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Abstract

We address the problem of planning in an envi-
ronment with deterministic dynamics and stochas-
tic discounted rewards under a limited numeri-
cal budget where the ranges of both rewards and
noise are unknown. We introduce P1aT+P00S, an
adaptive, robust, and efficient alternative to the
OLOP (open-loop optimistic planning) algorithm.
Whereas OLOP requires a priori knowledge of the
ranges of both rewards and noise, P1aTyP00S
dynamically adapts its behavior to both. This al-
lows P1aT+P0OS to be immune to two vulnerabil-
ities of OLOP: failure when given underestimated
ranges of noise and rewards and inefficiency when
these are overestimated. P1aT+P00S additionally
adapts to the global smoothness of the value func-
tion. P1aT~P0OOS acts in a provably more efficient
manner vs. OLOP when OLOP is given an overes-
timated reward and show that in the case of no
noise, P1aT~yP0OS learns exponentially faster.

1. Introduction

We consider the problem of planning in a general stochastic
environment with deterministic dynamics and discounted
rewards. Our goal is to recommend the best first action for
an agent to take from a given state. We envision that the
discount factor v is known and that our learner has a limited
allocation of n interactions to spend querying a generative
model of the environment. The objective is to maximize the
sum of discounted rewards of the best sequence of actions
following from the recommended first action. This is equiv-
alent to minimizing the simple regret. We introduce the
algorithm P1aT~P00S, Planning wiTh ~ Plus an Online Op-
timization Strategy, as a robust and efficient scale-free alter-
native to the OLOP algorithm (open-loop optimistic planning,
Bubeck & Munos, 2010; Leurent & Maillard, 2019) for this
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setting. Our algorithm implements a scale-free function op-
timization strategy similar to SequOOL (Bartlett et al., 2019)
rather than an upper-confidence-bound approach which al-
lows our algorithm to efficiently adapt to the problem space
without prior knowledge of the ranges of the noise or the
rewards.

Planning in a stochastic environment is an important setting
often modeled by Markov decision processes (MDPs, Put-
erman, 1994; Bertsekas & Tsitsiklis, 1996). One approach
to solving these settings is to find the optimal policy that
maximizes the expected sum of rewards and then generate
an action recommendation according to that optimal pol-
icy. Unfortunately, in most practical settings where we are
limited by computational resources, finding this optimal
policy is often not possible, especially when the state space
becomes large. Therefore, instead of trying to estimate the
optimal policy of the MDP, we focus only on finding the
best first action given our budget. We evaluate the perfor-
mance of the recommendation in terms of the simple regret,
the difference in reward between choosing the optimal first
action vs. choosing our recommended first action and then
in both cases choosing an optimal sequence of actions fol-
lowing the first action. This metric is often used to evaluate
planning strategies that optimize numeric budgets (Bubeck
& Munos, 2010; Busoniu & Munos, 2012; Grill et al., 2016),
in contrast to the cumulative regret where we are penalized
during the search for querying sub-optimal actions. Once
the agent takes the first action and moves to the next state,
our evaluation can be repeated with a new budget allocation
and the following best first action can be recommended.
This allows us to approximately following an optimal pol-
icy, action by action, in an online way. Previously, there
have been several strategies proposed on how to efficiently
allocate a numeric budget to search for an optimal value in a
stochastic space. Many of these have been successfully im-
plemented using methods based on upper confidence bounds
(UCBs) such as UCT (Upper Confidence Trees, Kocsis &
Szepesvari, 2006). This approach has been proven to be
very efficient in practice (Coulom, 2007; Gelly et al., 2006;
Silver et al., 2016), however, UCT can badly misbehave on
some problems (Coquelin & Munos, 2007) and more the-
oretically sound approaches have been proposed (Hren &
Munos, 2008; Bubeck & Munos, 2010; Busoniu & Munos,
2012; Feldman & Domshlak, 2014; Szorényi et al., 2014;
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Kaufmann & Koolen, 2017; Shah et al., 2019). Some of
these methods are connected to the ones from function op-
timization (Bubeck et al., 2011; Munos, 2011; Valko et al.,
2013) as shown by Munos (2014), however, one key differ-
ence is that in planning, as opposed to function optimization,
the structure of the reward is a discounted reward, specif-
ically a sum of rewards and the discount factor . This
reward structure influences the behavior of the optimizers
(Bubeck & Munos, 2010), for example, the discount factor
brings smoothness of the value function which in turn makes
it easier to optimize. P1aT~yP0OS exploits the effect of the
discount factor to efficiently manage an adaptive planning
strategy in the face of unknown ranges of noise and rewards.

