,+ Y bias(k, W)+ L{E}} (& + o e o) T
h!=h h h’ h h h’ h
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This yields

H2|C] |
5?§ZH{E,1} Ck ~k ~k +ZH{Eh}Ck ~k ~k)

+ ZH{Eﬁ}fﬁﬂ +HZ bias(k, h) +HZ]1{E£} +HLo
h=1 h=1 h=1

Using Corollary 4, we obtain

R(K

| A

K H
ZZ bias(k, h)
k=1 h=1

P K H 3
g | 1G] £33 1(s) (WH%)

Ck(k kY
Ci (@}, ay) b1 hel Ly Apy

>
Il

1

_|_

A
= 10 I
Mol

1{EFY e, +HZZ bias(k, h) +HZZH{F§} + KHLo.

k=1 h=1 k=1 h=1

ol
Il
—
>
Il
—

For each h, the number of episodes k where the event {p [(z},af), (Z},af)] > 20} occurs is bounded by |C|.
Hence, we can bound the sum

HZZH{ } z_:kz_: [(zf,ap), (T}, af)] > 20} < H?|C,|.

k=1h=1

We conclude the proof by recalling the definition EF Lof {p[(zf,af), (@}, af)] <20} and using the fact that

def

&y = I{EF} &, is a martingale difference sequence with respect to (FF)x,, bounded by 4H. O

F.2 Regret bound in terms of the sum of exploration bonuses (UCBVI-type)

Lemma 12 (UCBVI-type bound with sum of bonuses). In the event G, the regret of KeRNS is bounded by

Sy H H? |C,| - )
RIE)SY D, CF (3t oF I{p [(z},ar), @, a})] < 20} +H?|C,|
k=1h=1 Ch(a¥,ak) n (@5 ar)
K H 1 K H
+ <1+H> & +HY Y bias(k,h) + LKHo
k=1h=1 k=1h=1

where |Cy| is the o-covering number of (X x A, p), |CL| is the o-covering number of (X, px) and (g,’;l)k’h
is a martingale difference sequence with respect to (-Flf)k,h bounded by 4H .

Proof. The proof follows the one of Proposition 5 of Domingues et al. (2020). The key difference is that we
need to handle the temporal bias. In particular, V,f is not an upper bound on Vi , ., due to the temporal bias,
which makes our proof slightly more technical by introducing V,jh (see Cor. 3) when applying the Bernstein-type
concentration of Lemma 8. ’

Regret decomposition We use the same regret decomposition as in the proof of Lemma 11. The terms
(A), (B) and (D) are bounded in the same way, but we handle the term (C) differently.



Omar D.Domingues, Pierre Ménard, Matteo Pirotta, Emilie Kaufmann, Michal Valko

Term (C): To bound this term, we use corollaries 2 and 3:

(C) = |:ﬁ}]f - Pk] (th+1 - V;;h-‘,—l) (Efbva]fi)

{ ] (Vk+h+1 - Vl*c,h+1) (9027%) + [Ph PZ} (th+1 - VkJ,th) (55752)
H
< { ] Vit 7V27h+1) (@, a5) +2 > bias(k, i), by Cor. 3
h'=h
H
{ } (Vk+h+1 - V}‘;hH) (ﬁvaﬁ) + {P Pk} (Vk h+1 - Vi h+1) (ﬁwah +2 Z bias(k, h)
h'=h
< { Ph} (Vk et — Vi h+1> (@, a*) + 2 biasp (k, h) + 2 Z bias(k, h'), by Cor. 2
=h
e 1AH2C,0O3(k,0/8) + 251{
k * k ~k 213
= P (Vk h1 Vk,h+1) (Th,ap) + Ck (3. ah)
9 H
+ 03 (k,0/8)0 T 4+ 01 (k,5/8)0 + 47 biasp (k. h) +2 biasp (k. h) +2 > bias(k,h')
h'=h
1 . 14H2C,y03(k, 0/8) + 20H L 2LpL e
< 7Pk (Vs = Vi) (ehoal) + =G in——— + - (ko). )

H
2
+ 03 (K, 0/8)0 % 4+ 0 (k, 5/8)0 + 77 biasp(k,h) +2 biasp (k, h) +2 > bias(k,h'),
h'’=h

where we also used the definition of G and the fact that the function (x,a) — P¥ (V,:rh+1 - VZ’hH) (z,a) is
2L, L-Lipschitz , from Assumption 2. Now, since

Os(k,8) = O (ICL| + dids), 63(k,6) = O(|C| 4 dyds + Lo), 6} (k,0) = O (L)
and |C)| = O (1/0%), we have

1

C < Pk V-‘r _V* k k H2|C/|
(©) ~H kb1 kst ) (T, ap) +

—————=—~ + Lo
Cj (%), ay)

H
2 2L,L ~
+ <2+H> biasy(k,h) +2 Y bias(k,h') + ﬁ p[(f,af), @, a)] .
h'=h
Using again Corollary 3, we have
1 1 1 &
EPQ (Vk_‘,—h-i-l - VZ,h+1) (x;‘;,aﬁ) < EPZ (Viic+1 - VZ,h+1) (xﬁ,aﬁ) + q Z bias(k, h')
h'=h
which gives us, since Vi, ., < Vi, .,
Lok 1k E ok H?|Cl| - / ko k E ~k
(C) 5 Eph (Vitor = Vi) (@h,af) + W + Lo + Z bias(k, h') + Lp [(z}, ar,), (T}, ar)]
Tho O h'=h
Lok (vk kE _k H?|C| - / k _ky (~k ~k
< EPh (Vh+1 — szh-i-l) (xf,a5) + m + Lo + Z bias(k,h') + Lp [(xh, ar), (xh,ah)]
’ h'=h
where we omit constants. Notice, however, that there are no constants omitted in the term

1pk (1/k T k k
7Ph (Vh+1 - Vk,h+1) (zp, ap,)-
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Putting together the bounds for (A)-(D), we obtain

1 e H2|C!| T
ok < (1 + H) (6;’§+1 + £;’§+1) + Lp [(x27a2)7 (k@ )] +2BF (@, Q) + m + Lo+ Z bias(k, h’)
' h'=h
where the constant in front of JF 41 is ezact (i.e., not omitted by ).
Let EF e {p[(zf,af), (@}, af)] < 20}. Using the definition of the bonus
b~ H GH
Bh(‘r]]zv 2) S + C ~k ~k +LJ7
Ck(%ﬁ,’dﬁ) h(%aah)
and the same argument as in the proof of Lemma 11, we obtain
) < ]f ZZ bias(k, h)
=1 k=1h=1
K H K H
H? H?|C|
S 1{Ex} =y T KB} Groar o
22 ey T s cra
K H K H
+Y S TI{Ef Y ery + HY Y bias(k,h) + H?|C,| + KHLo.
k=1h=1 k=1h=1

As in Lemma 11, we conclude the proof by recalling the definition Eh {p [ xh, aﬁ) (x,]i,'d’,j)] < 20} and using

the fact that f hal def { Ek} ¢k 41 is a martingale difference sequence with respect to (; *)k.n bounded by 4H. O

F.3 Bounding the sum of bonuses and bias

Lemma 13. Let (1;);> be a sequence of non-negative numbers. Then,

Z Z Hi §2W§Mz‘~

k=1i=1Vv(k—W) i=1

Proof. We have

K k—1 W k-1 K k—1 K—-1 i+W
> pi= > it Y ﬂSWZuz+ZZm
k=1i=1V(k—W) k=114=1 k=W+1i=k—W i=1 k=i+1
K K K
SWZMHrWZm —2W2m
=1 =1 =1

Corollary 5 (bound on the temporal bias). Let A* and AP be the variation of the MDP over KH time
steps,

K H

A’ = Z Zsup ‘Th z,a) — T;l+1(x7a) , AP def ZZsupwl (PZ(~|$,@),P§L+1(~|$7G)) .

i=1 h=1 i=1 h=1 ©¢

Then,

2C5(H +1)KH oV
5] 1-n"

K H
> ") bias(h, k) < 2W (A" + LAP) +
k=1h=1
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Proof. From Lemma 13, we have
K H K H k—1 K H 2 ’ VV
. _ i+1

ZZ blasp(hJc)fZZL. Z qu£W1( (2, a), Py (e, a)) —|—ZZ 1_77

k=1h=1 k=1h=1 i=1v(k—W) © k=1h=1
H K

i it1

< 2WLZ Zsule (P}, (-|x,a), Py (@, a)) + — 5

h=1i=1 ©%

The sum Zszl ZhH:1 bias,(h, k) is bounded in the same way, which concludes the proof. O

