Efficient second-order online kernel learning
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Motivation Fast rates in online kernel learning

Non-parametric models are versatile and accurate.
Computing solution online is still accurate
Lssecond-order methods' achieve logarithmic regret

Proposition 1: R(w) < O (ZtT:l glAt_lgt) <O (ZtT:l gl (GyG] + oI) ™" gt) <O (L Zle o1 (B, D] + al) qbt) .

Definition 1. Given a kernel matrix K € RT™>1 define
a-ridge leverage score: tr(a) = er ,; K'n(Kr + alr) ter; = ¢ (®r®r + al) o,

T NK
Effective dimension: d.gla)r =Y., mr.4(a) = E 1 ) (K( )T_|)_ < Rank(Krp) =r
i=1 Aj(Kr) +

Current limitations

» Curse of kernelization makes them slow down over time:
L O(t) space and time per-step.

» Adversary can exploit fixed approximation schemes:
Lsforce linear approximation error

eff. dim. deff

Proposition 2: dI (a) := >, ¢, (®,P] + ozI)_l ¢, < logDet(Kr/a+1) < 2d%(a)log(T/a).

onl

We propose PROS-N-KONS, the first fixed-cost approximate
online kernel learning algorithm achieving logarithmic regret

dimension t

L» Nystréom 4+ leverage score sampling — embed points in R/
L» adapts embedding online: cannot be exploited

L, embedding size j scales only with effective dimension

Ls preserves logarithmic rate

Kernel online row sampling (KORS)

A dictionary Z = {(s;, ®,)} is a (weighted) collection of samples.

_ 1+¢
Pr = &7 (P P7)TP7) is the projection on the dictionary.

T =
£yt Py

(ki,z’ — kt,ig(gTth —+ ’}/I)_l

Proposition 3. Given parameters 0 < ¢ < 1, 0 < v, 0 < 0 < 1,

0 = }J_FZ, if B> 3log(T/d)/e?* then the dictionary learned by KORS is

such that w.p. 1 — ¢ and for allt € |T|, we have

Input: Regularization ~, accuracy ¢, budget 3
1: Initialize Zy = ()
2: fort={0,..., T —1} do
3:  receive @,
4:  construct temporary dictionary Z; := Z;_1 U (¢, 1)
5.  compute p; = min{37;, 1} using Z;.
6: draw z; ~ B(py) and if z; =1, add (1/py, ¢,) to I,
7: end for

Online kernel learning

Online game between learner and adversary, at each round t € |T|

1. the adversary reveals a new point ©(x;) = cH
i P pxi) = ¢, (1) 0 X @, (P, — P1,)®, = +7:1I,

2. the learner chooses w; and predicts fyw, (x:) = ©(x¢) "Wy, (2) J = maxy|Z;| is bounded by O(dzﬁ(v) IOgQ(T/5))o

3. the adversary reveals the curved loss /4, A _
KORS runs in O(dzﬁ(v)z log™(T)) space and O(dfﬁ(v)‘g) per-step time.

4. the learner suffers ¢;(¢,w;) and observes gradient g;.

Kernel

e ©(-): X — H is the high-dimensional (possibly infinite) map PROS-N-KONS
® (I)t = [¢17 ce e th], (I)-trq)t = Kt (kernel trick) A A A A A
o g =L (P;wWi)P; = iy : | *

Minimize regret |
|% |
/“\ PR

R(w) =Y li(¢piwy) — l(piw)

against the best-in-hindsight w* := argmin, g Z;r:l li(p,w) in
feasible space S = NSy = Ny{w : |, w| < C'}

Approximate updates with exact ¢ (Luo et al. 2016; Calandriello et al. 2017)

deofr deofr
T >-1 [

Input: Feasible parameter ', step-sizes 1, regularizer o
1: Initialize j =0, wog = 0,80 =0, Pg =0, Ag = al,
2: Start a KORS instance with an empty dictionary Zg and parameter -y