This adaptive strategy of P1aT+yP00S can make it more ro-
bust and efficient in practice than other planning strategies.
For example, even though they are theoretically sound, the
empirical performance UCB-based approaches depend on
the careful tuning of the upper confidence bound. If the
upper confidence bound is too large then the UCB-based
learner plays very conservatively by overestimating sub-
optimal options for many rounds. Moreover, these UCBs
might depend on instance parameters that are simply not
known such as the range of the rewards and the range of
the noise. We build on the function optimization approach
of Bartlett et al. (2019) that does not use UCBs and obtains
improved results over the state-of-the-art by adapting to the
problem difficulty with a scale-free approach. P1aT~P00S
adapts this scale-free optimization approach to planning.
This scale-free property becomes a more desired feature as
machine learning gets closer to applications, whether it is
online (Ross et al., 2013; Orabona & Pél, 2018) or deep
learning (Orabona & Tommasi, 2017), since in the reality,
many parameters are never known.

In terms of planning strategy, the P1aT+P0OS algorithm
is an adaptive, robust, and efficient alternative to OLOP.
Whereas OLOP requires the knowledge of where the ranges
of both rewards and noise, P1aTyP00S dynamically adapts
its behavior to the both ranges, as well as some potential
additional global smoothness of the value function. Our
algorithm’s ability to adapt allows it to avoid failure in cases
where the ranges of noise and rewards are underestimated
and to act more efficiently in cases where they are over-
estimated. P1aT~P0OS recovers the results of OLOP while
allowing improvements in various classes of problems.

Our contributions We show that P1aT~P00S:

e adapts its behavior to an unknown range of rewards,
requires no apriori assumptions or knowledge on noise,
empirically learns much faster than UCB approaches,
gets the fast rate of deterministic planning in low noise
for all regime; in particular, it learns exponentially
faster than OLOP when there happens to be no noise,

e adapts also the global smoothness p and v beyond the
base smoothness provided by ~.

We additionally address a realistic constraint where the
agent can only reset to the original state and not to any state
it wishes. Our results hold for MDPs with deterministic
dynamics and can equally be applied to open loop planning
problems (as discussed by Munos 2014) where we search
for the best sequence of actions, ignoring the actual states
that are reached after each action (Bubeck & Munos, 2010).

Related algorithms, where the objective is to find the value
of the state rather than to identify the best action, include
TrailBlazer (Grill et al., 2016) and StOP (Szorényi et al.,
2014). A key difference is that these algorithms are fixed
confidence and output a value using a small number of
samples given an accuracy/probability, whereas our algo-
rithm does exploration under a fixed budget of samples and
guarantees how good the found action is. Even for sim-
ple multi-arm bandits, these two problems have different
complexity (Carpentier & Locatelli, 2016) and can only be
equivalent under unrealistic side knowledge (Gabillon et al.,
2012). These related algorithms are also impractical for
our setting. TrailBlazer uses confidence bounds that are
humongous and StOP takes exponential time. Similar to
OLQOP, both also need to know noise and reward ranges.