Lemma 14 (bounding sum on sliding window). Let {a,},~, be a sequence of real numbers such that
0 < a < c for some constant ¢ > 0. Let A; = Zi_:llv(t—W) an. Then, for any p,b > 0,

T a [T/W] Apwi1—c 1
G P
;(HbAt)p = nz::l <C+/0 (1+b2)p Z)

Proof. We have

Ms

T
Z 1+bAt

t=1

1+bAt :Z 1+bAt

t=1

By Lemma 9 of Domingues et al. (2020), we have

Yoo Awpi—e g
= — < —dz.
©=> TETW c+/0 At op ¥

=1
Now, we handle @:
[T/W]-1 (n+1)W [T/W1-1 w a
® < Z Z _ Z Z$
= e 1+bA (L+b4p n=1 (L bArnw )P
[T/WW—l Amsnyw1—¢ 1
< ——dz | .
> <+/ (T by )

O

Definition 9. Consider a o-covering of (X x A,p), Co = {(zj,a;) € ¥ x A, j=1,...,|C;|}. We define a
partition {Bj}je[\cﬁﬂ such that

B; = {(x,a) EXXA: (xj’aj) = argmin p[(a:,a), (:L‘Zva'l)]}

(zi,a:)€CS

with ties broken arbitrarily.

Lemma 15. Let U, (1/10g(1/7])] and

k—1
def s s
NZ(BJ"UIJ) = Z I{(z},as) € B;}.
s=1V(k—U,)

IfU, < W, p[(f,af), (@}, af)] <20 and (zf,a}) € B; then

Cr@r,af) > B+ G(4)e 'NK(B;,U,).
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Proof. This result is based on the proof of Proposition 6 of Domingues et al. (2020), which we generalize to the
case where the kernel is time-dependent. From Assumption 4, we have I'¢, ,, iy (k — 1 —s,2) > G(z)n*=1=* for
all s > k — W. Consequently, if U, < W, for all s > k —U,:

Dok —1=5,2) 2 G(2)n*"17° 2 G(2)17" = G(2) exp(-1). (3)

Also, if p [(zf, af), (zF,a})] < 20, (zf,af) € B;, and (2}, a;,) € B;, we have

p[@h.ah), (x5, ai)] < p [@5,ah), («h, al)] + p [}, ap), (27, a3)]

< 20+ p [(ah, ab), (a5, a7)] + p (2,0, (25, a3)] < 4o (1)
By Assumption 4, the function z — f(mw)(t, z) is non-increasing. Together with (3) and (4), this yields:

k

k—1 ~k s s
Ck(fﬁ,aﬁ =0+ ZF(U,’!];W) (k —1—s, P [(xh, ah) (xh’ ah)] )
s=1

g

Y

g = p[@F.a}). (a5, a3)] .
B+ Zl Cionwy | k—1-s5s, S I{(z},a;) € B;}
k—1 B
B+ Y T (k—1—s4)1{(z},a;) € B;}
s=1V(k—=U,)
k—1
>0+G4 I{(z},a},) € B;},
s=k-U,

Y

which concludes the proof. O

Lemma 16. Let U, = [1/log(1/n)]. If U, < W, we have

S ————1{p [(ah.a}). @, a)] <20} S H Lﬂ (|cg|+m)

-1 C’fb(xh,ah)

> M

H
ZC ~Z ~’I~§)H{p[$h7ah) (xlfL,ah]<20}<H|C’|[K—‘
h=1 9

ES
Il
-

Proof. The proof relies on Lemmas 14 and 15.

Here, we define the constant ¢ as ¢ = G(4)37te™! > 0, since G(4) > 0 by Assumption 4.
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Bounding the sum ), 1/,/C¥

> 1 {p [(a.ab). ()] < 20)

K
1 -
LYY ek db ] < 20k o) € 5)
=1 k=1 1/ Ck(Zk, ak)

Col K

I{(«},a}) € B;}
<y ek b
i=1k=14/1+ cN§(B;,U,)
ICo| [K/Uy1 N, UL
se ([0 e
= = 1+ez

, by Lemma 15

IN

dz) , by Lemma 14

- 231/QFK/U7JICI

K
_ n—1/2 o nU, +1 )
=p37121c,] i + 2 Z\/H NTTN(B;, UL
K] 2 [K/U,)] el
<pV21C,) | = Z VICol | ICo |+cZNn "(B;,U,), by Cauchy-Schwarz inequality
U,
(K], 2 I K
< p-1/2 - <
< [ S Vel v s el |+ ledv 7]

Bounding the sum ), 1/CF

X 1
> CFaF 2! {p[(zh,ah), (@, a})] <20}

=1 Ifi(zhaah)
ICol K 1
= ZWH{P[@LJ%) (xliivah}<2n}ﬂ{mhvah ) € B}
=1 k=1 ~h\Th
ICol K
I , € B;
< pt { Th: 05) } by Lemma 15
=i 14 cN¥(B;,U,)
ICo| [K/U,T N (B;U,) 1
< pi Z <1 + dz) , by Lemma 14
— 0 1+cz
j=1 n=1
o [K/UyT |Co|
) K B7HC, | 1 U,+1
=s7C,| | — | + ——Z ——log (1+cN, " (B;,U,)
Uy ¢ ; j=1 ICol ( )
C K -11e, | [K/Uyl ICo|
< BTG i +—= Z log \C |ZN"U”+1 (B;,Uy,) |, by Jensen’s inequality
n ¢ n=1
K] e [K U, K
< e, | — |+ ——Z | —|log |1 C,
SR 17 e b b +°’|ca|) e ||
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F.4 Final regret bounds

F.4.1 UCRL-type regret bounds

Theorem 3 (UCRL-type regret bound). If U, = [1/log(1/n)] < W, the regret of KeRNS is bounded by

K K
K)SH? | — (e, AUy ) + H?|Co| | = | + H¥*VK
R() S | 5| VI (1e-1+ et ) + a2 el | 5| +

W

+ W (A" + LAP) H + J}—KHS
=1

+ H?|C,| + LKHo

with probability at least 1 — O, where |C,| and |C.| are the o-covering numbers of (X x A, p) and (X, px),
respectively, and

K H K H
A" E SN sup|ri(2,a) — i (@,a)|, AP E NS sup Wy (P (|, a), P (|2, )

i=1 h=1 T i=1 h=1 ©¢

represent the variation of the rewards and transitions, respectively.

Proof. We apply Lemma 11, Lemma 16 and Corollary 5 and the fact that P [G] > 1—0/2 by Lemma 9. To conclude,
notice that Zle Zle 13 +1 S HVKH with probability at least 1 — /2 by Hoeffding-Azuma’s inequality. [

Corollary 6. Let d; and ds be the covering dimensions of (X x A, p) and (X, px), respectively. Let
@ A = A"+ LAP and

o 1 A 2e log (K/(1 =)
=k ’k%@>:(mw@HWQ N T e ()

Since W > U, = [1/log(1/n)], we have, with probability at least 1 — 0,

_ 1
= ditdat3’

dy4do/6+1 dy4do+2

R(K) §H2A§K d1Fdo+3 +H2A%Kd1+d2+3

dy+do/6+1 3

+ H2AR K FEE 1 H3VE + HAY K T555 log (1HK > +
—

dy+do+2

+ H2KT¥4%5 | [HE B3

that is,

R(K) =0 <AéK‘3}1‘é§1§ <H2 + Hlog (IHK >>> .

—n

Furthermore, if limsupy_, . A/K =0, we have

di+da+2 di+do+2
1 = €xXp (—Az/g/K ””‘+”'2+3> ~ 11— A3/ K TFn+s

K—oo
which implies

d1+f12+2)

R(K) = O (H%%KW

Proof. Immediate consequence of Theorem 3 and the fact that |C,| = O (¢7%) and |C,| = O (67%). O
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Corollary 7 (UCRL-type regret bound in discrete case). If X x A is finite, we can take 0 = 0 and
ICo| = XA, |C| = X, where X = |X| and A = |A|. In this case, Theorem 3 and Corollary 6 give us

R(K) = O (HQX\/ZA%K%) :

F.4.2 UCBVI-type regret bounds

Theorem 4 (UCBVI-type regret bound). If U, = [1/log(1/n)] < W, the regret of KeRNS is bounded by

o [ 8]+ ) i [ ]

W
+W(Af+LAP)H+1 KH3

+HI|C,|+ LKHo

with probability at least 1 — 0, where |C,| and |C.| are the o-covering numbers of (X x A, p) and (X, px),
respectively, and

e Z Z sup !rh x,a) — ritl(z, a)| , AP @ Z Z bupW1 i (=, a), Pitt (|, a))

i=1 h=1 " i=1 h=1"

represent the variation of the rewards and transitions, respectively.