Curvature and first vs second order ——

7 e

Convex First order (GD) Zinkevich 2003, Kivinen et al. 2004 ~ 1 3: fort = {1,...,7T} do
> O(d)/@(t) tim / r-st At gt = + X = O(t) 4 Receive x;, feed it to KORS.
ME/SPACE PErStep 5:  Receive z; (point added to dictionary or not)
» regret VT _ _ 6: if z;_1 = 1 then { Dictionary changed, reset.
g
. . ~ & J=J+1
Exact updates with approximate ¢ (PROS-N-KONS) 8: Build K; from Z; and decompose it in U;3; ¥ U~
t dof ~ S~ :
pr— prm—— 1 = 0: Set Ay _ 1 =al eRI*T, w; =0€ R
Strongly Convex First order (GD) Hazan, Rakhlin, et al. 2008 . X 10: else { Execute a gradient-descent step. }
» O(d)/O(t) time/space per-step At_ Q’t — L 4+ X — O(jz) 11: Compute map ¢, and agproximate map ¢; = Zj_lU}(I);qbt cRJ.
» regret log(7T) — 12: Compute vt = wi—1 — A, ' gr—1.
but often not satisfied in practice - - _ ~ _ ~  sign(¢,ve) max{|p,v¢|-C, 0} ¥ —1 %
. . T 2 T 2 13: Compute wy = vy — s A .o
Le(e.g. (yi — dIwy)?) » near-linear time O(T'd (7)), near-constant space O(d (7)) s AL, =17
» adapt embedding using online RLS sampling 14: end if I

15: Predict y; = O, wit.

—~ ~T o~
_ _ _ 16:  Observe gt = V~ li (¢, wi) = 0 (yt) P,
» Adversary influences steps and starting point wt
» regret log(T) 17:

> O(dg)/O(tQ) time /space per-step Lsadaptively reset solution, keep dictionary, not too often!

o-curved Second order (Newton-like)

L, finite time guarantees, unlike approximate linear dependency
Hazan, Kalai, et al. 2006, Zhdanov and Kalnishkan 2010

Update Kt — Kt_l + %E{é{
18: end for

K 4 Online N . CONS Theorem 1. For any sequence2 of losses l; satisfying Asm.1-2, Theorem 2. For any sequence £, = (y;—3;)? of squared losses,
ernelize nline Newton JSte -N-
p ( ) . let o < VT, B > 3log(T/d)/e*, then the regret of PROS-N let @« < VT, v < a, B > 3log(T/5)/s?, then the regret of
T —1 ] — .
Ag=al, A=A +ogg, Wi =1IIg" (W, — A/ g). KONS over T steps is bounded w.p. 1 —0 as PROS-N-KONS over T steps is bounded w.p. 1 —§ as
t 00
— —— R (W)<(9< I (af|w|? +deg(a)log (T/a)) + T /
1 T =~ e g Q Y a ), T ¥ 2
L L I L Ry(w) <O (J deﬁ(a) log(T') + o max ‘Cj + al|wl[3
A_l X restarts online-offline gap H—?TL/ gap J
= + . tiig—1 2
t where J < 3Bdlg(v)log(2T) is the number of epochs. If| |where L = minwes ( an (piw — yi)” + allwl||3) is the
v = a/T the previous bound reduces to best reqularized cumulative loss in ‘H within epoch j.
t t 0 T 2 T 2
b W b | o — Ry (w) < O(deg (a/T) (|| w||"1og(T) + degr () log™(T))). » First-order regret bound, £* constant if model is correct
< + > - L» constant H-H gap is enough if instantaneous loss goes to 0.
— If eigenval — ¢t 9, regret | 1/T)) <o(T /4 : : : : T
= + > If eigenvalues decay as Ay = 79, regret is o(derr(1/1')) < of ) » near-linear time online Gaussian process optimization
If eigenvalues decay as A\; = et (Gaussian regret is o(log (I’ : : : : :
> & ; y t ( H), reg (log(T')) Lsadaptive choice of inducing points.
If H = R regret is O(rlog(1')), improve over Luo et al. 201 : : -
> It H & O(rlog(T)), imp 016 » Analysis can be applied to first-order methods too.
Assumptions
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: T T T..\T T N\T g
2: Le(pyw) > Le(@yu) + VE(piu) (W —u) + 0 (Vi(pgu) (W — u)) — —
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