2. Background

We model our problem with an MDP with state space X,
action space A and dynamics such that taking the chosen
action a, at time ¢ deterministically transitions the system
from z; € X to state x¢11 = f(z¢, ar) generating a reward
ry = 1(x¢, ay) + &4, with £ being the noise. We consider:

deterministic rewards The evaluations are noiseless, that
is forall ¢, e, 2 0 and r; = (2, ay).

stochastic rewards The evaluations are perturbed by a
noise of range b € R,: At any round, &; is a random
variable, independent from noise at previous rounds,

E [re|z:] £ r(z¢,a¢) and |ry —7(z¢,a0)| < b. (1)

We assume that all rewards lie in the interval [0, Ryax]
and while the state space may be large and possibly infi-
nite, that the action space is finite, with K available ac-
tions. We treat an infinite time-horizon problem with dis-
counted rewards where the discount factor (0 < ~ < 1)
is known. For any possible policy 7 : X — A, we de-
fine the value function V™ : X — R associated to 7 as
V7 (z) £ Y ~'r(z, 7(ws)), where ; is the state of the
system at time ¢ when starting from z (i.e., o = x) and
following policy 7. In the next definition, we also define the
@-value function Q™ : X x A — R associated to policy ,
for each state-action pair (x, a), as the value of playing
action a in state z and the following 7 thereafter.

Definition 1. The Q-value function Q™ of policy w is
Q™ (z,a) 2 r(x,a) + V™ (f(x,a)).
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Notice that V7™ (z) = Q™(z,7(z)). We define the op-

timal value function, and @)-value function respectively,

as V*(x) £ sup, V™(x) and Q*(2,a) £ sup, Q™ (z,a),

which corresponds to playing a first and optimally after.

From the dynamic programming, we have the Bellman equa-

tions (Bertsekas & Tsitsiklis, 1996; Puterman, 1994),
V*(x) = maf)fr(:c, a) +yV*(f(x,a)),

ac
Q*(z,a) =7r(z,a) + VrlgleaﬁiQ*(f(xva)ﬂb)'

Letfa:c = {a,a+1,...,¢} witha,c € N, a < ¢, and
[a] = [1 : a] and let log, be the logarithm in base d, d € R
and log without a subscript be the natural logarithm.

2.1. Optimistic planning under finite numerical budget

We assume that we have a generative model of f and r
that generates simulated transitions and rewards. We want
to make the best possible use of this model in order to
recommend a best next action a(n) such that the sum of
the rewards resulting from playing a(n) and then optimally
afterwards is as close as possible to playing optimally from
the beginning. For that purpose, we define the performance
loss 7, as

Tn £ I;leaﬁ(Q*(xv CL) - Q*(:Ca a(n))

2.2. The planning tree

For a given initial state x, consider the (infinite) planning
tree defined by all possible sequences of actions (thus all
possible reachable states starting from z). Let A> be the
set of infinite sequences (ag, a1, as,...) where a; € A.
The branching factor of this tree is the number of actions
|A] = K. Since the dynamics are deterministic, to each
finite sequence a € A? of length d we assign a state that
is reachable starting from z by following this sequence
of d actions. Using standard notation for alphabets, we
write A? = {0} and A® for the set of finite sequences.
For a € A® we let h(a) be the length of a, and a A" =
{aa’,a’ € A"}, where aa’ denotes the sequence a followed
by a’. We identify the set of finite sequences a € A® with
the set of nodes of the tree. With h’ < h and a € A" we
denote ajy,/) the sequence of action composed of the A’ first
actions from a, i.e., {ao, ..., an —1}. We fix ag) = 0. The
value v(a) of an infinite sequence a € A is the discounted
sum of rewards along the trajectory starting from the initial
state = and defined by the choice of this sequence of actions,

v(a) Z’ytr(xt, at),where zo = z;x441 = f(x, ar)
>0

Now, for any finite sequence a € A®, or node, we define
the value v(a) = sup,,¢ 4~ v(aa’). We write v* = v(0) =
SUp, ¢ 4~ v(a) for the optimal value at the initial state which

is the root of the tree, v* = V*(x). We denote the set of
optimal infinite sequence of action as A* which contains any
a € A such that v(a) = v*. We note the set of optimal
finite sequence of actions of depth h as A*" which contains
any a € A" such that v(a) = v*. We also define the u- and
b-values for the lower- and upper- bounds on v(a) as

h(a)—1

h(a)
’yt’f’(xt, at), and b(a) = U(CL) + 77]%1’03)(.