Proof. We apply Lemma 12, Lemma 16 and Corollary 5 and the fact that P[G] > 1 — /2 by Lemma 9. To

conclude, notice that Zszl Zle (1 + ) 5 he1 S HVKH with probability at least 1—0/2 by Hoeffding-Azuma’s
inequality. O
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Corollary 8 (UCBVI-type regret bound in discrete case). If X x A is finite, we can take o = 0 and
ICr| = XA, |C| =X, where X = |X| and A = |A|. In this case, Theorem 4 gives us

R(K) SH? [ﬂ (XA + XAT;) + BX2A Lﬂ PR
n n

w
+ W (AT + LAP) H + 1’7—KH3 + H2XA
=1

Let A = A"+ LAP. By choosing

we obtain
R(K) SH?2XAASKS + HAZVXAANSKS + H3X2AAGKS

K
+ H32VEK + log (1> HASKS + H3 + HXA.
—

since W > U, = [1/log(1/n)]. Furthermore, if limsupg_, .. A/K =0, we have
7 = exp <—A%/K%> sl 1 — A%/K%
which implies
R(K) =0 (HQ\/)HA%K% + H3X2AA%K%) .

Corollary 9. Let d; and ds be the covering dimensions of (X x A, p) and (X, px), respectively. Let
@ A = A"+ LAP and

o=x, (1) = (rmmme) W= [

Since W > U, = [1/1log(1/n)], we have, with probability at least 1 — 0,

_ 1
= Gitdar2r

2 K 1 ditdadl 3 .13 ditdo+l 9
R(K)<S H? (14 log T=r A2K@+d22  H2 A1 K4 + LHK @td2+2  [=,
—
Furthermore, if limsupy_,.. A/K =0, we have
d1+d2+1> di+do+1

n = exp (—A1/2/K<i1+df+2 ~ 1- AY2 RTFT

K—o0
which implies

dy+do+1 o

R(K) =0 (H2A5K7d1+dz+2 +HIAMK

Bl

).

Proof. Tmmediate consequence of Theorem 4 and the fact that |C,| = O (0"11) and |C!| =0 (0"12).
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G RS-KeRNS: An efficient version of KeRNS using representative states

RS-KeRNS is described in Algorithm 4, which uses a backward induction on representative states (Algorithm 5)
and updates the model online (algorithms 6 and 7). In this section, we introduce the main definitions used by
RS-KeRNS, and we analyze its runtime and regret.

G.1 Definitions

In each episode k and for each h, RS-KeRNS keeps and updates sets of representative states X'}, actions AJ, and
next-states y’;, with cardinalities X ’,j, Aﬁ and Yﬁ, respectively. These sets are built using the data observed up
to episode k — 1. We define the following projections:

~k+1

def . — = def . —
Ghil(w,a) = argmin pl(z,a), (@), T (y) = argminpx (y.7).

(F,a)eXk x Ak yeyy

where we also assume to have access to the metric px. The definitions below introduce the kernel function and
the estimated MDP used by RS-KeRNS.

Definition 10 (kernel function for RS-KeRNS). Let (a;);>1 be a sequence of numbers in [0,1]. RS-KeRNS
uses a kernel of the form T'(t,u,v) = x(¢)¢ (u,v), where

x(®) < [Jai 6 @v) = e (=plu.o]? /(20%)),

and, by convention, x(0) = 1.

Definition 11 (empirical MDP for RS-KeRNS). Let

k
W (@, a) = Y x(k — 8)¢ (1 (2,0), (5 (w5, a3)) -

s=1
In episode k + 1, RS-KeRNS uses the following estimate of the reward function

k

1 y
> xlk = )¢ (5 (@,0), G (whah) 7

~k+1
N 3 4 Tkt
“)) + Wh (‘T7 a) s=1

x,a) =

and the follow estimate of the transitions

k

- 1 s s s
PZ+1(Z/|$7 a) = m ZX("? —8)¢ ( Zﬂ(x»a)v Ch+1(xhvah)) 5Z;+1(z;+1)(y)-
= h ) s=1

Also, its exploration bonuses are computed as

- of ~ H GH
B (z,a) L5 — = + Lo
B+ Whtl(z, a) F+ Wy (z,a)

where the factors hidden by 4] () are the same as in Definition 5.

At step h, RS-KeRNS needs to store the quantities in Def. 11 only for the representatives (x,a) in )?ZH X Aﬁ“

and y € J_JZ‘H. We will show that, using the auxiliary quantities defined below, the values of Wﬁ, 7 and 1\52 can
be updated online in O (Zh XﬁAZYﬁ) time per episode k.
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Definition 12 (auxiliary quantities for online updates). For any (h,z,a), we define

k

— def s H
NZ—H(%G,Z/) = Z — S H{( +1 (zh,ap) = (2,0 }6 ngl(QL’HI)(y)
s=1
— def ~
Nit(@,a) S ) x(k = )I{GH (a7, a}) = (2,0)}
s=1
9 k
Sit(x,a) def Z - S){¢ (@5, a) = (x,a)} 75
s=1

Notice that, if (x,a) ¢ A?Z'H X AZ"'l, the quantities above are equal to zero.

The following Lemma will be necessary in order to derive online updates.
Lemma 17. The empirical MDP used by RS-KeRNS can be computed as

“k+1 _ Z(ma ( k+1(x a), (T, )) SkH(x @)
Y (w,a) = e (5)
5)+Z(m a)¢( (m,a),(x,a)) Nh (x,a)

Y ¢ (=, 0), @,3) N§T(7,3,7)

Pi(y|z,a) = - (6)
n B+ Simm ¢ (5 (@ 0), (7,3) NEP (z,3)
Wk+1 ,T a Z ¢ k+1 ( )) NkJrl(:)? a) (7>

(z,a)

where the sums are over (T,a) € é’?ﬁ"'l X AZ+1.

Proof. It is an immediate consequence of the definitions. For instance,

k
W (w.a) = 3 xlk = 9)6 (5 (w,0), G (2, )
s=1
k
=Y k=90 (), @hay)) YD LG e a) = (7.3))
s=1 (T,@)eXFTtx Akt

k+1(a: a), (T,a) )]I{CS‘H (z3,a3) = (z,a)}

Il Il
(]
(ﬁMw

¢(Ck+1 (z,a), (T, a) ZX —5) ]I{CH'1 (x3,a3) (f,a)}

,\
&
&l

¢ (54 (x,a), (z,0)) N} (7, 0).

,\
&l
&l
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Algorithm 4 RS-KeRNS

1: Input: global parameters K, H, L, L, , Ly, 3, 6,d, o, n, W, ex, .

2: Initialize representative states, actions and next states: X, =0, A, =0, YV, = 0, for h € [H].
3: for episode k =1,..., K do

get initial state z¥

>

5 compute (éﬁ) r using kernel backward induction on the representative sets (Alg. 5).
6 for h=1,...,H do

7: execute af = argmax, é’ﬁ(m,’i, a), observe reward 7F and next state x’,?L_H

8 update representatives X'y, A, Y, using {xfw afw xZ_H} with Alg. 6

9 update model using z¥, af, :rlfbﬂ, 7 with Alg. 7
10: end for
11: end for

Algorithm 5 Kernel Backward Induction on Representative States

1: Input: 7 (z,a), Pk(y|z,a), B (Z,a) for all (F,a@,7) € X% x AF x Y* and all h € [H].
2: Initialization: Vg i(z)=0forallz e X

3 forh=H,...,1do

4 for (z,a) € X% x A¥ do

5: Qf .(@,a) = 7 (7, a@) + PfV 41 (7, @) + Bf(7,a)

6: end for

7 // Interpolated @Q-function. Defined, but not computed for all (z, a)
8 Ok T,a) = min (~kuf7a + Lpl|(x,a),(Z,a )

Gy =  min (@ @)+ Lolie,a), ()

9: if h > 1 then
10: // Compute V-function at the next states for the stage h — 1
11: forye V¥ | do
12: 17’,2@) = min (H — h+ 1, max, Eg’g(y, a))
13: end for
14: end if
15: end for

16: Return: (élﬁ)he[H]

Algorithm 6 Update Representative Sets

1: Input: XZ, fl’,ﬁ, )75, {xﬁ,a’,ﬁb,zzﬂ}, €, Ex.
2 if ming z)c e car P [(@,a), (z},af)] > ¢ then
3 A XEU{eh), A — AU {af)
4: else

R T R ey

6: end if

7. if minyejlﬁ Px (f, ,ZZIZJFI) > ¢y then

8: it = Vi U{ahiq}

9: else

0. Yt =yk

—
—
]
=)
=B
=,
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Algorithm 7 Online update of RS-KeRNS Model

~k

1: Input: k,h,xﬁ,aﬁ,xﬁﬂ,rh.

