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SPARSE HFS

e In many applications unsupervised samples are abundant but

labels are expensive (e.g., image classification) Sparsity routine (adapted from [6]) | |
e Graph-based SSL (e.g., HF'S) exploits the graph structure to learn Input: Graph G = (X, &), labels ys, accuracy ¢ Input: Sparsifier 7, block A, # edges N! effective resistance acc. o
- L. _ . p Output: A sparsifier H’, probabilities {p., : e € H'}.
accurate predictions Output: Solution f, sparsified graph H ~ ,
_ : _ L —1/(1 — d N = a2nlog?(n)/e Compute estimates of R/, for any edge in H + A such that 1/a < R, /R, < a with
e Large graphs, obtained by construction or by input, are very com- et o = 1/(1 —¢) and N = a"nlog™(n)/e an SDD solver [2]
mon (e.g., Facebook n ~ 10” users) Partition & in T = [m/N| blocks Ai, ..., A; Compute probabilities and weights
e HFS has complexity if (1 >1), H1 = sparsify(0, Ay, N, ), 5 = (acR.)/(aln —1)), we = ae/(NF.)
else 71 = Aq For all edges e € H compute p, < min{pe, p.} and initialize H' = ()
O(n?) time O(n?) space fort=2,...,7 do for all edges e € H do
Load A¢ in memory Add edge e to H’ with weight we with prob. 7’ /De
= Can we reduce the computational complexity without com- Compute H; = sparsify(H: 1, Ay, N, ) end for
promising the accuracy? end for for all edges e € A do

~ for:=1to N do
enter the labels -
C 3 ys Add edge e to ‘H' with weight we with prob. p.,

Compute f with STABLE-HF'S with ys using a SDD solver
TRANSDUCTIVE SSL end for

end for
The graph
o Input set X = {z1,...,2,} in R? ;&‘* !‘:“ }\ 4 Challenges
e Build the graph G = (X, &) with || =m nt 2N 1% i f : e The size of the graph should stay
bounded

e The weights a., ; encodes the distance between nodes

e A sparsified intermediate sub-graph
should stay accurate

e The time complexity should stay limited
to the processing of the edges (i.e., no
multiple passes or heavy computations for
the sampling)

The transductive SSL setting

e There exists a label y; for each node z; in G

e S is the set of [ labeled nodes

e 7 is the set of u = n — [ unlabeled nodes

e A SSL algorithm receives as input X', § and their labels and returns
a labeling function f : X — R

e Empirical error

e Generalization error

R(f) = %Z(f(iﬂz‘) - Y(%‘))2

i—1 \Sparse-H FS
Assumptions
e The graph G is fixed (e.g., in spam classification the email corpus
is fixed) THEORETICAL (GUARANTEES

VAN

o The labeled set S is drawn at random over X" (e.g., which mails Setting. ¢ is the accuracy and 9 is the probability of failure. The graph G has n nodes, m edges, eigenvalues 0 = A\ (G) < \2(G) <
the users classify as span or ham) An(G). The labels are bounded |y(z)| < M and F is the set of centered functions such that |f(z) — y(2)| < c.

Lemma 1. For any partitioning of £ into 7 blocks, SPARSE-HF'S returns a graph H s.t. for any ¢« = 1...n with prob. 1 — ¢
HARMONIC FUNCTION SOLUTION ’ : :

Graph Structure ((1 —e)Ai(9) S Ai(H) < (1 + 5))%(9)7)

e Weighted adjacency matrix Ag
e Degree matrix Dg

Theorem 1. If the labels ¥ are centered, then SPARSE-HFS (¢) returns a function f that w.p. 1 — § satisfies

e Laplacian matrix Lg 204+ )l § 5
o Ju)In 1 ely Ao (G) M
HES Solution R(f) < R(f) + 5+ (25 LT ) > (((1 o) (G) = 1)2) |
[f —arg min ;(f —y) ' Is(f —y) + vaLgf] 3 < r L5M V1 1 1M . w
< (X =e)lyAa2(G) —1)2 (1 —e)lyAa(G) =1

f=(yiLg+Is)Tys

COMPLEXITY COMPARISON

Algorithmic Stablll.ty | N Stable-HFS
How much the solution is affected by the training set: Time O(n ) b |
Space O(n r emma 1-bis. Let
‘S L ( Y1,Y2,Y3, - - -y Yi—1  Yi 0 07"'70 N f Ampa'lc':l(rane() 4 5 )
S Y1,Y2,Y3, - - -, Yi—-1 0 Yi+1 07"°7O f’ 2n10g (n)
Fast SDD-linear solver + Stable-HFS N =« =2 ;
B-stable algorithm Time O(n po'y'og - g
Space O(n : _ _ "
Am. Time O( polylog with « = 1/(1 —¢) and 7 = m/N, then with
Ve e X: |(f(z) —y(x)? — (f'(z) —y(x)*| < B prob. 1—9 SPARSE-HF'S has an amortized time
Sparse HFS per edge of O(log”(n)) and it requires O(N)
Stable-HFS |4 Time O(n?polylog(n))
[4] TineOfsoogt r memory.
Am. Time O( ponIog
f =arg min 1(f —y)' Is(f — f'Lgf + £f'1
[ g min T(f—y) ' Is(f —y) +~ + ]
. (iLg +Ts)ys)l o i+ o) (35 — ) EXPERIMENTS
(ylLg + I1s)T1)T1 "’ gres ° Guarant. Space Preproc. Time Solving Time e HFS-based algorithms: k-NN used to con-
SPARSE-HF'S v N = O(nlog?(n)) | O(mlog®(n)) | O(Nlog(n)) = O(nlog>(n)) struct the graph (m = nk edges)
( . ~ ) STaABLE-HEF'S v O(m) O(m) O(mn) e SIMPLE-HFS [5] g eigenfunctions
Proposition [1] IfAthe labels yg are center.edr then STABLE-HFS S o O(m) O(me) Olah) e EIGFUN [3] ¢ eigenfunctions, b bins
returns a function f such that w.p. 1 — ¢ satisfies, FreFUN X O(nd +ng+b?) | O(gh? + db*) O + ng) e SUBSAMPLING s subsampled points, k
(4 u)y (i u)log(1/9) Sunsiarim | X O(ek) O(m) O(sk + 1) neighbors
=~ ~ c L+ u m(l,u)log
R(E) < B(E)+ 8+ (28+ )\/ .
() < R(E) +5 b lu 2 Spam Classification (TRECO07)
with Toy Example n = 75419 mails, y = HAM or SPAM, d = 68697 features (TF-IDF extracted
f the text), [ = {100, 1000}, € = 0.9
l 5 l n = 12100 points, d = 2, y = —1 for two top clusters ror|n=20e ext) { boe 00
7'(([7 u) — u ma,x{ ,u} , and y = 1 for two bottom clusters, [ = 4 two on top, two 100 :
| | s =2064 q-=
B < 1L5M V1 - M 6 ————— 100 ————— > --ux-”’a(--ﬁ-"- ........ ) S e .@.‘P@O%
(l’}/)\z(g) B 1) ZWAQ (g) —1 | ¢ _ 90 | % u 0] . o o® ]
~ v > 80 < 70 i i o
4L . % 70 T 60 | >|(
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