u(a) £ T

t=0

Indeed, since all rewards are in [0, Riax], we trivially have
that u(a) < v(a) < b(a). At any finite time ¢ an algo-
rithm has opened a set of nodes, which defines the expanded
tree 7; . We say the learner opens (or expands) a node a
with m evaluations if uses the generative model f and r
to generate m transitions and rewards for the K children
nodes aA. In the deterministic reward feedback, m = 1.
The bounds reported in this paper are in terms of the total
number of openings n, instead of evaluations. The num-
ber of function evaluations is upper bounded by Kn. T, ,
denotes the total number of evaluations allocated to ac-
tion @ € A in state xz. We define, especially for the noisy
case, the estimated value of the reward 7(z, a) of action
a € Ain state x. Given the T}, , evaluations ry, . .
7z, a) = TTI - ZST;f r5; the empirical average of rewards
obtained at when performing action action a € A in state x.
To ease notation, for a € A™ and h < m, we write
T, = E[Twh,(n,)—l7ah(a)—1 |xt+1 ~ P('lxta a),ro = .’L‘]
for the number of pulls to the last action in a. Simi-
larly, 7, (a) £ E[f(zh,ap)|ziir ~ P(|ag, a), 0 = 2]
and 74 (a) £ Elr(xn, an)|ziy ~ P(|ag,a¢), 10 = ).
In the case of deterministic dynamics, x; is such that
Zer1 ~ P(:|xt, a¢) and zg =  is a fixed state from which
we can sample from if we have a full access to the generative
model. Hence, for a finite sequence a € A® or node,

3Ty 0o

h(a)—1

— h(a)—1

u(a) & V(e ap) = Z 77 (a).

t=0 t=0

We the existence of at least one a* € A for which we have
V*(z) = sup,e 4 v(a) and define a smoothness for v.

Proposition 1. There exists v € (0, Ryax/ (1 — )] and
p € (0,7] such that Vh > 0, Va € A" u(a) > v(a) —vp".

Note that this holds automatically for v = Ryax/ (1 — )
and p = ~. For some problems with an extra regularity this
might also hold for some v < Rpyax/ (1 —7) and p < 7.
Note that our results automatically adapt to p without know-
ing its value. Note that while having a smoothness p means
having rewards diminishing geometrically with depth with
a ratio of p, the constant v is linked to the scale of varia-
tion of the V' and which can often be realistically smaller
than v < Rpax/ (1 — ). We now define a measure of the
quantity of near-optimal sequences for the smoothness v, p.
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Definition 2. For any v > 0 and p € (0, 1), the branching
Jactor KV (v, p) and with associated constant C, is

k' (v, p) &inf{k > 1:3C>1,Yh > 0, N} (3vp") <Ck"},

where NV () is the number of nodes a € A" of depth h
such that v(a) > v* —e.

We also define a related but different quantity than k" (v, p).
In particular, we define <" (v, p) that uses AV}*(e) instead
of NY(¢) where N}(¢) is the number of nodes a € A"
of depth h such that u(a) > v* — . Our results use the
new quantity k*(v, p), recover the previous results using
kY (v,7y) in the method of Bubeck & Munos (2010) and go
beyond them. Indeed, theirs are only formulated for p =
while we prove the following claim in Appendix A.

Proposition 2. k" (v/2,7) < k’(v,7) < K“(2v,7).