2: // Map to representatives B

3: Map (2,a) = (;7 (zf,af) and § = (G (af ;)

4: // Update auxiliary quantities

5 Ny(7,3,9) =1+ ax_sNF(Z,a,7)

6: Ni™'(7,a) = 1+ s N} (T, )

7. SPTNE, Q) = T + o s SE (T, @)

8: // Update empirical MDP

9: for (7,a) € Xf:rl X ,flffl do

10:  if (z,@) € X} x A} then

11: // (T,a) was added before episode k

12: Wit (x,a) = ¢ ((T,a), (7,a)) + ar_WE(T,a)

: Al (7 — S(EA).(Ea) <k HWEED) | k(g
13: (T, a) = W ) Ty 4 Qs ’f+W,’j“(z,a)> (%, @)
14: for y € 37];“ do
. BhAl 1= — _ S(@a),(7a0) 5 GHWE@D) \ Bl = =

15 Pt ofr) = SERED ) + o (LD Pigfra)
16: end for

17: else

18: // (Z,a) was added in episode k

19: Tnitialize 7! (z, @), P (|7, @), W (7, a) using equations (5), (6) and (7)
20: end if
21: end for

G.2 Online updates & runtime

Assume that we observed a transition {x’,j, aﬁ,x’fb_‘_liﬁ} at time (k, h), updated the representative sets, and
mapped the transition to the representatives (7, a,y) € X Iffl X ﬂﬁ“ X jﬁ“. We wish to update the estimated
MDP given in Def. 11, which, at step h, are only stored for (z,a) in 2?2“ X Aﬁ“ and y € :)7;2“.

The auxiliary quantities (Def. 12) are updated as:

NMYE,a,5) = 14 ar_ o NE(Z,3,7)
NMYE,a) = 1+ ap_ o NE(Z, @)

SN (F,a) = 7 + oo S5 (7, 4).

We need to update WZ, 7 and ﬁﬁ for all (Z,a,7) € )EZH X AZH X 372“. The update rule will depend on
whether the (Z,@) is a new representative state-action pair (included in episode k) or it was visited before episode
k. These two cases are studied below.

Case 1: (7,a) € X}t x A" and (7,a@) ¢ X% x Af  This means that the representative state-action pair (T,a)
was added at time (k,h). In this case, for all y € Y™, the quantities 7*2“(@ a), ?ﬁ“(yﬁ, a) and Wﬁﬂ(f, a)
can be initialized using equations (5), (6) and (7). This is done in O (XfLHAIfLHYfLH) time and can happen,
at most, for one pair (Z,a): the one that was newly added. Therefore, we have a total per-episode runtime of
o (Zthl Xﬁ“ﬁ’;ﬂ?ﬁ“) taking this case into account.
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Case 2: (7,a) € X} x A¥ This means that the representative state-action pair (Z,@) was added before episode
k, which implies that C’”l(x @) = (¥(z,a) = (z,a). Hence,

Wit (@,a) =Y x(k - )6 (5 (@,a), 5 (25, a5))

k—
= (G (@ @), (a5, ap) Z (H Ch) (Ch(@a), M (2}, ah))

s=1

k k—s—1
— 6 ((.a), & (2 af)) + SZ< I « ) 6 (ch(@a), (3 (zh, a})

=1

= ¢ ((z,a), QkH( h)) +ak—swh(j?a)v

where we used the convention x(0) = 1. This implies that, for a fixed (Z,a), the quantity I/Iv/kﬂ(f @) can be

updated in O (1) time, assuming that the mapping Qk+1(xh, af) was previously computed (this mapping is only

computed once for all the updates, and takes O (Xk+1 X Alffl) time).

Now, notice that

o1, g) — Dol = 90 (G, G a7, 00)
K 0+ Wk+1(m,a)

6 ((.a), G+ (f af)) ( J+ Wh(z,a) ) e
e

5+ WZ-H(a?,a)

where we used again the fact that, in this case, ¢ ]flﬂ(f, @) = (¥ (7,@). Hence, similarly to Wﬁ“(f, @), the quantity

¥ *1(F,a) can be updated in O (1) time. A similar reasoning shows that ﬁﬁ“(y,f, a) can be updated, for all

Y€ y’,j“, in O (YZ"H) time:

Si1, oo o (@a), G (), af) S+WEED) \ 5e,
P§+1(y|x,a) = ( 7)+ Wk+1( ) )5Z:+1(Tf+1)(y) +ak*5 P ~— h( ) PZ(:Z/L’.C,(I)
A no(T,a '

Summary Every time a new transition is observed at time (k, h), the estimators for all (z,a,y) € XF T x AFT x
ka must be updated. For a given representative (z,a), the updates can be done in O (YZH) time if it has been
observed before episode k (case 2). This results in a total runtime, per episode, of O (Eh X’;HAZHYZH) for
all the representatives observed before episode k. If the representative (z, a) has not been observed before episode
k (case 1), the updates require O (X Z“A’ZHY;“LH) time, and this can happen, at most, for one state-action pair
at each time (k, h). Hence, the total runtime required for the updates is O (Zh XZ“AZHY’ZH) per episode.

G.3 Regret analysis

The regret analysis of RS-KeRNS is based on the following result, which is a corollary of Lemma 25, and is used to
bound the bias introduced by using representative states.
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Corollary 10. Let x(,w) : N = [0,1], consider the following kernel

Dt 4,0) = Xow) (8) exp (=p [, o] /(202))

where u,v € X x A. For s <k, let

S s s S def - s s
wz (x,a) = F(k — 5= ]-a (x,a), (xhvah))v w: g(l’ a’) =T (k —Ss— 17 Cﬁ(fﬂva), QZ(xhvah))

and consider the functions

,S k— s
D iw,’z @a)l¥, Sz wpt(z,a)Yy

A= ))+Zs 1wh (x,a)’ S H’Zq 1“’h<($ ‘1)

T,a ! $(z,a !
) = \/3+Zs L wy®(z,a) = \/H'quwhg(xa)
1 ¢

i k—1 .S ) gS(xﬁa) k—1 s
B+ e 1wh (z,a) B+ e 1whg(x a)

93(567 a) =

where (Ys)f;l1 is an arbitrary sequence. Then, g1, g2 and g3 are Lipschitz continuous, whose Lips-
chitz constants are bounded by Ly, Lo and Ls, respectively, with

4max, |Ys| 1+\/10g (k/B) 1—|—\/log+(kz/.?)
bley

s +
o (1 + lOg (k/‘j>> I L 2 7)1/20' b

Furthermore, for any (x,a) and for i € {1,2,3},

L, =

95 (2,0) = gu(Ch(, )| < Limaxp (w4, a3), (i (e, 03]

Proof. First, let’s prove that g1, g2 and g3 are Lipschitz continuous. From Lemma 25, taking z =
(pl(z, ), (5, a3))"=F and y = (p[(a,a'), (w5, a3)])=} we have

4max; |Ys] (1 n

g

01@.0) — 1 (o', < g (1)) o [ ..

By the triangle inequality, for all s,
|2 = sl = Ip[(x, a), (2}, a3)] = p (', "), (27, a})| < p[(x, @), (2, a)]
which implies

4 Y.
91, 0) — g1 (!, )| < 2 el (1 +

g

1og+<k/‘f>> pl(x,a), (2!, ).

giving the Lipschitz constant of g;. The Lipschitz constants of g2 and g3 follow similarly from Lemma 25.