3. Optimization vs planning

Our P1aT~P00S approach is a very close sibling to the flat
optimization algorithm, StroquOOL (Bartlett et al., 2019),
however, we explain how the structure of the planning set-
ting and the discount factor + shaped our approach. The opti-
mal application of an optimization algorithm to the planning
setting is often not straightforward as discussed by Bubeck
& Munos (2010). In their Section 2.2, Bubeck & Munos
(2010) show that optimization can be applied to the plan-
ning problem either in a naive way or a good way. The
authors take as an example the uniform planning problem.
The naive and good strategies are evaluated by comparing
the uncertainty |u(a) — @(a)| of their estimates u(a). Both
strategies collect rewards identically, evaluating u(a) for
all the K nodes a € A at a fixed depth H = h(a)
by allocating one episode (of length H) for each a and
receiving 7,4, 1 < h < H. In the naive version, for
all sequences a, the estimation of u(a) uses only the H
samples collected in the one episode related to a. Here
t(a) = Zzgq Y7, and Ty, = 1. In contrast, the
good planning strategy reuses estimates. For two distinct
sequences a and a’, the good strategy re-uses any samples

Th,q for the estimation of both u(a) and u(a’) if ap,) =
aih]' Here u(a) = Z(:ag—l th}*hr Za’:a[h]:afh] Thoa!
and T, =K H=h_This comparison is used to demonstrate
the advantage of the use of the cross-sequence information
to concentrate the estimate of the mean reward associated
with each action more efficiently. It is by using this type
of cross-sequence information that OLOP is able to obtain
an improved regret over a naive application of HOO (Bubeck

et al., 2011) to the planning problem.

The previous discussion on cross-sequence information is
tied to the case of uniform exploration strategies. Good
uniform strategies guarantee Ty, = K=" by exploring

Input: n, A
Initialization: Open to,1. hmax = |n/log(n)].
For h = 110 Apax

Open | hmax/h] nodes ay, ; of depth h

with largest values u(ap, ;).

Output z(n) = arg max u(ap, ;).
an,i:€T

Figure 1. Algorithm for free planning with no reset condition

until a reasonably shallow depth H,, but sampling all K =
nodes and sharing cross sequence information. In the case
of OLOP, HOO or more particularly Stroqu00L, only a sub-
set S of size |S| < K« of the most promising nodes are
explored but at deeper depth H; > H,,. Therefore, obtain-
ing for a given sub-sequence of actions a at depth h < H a
lower bound on the number of sequence of actions at depth
H, that contains a is complex in general. Actually one
can design a problem with two actions that would drasti-
cally limit the amount of cross-sequence information for the
optimal sequence of actions a* in Stroqu0O0L. Therefore
applying Stroqu00OL with information sharing might not
be enough and we chose to ensure algorithmicaly that a
node at depth h + 1 will be pulled v? times less than a node
at depth h. Indeed, using Chernoff-Hoeffding inequalities,
we have |u(a) — (a)| < S 19T /Ty, - However,
P1aT~P0O0OS, through some simple reparametrization, re-
mains very close to Stroqu0OL and we leave as an open
question whether equivalent theoretical guarantees could be
proved directly for Stroqu0OL applied to planning.

4. Deterministic dynamics and rewards

In this section, we consider a simpler case of deterministic
rewards in order to introduce our new ideas. The evaluations
are noiseless, that is V¢, ¢, = 0 and r, = r (24, at).

In Figure 1, we provide the Sequ0OL (Bartlett et al., 2019)
algorithm applied to planning. In this case it is straightfor-
ward to follow the analysis of Sequ0OL in order to obtain the
same rates, up to logarithmic factors, of simple regret as the
state of the art algorithm OPD for the doubly deterministic
case (Hren & Munos, 2008; Munos, 2014). and get the re-
sult! of Theorem 1. This direct usage was already discussed
by Munos (2014, Section 5.1). Using SequOOL for planning
already permits to have an algorithm that does not use the
parameter R, and that can adapt to extra smoothness in
the value function v, p as discussed Section 2. Note that
to obtain similar adaptations to R,.x,  and p , one could
have already used SO0 (Munos, 2014). However SO0 does
not come with optimal simple regret (Bartlett et al., 2019).

Theorem 1. For any planning problem with associated
(v, p), and branching factor k = K" (v, p), we have, after n

"Tog(n) is the n-th harmonic number
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Input: n, A

Initialization: Open ty 1. himax = L n J

logn
For h = 1t0 Apax
Open Lhmax / h2J nodes ay, ; of depth h
with largest values u(ap, ;).

Output z(n) = arg max u(ap ;).
an,i:€T

Figure 2. Algorithm for constraint planning (restart)

rounds, the simple regret of Sequ00L bounded as:

o If=17r, < Vpélﬁ;ﬂj,

_logl/p

.W>1,rn:o(y(wgqbw )

On the reset condition In practice, physical constraints
can force the exploration to interact with the unknown en-
vironment under a reset condition. This means that there
exists a starting state  and that a trajectory can only be sam-
pled starting from this state and following a given policy.
Therefore, if we wish to collect a sample from an arbitrary
state z’ after a reset, we must first reach that state from the
starting state x.

SequOO0L is a strategy that explores the MDP deeper and
deeper from an initial starting state x. The original Sequ00OL
strategy did not consider any reset condition, so to make a
comparable analysis we will say that to ‘open’ a node a you
first need to reach a at a budget cost of h(a) which is equal
to the depth of a. This additional cost has the consequence
that SequOOL with reset will not be able to explore as deeply
as without. A naive extension is shown in Figure 2. Under
a total limited budget of n, the number of nodes now open
at depth h is O(n/h?) instead of O(n/h) and the maximal
depth is now of order of /n instead of n. However, this
does not influence the simple regret when x > 1 by more
than numerical constants as shown in Theorem 2. When
x > 1, the exponentially diminishing simple regret remains
but is changed from p™ to pV™.

Theorem 2. For a planning problem with associated (v, p),
and branching factor k = K“(v,p), after n rounds, the
simple regret of SequOO0L with reset condition verifies

gk
o Ifi=1r, < vpV “Lerl
_lc;gl/p
l()ﬁ n og K
.Iflf>1,7’n§0 V(C \‘@nJ) '

5. Deterministic dynamics, stochastic rewards

We now describe the P1aT~yP00S algorithm detailed in Fig-
ure 3. In the presence of noise, it is natural to evaluate the
cells multiple times, not just one time as in the deterministic
case. The amount of times a cell should be evaluated to

Input: n, A
Initialization: Open the root node 0, Apy,.y times.

hmax = \‘m}pmaﬂc = UOgQ (hmax)J~

For h = 1t0 Apax <« Exploration »
For p = [logy(hmax/ [R*7*"])| down to 0
Open (h?pvz'ﬂ times the at most ng’;if;mJ

non-opened nodes a”* € A" with highest values
u(a"?) and given T,n.: > ((h — 1)2177201*1)].

For p € [0 : pmax] <« Cross-validation »
Evaluate (¢ + 1)7% hpax (1 —v?)? times the actions
at time ¢, a?, of the candidates:

aP = arg max u(a).
a€A®:Vte([2:h(a)] Tapy, 2 [(t—1)20y2¢-1)]
Output ¢ = argmax u(aP)

{a? ,p€[0:pmax]}

Figure 3. The P1aT~P00S algorithm

differentiate its value from the optimal value of the function
depends on the gap between these two values as well as the
range of noise. As we do not want to make any assumptions
on knowing these quantities, our algorithm tries to be robust
to any potential values by not making a fixed choice on the
number of evaluations. Intuitively we do this following a
path similar to Stroqu00L (Bartlett et al., 2019) by using
a modified version of Sequ00L, denoted SequO0OL(m), that
allows us to evaluate cells m times, whereas for Sequ00OL,
m = 1. Evaluating cells more times (m large) leads to a
better quality of the mean estimates in each cell, however,
as a trade-off, it uses more evaluations per depth. This
would normally limit us from exploring deep depths of
the partition, however, P1aTyP00S takes advantage of the
knowledge of v which gives less weight to reward collected
deeper in the tree. In order to obtain the concentration re-
sults for a node a on u(a) — u(a) in Lemma 2, P1aT~yP00S
uses a Chernoff-Hoeffding result that gives with high prob-