Now, let’s bound the differences g,f(x, a) — gi(C’fL(x,a))’. Let x(s) = x(y,w)(k —s —1). For i = 1, and applying
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again Lemma 25, we obtain
i (z,a) = g1 (¢} (z,a)|
-k ks s\]2 -k s s3\]2
AT x(s) exp (—p[”(”’a)éi’s(’”’“a”)] ) Yoo SIix(s) e (‘p["“”"’ﬁ;‘f’“a”” ) -

- h(w,a kwsas2 k(x.a msa,s2
3*23 L x(s) exp <p[<h( ; )éc”hz( woai)] ) )urzs I x(s) exp <W>
4 max;, |Y, / o

< Agggggl;ﬂ (1-+ log+(k/J)> I?qu|p[ch(x a), CE(x5,a3)] — p[Ch(x,a), (5, a3)]|
4dmax, |Ys - L

< % (1 + log+(k/~)’)> Jhax p [CK(x5,ap), (25, a3)]

where, in the last line, we used the triangle inequality. The proof for ¢ € {2,3} also follow from Lemma 25. [

We use Corollary 10 to bound the difference between the estimators and the bonuses of KeRNS, (7, ﬁ,f, BFY), and
the ones of RS-KeRNS, (75, P’f” BY).

Lemma 18. Let V be an arbitrary L-Lipschitz function bounded by H. Then, for any (z,a),
Bk Pk 4 +(1.// k
|(Bf = Py) Vi@, a)| <= (14 y/log* (#/8) ) (o [(&, @), Ch(w, )] +)

€
g

+3Lex +8H (1 + 1og+(k/3)>

Proof. To simplify the notations, let f(s) def x(k —s—1) for s € [k — 1]. We have

‘ (ﬁff — ]32) V(z, a)‘

>esi F(9) (@, a), (27, 0)) V(@hey)  Sisi f(9)8 (G, a), G (5, 03)) VIGH (520))
5+ S F(5) (2, a), (25, ap)) 54+ 00 ()6 (i, a), (a3, a)

<O+ ®

where @ and @ are defined and bounded below. First,

‘z’: L f(5)¢ (w,0), (w5,07)) V(whi)  Ses F(9) (Ch,a), (s a3)) VI (@541))
5+ S0 f(9)9 (@), (23, a3)) S+ Y ()6 (S, a), Ch(ah, ap)
| EE e (@ a) @ ai)) Vi g) - S ()0 (2, a), (17,03) V(ER(4,))
T S+ F9)e (@,a), (35, a3)) I+ T ()6 (2,0), (25, 03))
YA F($)¢ (2,0), (55, a)) VICh(@hat)  Ta2) £(8)¢ (Ch(w,a), (w5, 63)) V(Ch(mh40)
3+ Y0 F(9)8 (,a), (25, a3)) G+ YL F(9)6 (Ch(@,a), (27, 03))
Sesi J(9)0 (i), (@3, a3)) VIR (@51) X421 ()0 (R, a), (s ai) VICE (@54)
G4 YA ()0 (S (@, a), (w7, a7)) G+ T ()6 (S (@, a), Ch(ah,ap)
< Lsg[lkax]p?f (xhﬂaﬁh(xliﬂ))

+ % (1 + log+(k/\/j)> p|(z,a), k(a, a)]
+ % (1 + log+(k‘/3)> max p [(m‘;, aj), (Z(mi’ ai)]

by using the fact that V' is L-Lipschitz and Corollary 10.
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To bound @, let z, = p [(¥(z,a), (T (25, a5,)] and ys = p [(*(z,a), " (2}, a,)], for s € [k — 1]. Using again the
fact that V is L-Lipschitz and Corollary 10, we obtain

’z’: L F(5)¢ (Chiw,a), Bl a0) VI (r5,0)) st £(8)0 (hl,a), G (w5, 05)) VG (#540))

D)V
5+ L F(5)6 (Ch(o ), (g o) 5T S 1) (Che a), ¢ (e o)
D+ (1 o /) ) o —

4H
< 2Lex + — (1 - 1og+<k/sf>) max [p [}, a3), (a7, a)] |

< mebXPX (CH (@h) Faign)

< 2Ley + 8H (1 + 1og+(k/;f)> £
g

By the construction of the algorithm, px (zf.,,CF(z5,1)) < cex, pl(z),a3),Cf(zg,a5)] < ¢
Px (Csﬂ(xh_i_l) Ck(l'h+1)) <2y and p [Ck(xi,aZ), Cs Y (ag, ai)] < 2¢, which concludes the proof. O

Lemma 19. For any (z,a),

7 (2, 0) — 7 (2, a)| < (1+W> (z,0), Ck(x,a)] +¢)
(14 o)

Proof. Tt follows from a similar decomposition as in the proof of Lemma 18, and from Corollary 10. O

Lemma 20. For any (z,a), we have,

" H 1 1
Bh(0,0) - Bi(.0)| S (14 57 ) (o o) chwa] +2) + 17 (14 175 )

€
g

Proof. To simplify the notations, let f(s) def X(k —s—1) for s € [k — 1]. Using definitions 5, 10, and 11, we have

| Bh(@,a) — Bh(w,0)|

4\ e | 1 \
T W T Fe)e (@sa), (@5,03) | B+ T ()0 (Bl a), G (5, 67)
®

1 ~ 1 ‘
Y (90 (@ a), (15,a)) 5+ ok F(9) (Ch(w,a), G (agap) |

@

+ 0H
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Using Corollary 10, we obtain

o< 1 1 ‘

\/.3 + YR f(9)6 (2a), (2, a3) \/.3 + Y0 f(9)0 (Ch(x,a), (25, af))
1 1
+ —
W 5+ 0 F(9)6 (K@, a), (2, ap) \/ I+ YN F(9)6 (Ch(@,a), <'g<zz,a;>)’
1 1
W 34 0 I )¢>(4 (,a), Cf (x5, a3)) \/ a+z’:_if<s><z>(<£<x7a>,<z+1<xz,az>)|

k
h
log™ k/?
<

— 2 )>1/2

p[(z,a), () (z, ) + max p (25, a3), CF (7, a)]

+ max p[Cf (x5, a)), T (x, )]>

s€lk—1]

Similarly, Corollary 10 yields

14 4/log™ (k/53)
—g (/) [(:L‘, a)a CZ(QT, a)] + sg[lkafl] p [(l’}sw a’?L>7 @ﬁ(mv a)]

@<

Bo

+5g[11?X1]p [Ch(zh,a), G (2, a)]

By the construction of the algorithm, p [(z},a;),(F(2,a)] < ¢ and p [¢¥(z5,a5), (T (2], af)] < 2=, which
concludes the proof. O

Lemma 21. Let é’,ﬁ and @ZC be the Q-functions defined in Algorithm 5. Then,
G (w,0) = L (Gh. @)+ Lol(z0), (z.3))

= min, (Qf(wh,ah) + Lp (@), ¢, ah)])

Proof. Notice that, although @Z ¢ 1s only computed for the representative state-action pairs, it is defined for any
(z,a) as
Q’fuC (z,a) = Fi(z, a) + P’fLVh_H(J:, a) + B’fb(z, a).

We claim that
{Ch(wh,af) s € [k —1]} = X% x Ap.
—_———

A B

First, A C B, since V(s, h), we have Cﬁ(xfb,a;’;) € QEI;L X flﬁ. Second, for any (7,a) € é?’fb X fl;’j, there exists (s, h)
such that (Z,a) = (z},a}) = (§T' (25, a}) = (¥ (2}, a}) € A, which implies that B C A.
@Z,c (Ck(x35,a3)), which holds by Definition 11 and Algorithm 5, this

Together with the fact that @]ﬁg (x3,a}) =
O

concludes the proof.
Lemma 22. The difference between the Q-values computed by KeRNS and RS-KeRNS are bounded as follows

sup [Qf (z,a) — Qf (z,a ] < (L(e+eX)+§H) (H—h+1).

x,a
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Proof. We proceed by induction on h. Let

. (L(€+EX) + gH) (H—h+1).

For h=H +1, eg1 =0, Q% = Q% =0 and the claim holds.