ability, u(a) — u(a) < \/Ez(zagq v?" /T, and balances
the range of confidence intervals at different depths. There-
fore, P1aT~yP0OS tends to pull less with deeper depth as
the number of pulls for a fixed m is [hm~y?"| where the
additional h term ensures that the sum of confidence inter-
val until depth % is bounded for any h. P1aT~P00OS then
implicitly performs logn instances of Sequ0OOL(m) each
with a number of evaluations of m = 2P, where we have
p € [0:logn].

The ‘Planning wiTh ~ Plus an Online Optimization Strat-
egy’ algorithm P1aT~PO0OS is in Figure 3. Remember that
‘opening’ a node means ‘evaluating’ its children actions.
The algorithm opens nodes by sequentially diving them
deeper and deeper from the root node i = 0 to a max-
imal depth of hp.x. At depth h, we allocate, in an al-
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most decreasing fashion, different number of evaluations
[h?p'yzﬂ to the nodes with highest value of that depth,
with p starting at |1ogs (Amax/h) | down to 0. The best node
that has been evaluated at least O(hmax/h) times is opened
with O(hmax/h) evaluations, the two next best cells that
have been evaluated at least O(hyax/(2h) times are opened
with O(hmax/(2h)) evaluations, the four next best cells
that have been evaluated at least O(hpax/(4h)) times are
opened with O(hpayx/(4h)) evaluations and so on, until
some O(hmax/h) next best cells that have been evaluated at
least once are opened with one evaluation. More precisely,
given, p and h, we open, with (th’th] evaluations, the
| Amax/ (h [R2P4*"]) | non-previously-opened nodes a"* €
A" with highest values 2(a) and given that Tn: >
[(h —1)2P42("=D]. The maximum number of evaluations
of any node is 2Pmax, with 2Pmex = O(hpax) a8 Pmax =
[logy (Amax)]- For each p € [0 : pmax], the candidate out-
put a? is the node a with highest estimated value such that
all actions leading to that node have been evaluated in the
following way Vt € [2 : h(a)], Ty, > [(t — 1)2P42(= D],
We set hyax = [n/(2(logyn 4+ 1)%)].

5.1. Analysis of P1aT~yP00S

Ln,p is the depth of the deepest opened node, a with at
least [h2p7h] evaluations such that there is a a* € A* with
a* = ab, with b € A*°, at the end of the opening of depth h.

Lemma 1. For any planning problem with associated
(v, p) (see Property 1), on event £ defined in Appendix C,
for any depths h € [hmax), for any p € [0
|10y (Amax/(h?7*"))|], we have L}, , = h if conditions
(1) and (2) simultaneously hold true.

(1) by/log(4n/68)/2p+1 < vph

(2) We distinguish cases and express the condition in each:
Case 1) h2Py?h < 1:

h h
max __ max >C h
ho = hhaeae = CR)

hmax

h/22p 1021 2 Ck(v, p)
Case 2) h2p72h‘ > 1:

And for all B € [h],

h
2 . max h
Case 2.1) YR 1. W 2 CK'/(I/, p)
hmax
Case 2.2) *k 1.h22p+1 >C.