Now, assume that the claim is true for A + 1. In this case, we have, for any =,

Vi (@) = V(@)

= ‘min (H — h,maxQ} 4 (x, a)) — min (H - h,maxéﬁﬂ(x,a))‘

< ‘méix Q1 (z,a) — max Q1 (x, a)‘

S Hlé%X ‘Q;@L+1(z7 a) - Q§+1(Qj7 CL)‘ S €h41,
where we used induction hypothesis and the fact that, for any a, b, ¢ € R, we have |min(a, b) — min(a, c)| < |b—¢|
(Fact 1).
For any (z7,a}) with s € [k — 1], we have

@k (@i ai) — Qh (whsai)|

< [Fk(ai, a3) = Fh (@i, a3)| + | Bi(ai, a3) = Bh(ai,a7)

+ | (Pk = Ph) Vit (@i ai) + Ph (Viks = Vi) (@ ah)|
H s -
S ener + — (p[(@h, ah), Ch(a3 af)] +2) + Lew + —H

where, in the last line, we used the induction hypothesis and lemmas 18, 19 and 20.

By the construction of RS-KeRNS, we have maxy e[x—1) p {(xil, afl/), C’fb(xfl/, azl)} < &. Consequently,

Qh(wh.ap) - éz,c(xivai)‘ Seny1+ Lex + %H

Now, take an arbitrary (z,a). By Lemma 21,
Ak . Nk (= = —
T,a) = min (z,a)+ Lp|(z,a), (T, a )
Ghwa)=  min . (Qhe@a)+ Lp[(w.0). (@.0)
= i (Qh(eh,ah) + Lo [(r,0), Chlat, a})])

and, by definition,
(@htat o) + Lp(x.a), (af, a7)])

k o .
Qp(z,a) = [0,

we obtain, for any (z,a),

@z, @) - Gh(a.a)
< min |Qf(rhah) — @F (o) + L min [p((ra), (o, a})] — p [(,0), h(a o)
< €h+1 + LSX + ;H + Lsg[lkaz(l] P [(1’2, afz)a Ci(xiu CLZ)]

€
<eéent1+Lle+exr)+ ;H = €p.

which concludes the proof.
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Theorem 5 (UCRL-type regret bound for RS-KeRNS). With probability at least 1 — 0, the regret of RS-KeRNS
is bounded as follows

RAS—KeBBS( oy < RERNS(fey | [(e + e ) KH? + SKH
o

where R¥MS(K) is the UCRL-type regret bound given in Theorem 3 for KeRNS.

Proof. Let 7;, be the policy followed by RS-KeRNS in episode k and let 5’“ def Vk( Ky — Vg’fh(x’g)

Regret decomposition Consider the following decomposition, also used in the proof of Lemma 11:

0 = Vi(h) = Vin(ah)
< Qp (k. af) k, i (ah,af)
< éﬁ(f,’i,’dh) k. h( ’fb,a,’i) + Lp [(i’g,aﬁ), (xh,a,kl)] , since é’fb is L-Lipschitz
< Qh @, af) — Qh(xh, af) + Lp [(35,a7), («F, af)] . since QF(3},a1) < QF (@, )

= T’Z(:EZ,Z]?Z) - Tﬁ(xzv ah) + Pth+1(gzvaﬁ) PZVZ,’“}IH(»TZ»GZ) + Bh(ifwai) + Lp [(x,”aﬁ) (:EZ,G,Z)]

Ph(@h, k) — rh (k. ab) + [Pk = PR Vi @5, a@5) + [Ph— PE] (Vs = Vi) @6 ah)
(A) (B) (©)

(D)

We will use the following results, which are a consequence of Lemmas 18, 19 and 20 and the fact that
p [(Eﬁaaﬁ) Q(zhvah)] <e:

~k ~k k(~k ~

’Th (Th,ap,) — Th(x}wah)’ S—(p [(ffmah) Ch(xhaah)] +e)+

SHES
Qe

alo

Bj (3, a)) = BE(T),ay) + BE(Ty,ay) — BE(TF,af)

N o L N He
BY(ZF,ak) + ~ (p [(9527612) Ch(xlfuallz)] +e) + o

N

< Bh(Eh, k) + —H.
o
and, for any function f that is L-Lipschitz and bounded by H,

~ - b~k 4H I T He €
‘(P,’f—PZ) f(m;i?ah)‘ <L“X+7(P [(5527‘12) g(:cﬁaﬁ)} +5) +7 SLSX‘F;H-

Now, we bound each term (A) — (D).
Term (A): by Lemma 19, the definition of G and Corollary 2, we have

(A) = FE(E5, k) — Ph(EL ) + 7hEL, ) — Gk ) + b @ k) — rh(ah,a)
< ~k ~k ~k ~k ki k k
S ;+Th(xhﬂ ap) — ri(@y.ay) + vy (@5, ay) — ri(xf, af)
<& k _k

-t "B}y (T4, ay) + biasy(k, h) + Lop (T}, @), («F;, a)] -
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Term (B):

(B) = Pk = BE| Vigia @h.ah) + | P = PE] Vi @ ah)
SLex + ;H + [Ph Ph] Vi h+1(m;€wah) [Ph PIZ} VZ,h+1(5’;§76’z§)

< Ley + H+th(mh,Eh) + biasy(k, h)

Term (C): Using Corollary 2, we obtain

(€)= | Ph = Pk] (Vhir = Vine ) Ghoah)
= [Pk = BE] (Vhis = Vi) @hah) + [BE =P (Vi = Vi) @hah)
< Lex + SH + [13;5 - Pﬂ (VQH - v;;,,lﬂ) (@,a%) + biasp(k, h)

H2|C!| SH
Cj(zy.ay)  Cp(z),ap)

<Lev+ —H+ + Lo + biasp(k, h)
o
by the definition of G.
Term (D): From Assumption 2, for any L-Lipschitz function, the mapping (x,a) — P¥ f(z,a) is L, L-Lipschitz .
Consequently,
(D) = Py Vh+1(5113a5’1§) Vzkhﬂ(x valli

k
h
k _k
Ty, Qp,

)

< thh+1(l’ha ap) — VZkth ( )+ LyLp [(F, af)), (%5, ay)]

=P} (Vhpr = Vit ) (@hah) + LoLp [(2h, o), %, )]
= S;CL-’rl + 55-5—1 + LyLp [@fm ay), (@1, ah)]

where

def

Tk k
§h+1— (Vh+1 Vk,h+1> (xh’ah) 5h+1

is a martingale difference sequence with respect to (]:;’IC )i,n, bounded by 4H.

Putting together the bounds for (A)-(D) and using the definition of the bonuses BY, we obtain

v o _ H?2 |C’ |
5]@ <5k: k L k, k k, k o
b SOhar + Eher + Lo (3, a3), (T3, a3)] + 702(52’21«2)
OH . , €
+ Wm + LO' —+ blas(k, h ) —+ LEX + ;H

where the constant in front of S’,?LH is exact (i.e., not omitted by <).

Now, we follow the same arguments as in the proof of Lemma 11. Consider the event E,’j def
{p[(«f,af), (@}, ay)] < 20}. The inequality above gives us
kY 5k k\ 5k kY ¢k k H2|C|
I{Ey} oh, SI{ER} oy + T{ER} &hy +T{ER} | = o
' C (Iha ah)
+I{E}} L—i—i’)La—i— bias(k,h') + Lex + ‘H. (8)
C} (&%) ’ =
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Using Lemmas 10 and 22, we upper bound I {E}’f} SQH in terms of SZH:

I {Eilf} 5’Ifa+1 =1 {Elkf} (‘\//]Ifﬁl(zﬁ-&-l) - ngh(ﬁﬂ))

ST {Elﬁ} (HL(E +ex) + %HZ + fo+1($ﬁ+1) - Vzkhﬂ(wﬁﬂ))

< HL(s+ex) + - H2+]I{Eh} (Vh+1 zf ) Z bias(k, h) Vg”“hﬂ(xﬁﬂ))
—h+1

>0 by Lemma 10
" 9 H
< HL(e +ex)+ EHQ + Vi (@h) = Vi (@) + > bias(k, h)
h'=h+1
- 9 H
S2HL(=+ex) +2=H? + Vi (2f 1) = Vil (zh) + Y bias(k,h)
g h/=h+1
H
—F  +2HL(s+e. v) +2- “H? 4+ Z bias(k, h) (9)
=h+1

Let EZ be the complement of EF. Using the inequality above combined with (8), and the fact that 6% < H, we
obtain

{E } ok +1{E} o (10)
HI{E, } +1{Ef} 5}
{

H
. S .
< HI Ei} +0h + HL(e +2x) + —H? + Y bias(k,h) + I{Ef} €f,
h'=h

H2|Ch |
Ck(’Vk ~k

5H

B GG

+ Lo

Consequently,

S & BYIC 0H " N [k
251522 +ck(~k ) H{Eh}+HZZH{Eh}

Ty,
k=1 k=1 h=1 Ch(ak,ak) ho @h k=1 h=1

K H K H
ST I{BE - HY bias(h )+ L+ ea) KH? 4 K
k=1h=1 k=1h=1

Now, as in the proof of Lemma 11, we show that

K H
oY S 1{E,} < (|

k=1h=1
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and, from lemmas 10 and 22, we have:

LS
I
—
>
Il
-

Ci(@h.ap) G ah)

K H

K H
. 9
+Y S H{EFY L +HY Y bias(k,h) + L(e +cx) KH? + ;KH3.
k=1h=1 k=1h=1

k
K H p
H.\/|C BH
SZZ( Pl I{E}} + H?|C,|
k=
{

Recall the definition EF % {p (@}, af), (@F,af)] <20} and the fact that &, ey {EF} &F, | is a martingale

difference sequence with respect to (]-'}’f )i,n, bounded by 4H. Then, as in the proof of Theorem 3, we obtain

€

RRS*KeRNS(K) SRlieRNS(K) + LKH2(€ 4 SX) 4 7KH3
g

with probability at least 1 — ¢. O

Theorem 6 (UCBVI-type regret bound for RS-KeRNS). With probability at least 1 — 0, the regret of
RS-KeRNS is bounded as follows

RES—K&RIVS(K) S RgeE”S(K) 4 L(E + €X)KH2 + EKH?)
g

where REMS(K) is the UCBVI-type regret bound given in Theorem j for KeRNS.

Proof. We use the same regret decomposition as in the proof of Theorem 5, but the term (C) is bounded differently
(as in Lemma 12).
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Using Lemma 18, Lemma 22, and the same arguments as in the proof of Lemma 12, we have
)= [P =P (Vher = Ving ) @ ah)
= [Ph = BE] (Vhis = Vi) @hah) + [BE =P (Vhir = Vi) @hoah)
< L(e+ex)H + §H2 + {ﬁf’f - Pﬂ (Vs = Vi) @5,a)  (by lemmas 18 and 22)

HZ |C/|

€ 1 . ¥
5 L(E + E(Y)H + *H2 + 7P];L (th+1 - Vk,h-i—l) (mﬁ’ aﬁ) + k(~k ~k
o Ci(zy,a;)

H

H
+ Lo + Z bias(k,h’) + Lp [(w’fb, ar), (iﬁ,&“ﬁ)] (following the proof of Lemma 12)

h'=h
o H2 |C/ ‘
2 k a ko k
SLe+ex)H+—H + P (Vhir = Vi) (ahoah) + RG]
H
+ Lo + Z bias(k,h') + Lp [(z}, a}), (T}, af)]
h'=h

where, in the last line, we used the fact that VZ”}LH <V} 41 and that Vi< ‘7’,§+1 + L(e +ex)H + (/o) H?
by Lemma 22.

Putting together the bounds for (A) — (D) and using the same arguments as in the proof of Theorem 5, especially
the inequalities (8), (9) and (10), we obtain

K » K H I H2 c| i
261 ’SZZ . ~k ~k ]I{p xh’ah (xh’ah ] < 20} +H |C |
k=1 k=1h=1 Chk(ar, fl) n (@5, ap)

K H H—h+1 K H i
. 2, “ 753
+ E E (1 + H) ghﬂ + ngl }?:1 bias(k,h) + LKHo + L(c + ex)H* + EH

where g’,j 41 is a martingale difference sequence with respect to (f;’f )ie,n, bounded by 4H.

Now, from lemmas 10 and 22 , we have:

K K K H
RETEME(K) = Z (V}Z,l(fvl) VZ’Z oy ) Z (Vl at) VZ% o} ) + ZZ bias(k, h)
e k= k=1h=
- i K 1H 1 1
< Z (V’f(m’f) _VZkh ak ) +ZZ bias(k,h) + LKH(e +cx) + KH2
k=1 k=1h=1

k
K H
H H?|C!,
S>> ( t oG Jk) {p [(=h, ar), (@, a5)] < 20} + H? |Co|
k=

1h=1 Ck(zk,ak) Ty, ap,
K H 1 K H
2 3
*;;(”ﬁ gh+1+H;th bias(k,h) + LK Ho + L(= + =) KH? + ~KH

Then, as in the proof of Theorem 4, we obtain

RRS—KeRNS(K) SRgeRNs(K)+L( —|—8X)KH + KH3
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with probability at least 1 — ¢.
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H Technical Lemmas

Lemma 23 (adapted from Domingues et al. (2020)). Consider a sequence of non-negative real numbers {zs}izl
and let I, wy : Ry — [0, 1] satisfy Assumption 4. For a given t, let

def = ~ def Ws
s = L' (t—s—l—) and Wy = ——————
(IW) ‘3+Zi/=1 Wg!

for 5> 0. Then, we have

t
3 @,z <2 (1 +/log(C1t/7 + e)) .
s=1

Proof. For completeness, we reproduce here the proof of Lemma 7 of Domingues et al. (2020), which also applies
to our setting. We split the sum into two terms:

t
Z{DSZS: Z We2g + Z Wezg < €+ Z Wg .
s=1

sizg<c S:1zg>cC S:zg>cC

From Assumption 4, we have wy, < Ciexp(—z2/(20%)). Hence, w, < (C1/5)exp (—22/(20?)), since 3 +
Zi/zl wer > .
We want to find ¢ such that:

Cl Z? 1202
Zg > C =—> —exp| — < -

A3 202 t 22

which implies, for z5 > ¢, that w, < %

z

wig Q

Let © = 22/202. Reformulating, we want to find a value ¢’ such that Cy exp(—z) < 3/(zt) for all x > ¢/. Let
cd =2log(Cit/B+e). If x > ¢/, we have:

Cit Cit ,
221 (1—|—e> = xzx—l—log(,l—i—e) = 1z > logz +log(Cit/ + e)

3 2 5}
— (C1/9) exp(—) < 1/(at)

as we wanted.

Now, z > ¢ is equivalent to z5 > V202¢’ = 20+/log(C1t/3 + €). Therefore, we take ¢ = 20+/log(C1t/5 + e),

which gives us

2

2 2 . >
Zwszsﬁzl2g 8720 1§20 |{s.zsfc}\g2a
t 22 t Zs c t c
s:zg>cC Sizs>cC sizg>c

Finally, we obtain:

Zwszs <c+ Z W2 <c+2—

s:zg>c

= 20+/log(C1t/0 +e) + J (1 + /log(Cit/p )

log(C1t/5 + e)
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Lemma 24. Let f(mW) : Ry — [0,1] be a kernel that satisfies Assumption 4. Let a € Rfk and fi1, fo, f3 be
functions from RY, to R defined as

S T (t—s—1,25/0) as
B+ Ty (t—s—1,2,/0)

fi(z) =

1
f2(2) = \/,3+Z§_1F(n,w) (t=s—1z/0)

1
f3(2) = - =
B4+t Tow (t—s—1,2,/0)

Then, for any y,z € Ry, we have

2C t
A1)~ ) < 220ty

C
112(2) = Fa0)| < 5 e = vl
C
15(2) = Fs(w)| < S22 =yl

Proof. From Assumption 4, the function z +— f(,],w)(t — s —1,z) is Co-Lipschitz , which yields

|f1(z) = f1(y)]
< ‘22_1 (F(”LVV) (t —-s—1 ZS/U) (n,W) (t —-s—1, ys/U)) a

B+ Zle F(r/,W) (t —s—1, ZS/O)
Zi:l f(7],VV) (t - 1ays/0) Qg

‘ZZ=1 (f('hW) (t — 5= 1& ZS/O) - F('r/,W) (t — 5= 17:‘/3/0))
*))+Zi 1771W) (tisi 1ays/g) '))+Zi—1f(n W) (tfsflvzs/g)

Cy Zs 1(1/0')‘7«'3 Ys| as + |l Cy Zs 1(1/U)|zs_yS|
g+ 23:1 F(7/,W) ( — o 17 Zs/g) > 5+ Zizl F(r/,VV) ( — e ]-7 Zs/g)
_ 20y all ¢
- Bo

IA

12 = ylloo -

The proofs for fo and f3 are analogous. For fa, we also use the fact that the function z — (1/v/0 + z) is
1/(2833/?)-Lipschitz . O

Lemma 25. Let a € RY, and fi, fa, f3 be functions from RY, to R defined as

Sac1 9(s) exp (=22/(20%)) as

M) = S e exp (—22/(20%))

1
fale) = ¢ TS g(s) exp (—22/(20%)
fa(2) = !

04+ 3esr g(s) exp (=22/(202))

where g : N* +— [0,1] is an arbitrary function bounded by 1. Then, for any y,z € Ry, we have
4|la
76 - A= 1= (14 ot @) 1ol
1 ,
1) = o) < 50 (14 1og+<t/3>) Iz~ 9lle
1
12(2) — fawl < o= (1 log™ ¢/ o =l
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Proof. We use the fact that, for any differentiable f : R}, — R,

[f(@) = f(y)l < sup V() 12—yl -

ZER&
We have
‘31‘1(»2) < 2lall g(i)2i exp(=27/(20%))
07 T2y g(s)z exp(—22/(207)

which implies, by Lemma 23,

_ 2llallee 3y g(i)2i exp(=27/(20%))

Vii(z
VAN < =0 5+ iy 9(s)zs exp(—22/(202)
2 4 ]
< ”Lzuwmr (1 + log+(t/,3)) _ Aelle (1 + \/long(t/(f)) .
o o
The proofs for fy and f3 are analogous. O

Lemma 26 (value functions are Lipschitz continuous). Under Assumptions 1 and 2, for all (k,h), the functions
Vin and Qp ;, are Ly-Lipschitz , where Ly, ef Zg:h L L,A=W,

Proof. This fact is proved in Lemma 4 of Domingues et al. (2020) and also in Proposition 2.5 of Sinclair et al.
(2019). For completeness, we also present a proof here.

We proceed by induction. For h = H, Q} y(z,a) = % (2, a) which is L,-Lipschitz by Assumption 2. Also,

Vion(2) = Vi (v) = maxQf s (2.0) — maxQf s (v.0) < max (Qf g (r.0) ~ Qhu(ww) (1)
<max Lgp|(z,a),(y,a)] < Lgpx (z,y), by Assumption 1 (12)
a
which verifies the induction hypothesis for h = H, since we can invert the roles of z and y to obtain

Viu(@) = Vi g)| < Lupx (z,9).

Now, assume that the hypothesis is true for h + 1, i.e., that Viht1 and Qj 5,4, are Ly41-Lipschitz . We have

Qlt:,h(xv a) - Qz,h(xlv a/> < Lrp [(mv a’)v (xl7 al)} + A Vz,h+1(y)(Ph(dy|x7 a) - Ph(dy|$/v a/))

< Lrp [(x»a)v (xlv al)} + Lh+1 / kaijq(y)(Ph(dmwv a) - Ph(dylx/a a/))
X h+1
H
<+, Y LerH—”] pl(,0), o/, )]
h'=h+1

H
= Z LFLPH_hlp [(337 a)’ (x/’ a/)]
h'=h

where, in last inequality, we use fact that Vi , /Lp+1 is 1-Lipschitz, the definition of the 1-Wasserstein distance

and Assumption 2. The same argument used in Eq. 11 shows that |V}, (z) — Vi ,(y)| < Lppx (z,y), which
concludes the proof. O

Fact 1 (small useful result).

|min(a, b) — min(a, c)| < |b— ¢
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Proof. Since min(z,y) = (z +y)/2 — |z — y| /2, we have

b —b -
min(a,b)—min(a,c):a+ _la \_a+c+|a d

2 2 2 2
b—c |a—c|l—la—Db
o2 2
< b—c+ |b— |
-2 2
<|b—¢

where we used the fact that |a — ¢| < |a — b] 4+ |b — ¢|. By symmetry, min(a, ¢) — min(a,b) < |b — ¢|. which gives
us the result. O
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I Experiments

1.1 Setup

We consider a continuous MDP whose state-space is the unit ball in R? with four actions, representing a move to the
right, left, up or down. Each action results in a displacement of 0.1 in the corresponding direction, plus a Gaussian
noise, in both directions, of standard variation 0.01. The agent starts at (0,0). Let b¥ € {0,0.25,0.5,0.75,1} and
x; € {(0.8,0.0), (0.0,0.8),(—0.8,0.0), (0.0,—0.8) }. We consider the following mean reward function:

4
TZ(JJ)G) = be max <O7 1— ”90;?2)
i=1 .

Every N episodes, the coefficients b¥ are changed, which impact the optimal policy.
Taking 7 = exp(—(1/N)?/3), we tested the Gaussian kernel T'(t,u,v) = 1’ exp (fp [u, v]* /(202)) and a higher-
order kernel I'(t, u,v) = ' exp (—(p [u,v] /0)*/2). We set ¢ = 0.05, e =cx = 0.1, 5 = 0.01, H = 15.

We ran the experiment with horizon H = 15 for 2 x 10* episodes. Every N episodes, the coefficients b¥ were
changed, according to Table 4.

Table 4: Value of b¥ according to x; and the episode k

episode / z; | (0.8,0.0) (0.0,0.8) (—0.8,0.0) (0.0,—-0.8)
E mod N=0 | 1/4 0 0 0
k mod N=1|1/4 1/2 0 0
k mod N=2|1/4 1/2 3/4 0
k mod N=3|1/4 1/2 3/4 1

We took 5 = 0.01 and used the following simplified exploration bonuses:

Nl BH
B (r.0) = ——20 4 (13)
Cﬁ(m,a) Ci(z,a)

where the factor 0.1 was chosen in order to ensure that the baseline is able to learn a good policy in less than
1000 episodes, i.e., before there is a change in the environment.

Additionally, to take into account the fact that the Lipschitz constant is rarely known in practical problems, we
replaced the interpolation step (line 8 of Alg. 5) by a nearest-neighbor search in the representative states:

Qk(z,0) = Q («',a'), where (¢/,a')= argmin p[(z,a),(z,a).
(T, @)e Xk x Ak

1.2 Results

Figures 2 and 3 show the total reward and the regret of RS-KeRNS compared to baselines for the two choices of
kernel function (Gaussian and 4-th order kernel), for 3 different values of A, which is determined by the period N
of changes in the MDP (the reward changes every N episodes).

In all experiments we observe that Kernel-UCBVI is not able to adapt to the changes in the environment, whereas
RS-KeRNS is able to track the behavior of the baseline RestartBaseline which knows when the changes happen
and resets the reward estimator when there is a change.
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Figure 2: Total reward (top row) and regret(bottom row) of RS-KeRNS compared to baselines, using the Gaussian

kernel T'(t, u,v) = 1’ exp (—p [u, v]? /(202)). The figures on the left, in the middle, and on the right correspond
to N = 1000, N = 2000 and N = 5000, respectively, where N is the period of the changes in the MDP. Average

over 4 runs.
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Figure 3: Total reward (top row) and regret(bottom row) of RS-KeRNS compared to baselines, using the kernel

I(t,u,v)

Nt exp (f(p [u, v] /0)4/2). The figures on the left, in the middle, and on the right correspond to

N = 1000, N = 2000 and N = 5000, respectively, where N is the period of the changes in the MDP. Average over

4 runs.



	Introduction
	Setting
	An Algorithm for Kernel-Based RL in Non-Stationary Environments
	Kernel-Based Estimators for Changing MDPs
	Algorithm
	Theoretical guarantees

	Efficient Implementation
	Using Representative States and Actions
	Theoretical Guarantees & Runtime
	Numerical Validation

	Proof Outline
	Conclusion
	 Appendix
	Preliminaries
	Notation
	Probabilistic model
	Exploration Bonuses and Kernel Backward Induction

	Proof Outline
	Theorem 2
	Optimized Kernel Parameters and Regret Bounds

	Handling the bias due to non-stationarity
	Concentration
	Concentration inequalities for weighted sums
	Hoeffding-type concentration inequalities
	Bernstein-type concentration inequality
	Good event

	Upper bound on true value function
	Regret bounds
	Regret bound in terms of the sum of exploration bonuses (UCRL-type)
	Regret bound in terms of the sum of exploration bonuses (UCBVI-type)
	Bounding the sum of bonuses and bias
	Final regret bounds
	UCRL-type regret bounds
	UCBVI-type regret bounds


	VioletRS-VioletKeRNS: An efficient version of VioletKeRNS using representative states
	Definitions
	Online updates & runtime
	Regret analysis

	Technical Lemmas
	Experiments
	Setup
	Results