Lemma 1 gives two conditions so that the cell contain-
ing a a* € A* is opened at depth h. This holds if
(1) P1aT~P0OOS opens, with (h2p72hw evaluations, more
cells at depth h than the number of near-optimal cells at
depth i (hmax/ (R?2P7*") > Ck(v, p)P if ¥?£* > 1 and
Bumax/h2P > C if 42k" < 1) and (2) the [h2Py?"] evalu-
ations are sufficient to discriminate the empirical average

of near-optimal cells from the empirical average of sub-
optimal cells (by/log(4n/5)/2p+1 < vpM). To state the
next theorems, we introduce 7L, ’FLl and Eg three positive real
numbers satisfying respectively the equations:

P p2h1/ ( By b2 6Rmax72h1> — Ok and

hmdxy2p2h2/ (ﬁ2b2.ggllb%max) _ C) where

hy = log(~? n/pQ) 1Og (logn > + 0( )and

ha = g log (bgn ) + o(1) with

A& v huax log(1/p%) |
Cb2 5 Rmax

NN u2hmaxlog(w2n/p) —
Cb‘zgév?max n2
n,

where gi’fm" £ Pmax log(RmaXng/z/b(l —9)). h is de-
fined simflarly in Equation 5 in Appendix D. The quantities
i and hy give the respective depths of deepest cell opened
by P1aT~P00S that contains a a* with high probability in
the cases 72,‘{ > 1 and v2n < 1. Additionally, ?Ll and Eg
also lets us characterize for which regime of the noise range
b we recover results similar to the loss of the deterministic
case. Discriminating on the noise regimes, we now state two
of our results, Theorem 3 for a high noise and Theorem 4
for a low one. A more exhaustive list of results is in the
Appendix D or in the Table 1.

Theorem 3. High-noise regime After n rounds, for any
problem with associated (v, p), and branching factor de-
noted k = K“(v, p), if the noise b is high enough to verify
both high-noise conditions as defined in the caption of Ta-
ble 1, the simple regret of P1aT~yP00S obeys

if vk <1,

log(1/p)

_log(vzﬁ/fﬂ)) if 725 > 1.

The proofs are in appendix D. They are quite technical
but they are simply based on checking the conditions of
Lemma 1 under different b, p, v, x regimes.

Theorem 4. Low-noise regime After n rounds, for any
problem with associated (v, p), and branching factor de-
noted k = Kk"(v, p), if the noise b is low enough to verify
both high-noise conditions as defined in the caption of Ta-
ble 1, the simple regret of P1aT~yP00S obeys

(vp if k=1,

Er, = _log(1/p)
% log(x) if k> 1.
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e <1 vk >1

High noise (ii) Low noise (i) High noise (iii) Low noise (iii)
_1 _ _log(1/p) __log(1/p)

High noise (i) My () 2 vpvV™ My (7)) 20750 |y (&) T

— . n

" 71?8(1/37) k=1: vp n 71cig(i/§1) n 71?5!(1/;1)

Low noise (i) | Mvyy (57) o8t log(1/p) My~ (?2) o= v (ZTZ) o

k>1:v (b% Tog ()

Table 1. Rates of the our upper bounds on the simple regret of P1aT~P0O0S in various classes of problems. The condition on noise (i)
is whether the noise b verifies v%p*" / ('y%?szgfL’I;ma") < 1 The condition on noise (ii) is whether v p"2 / (b2 gif"‘a") < 1. The

condition on noise (iii) is whether I/Qpﬁ”/ (b2gi’fmax) <1.my, =max(1/1 —~2 v).

Worst-case comparison with OLOP When b is large and
known: In Table 1, we give our results in various classes
of problems depending on the whether v2x > 1, whether
k = 1l or k > 1, and several conditions on the range of
the noise b. The results for OLOP were distinguishing the
results based on 2k being greater or smaller than 1. For this
two cases we recover, as displayed in Table 1 with a grey
background color, the same rate in term of n (for instance
taking b = 1 like in OLOP and having p = +) for the simple
regret. However, we provide more specific treatment for
sub-cases with associated improvements that we list and
detail next.

Adaptation to the range of the noise b without a prior
knowledge Our analysis shows that P1aTyP00S adapts
favorably to the unknown range of noise. Already, in the
standard cases discussed above, where the noise is large,
our bound already adapts to the amount of noise as it scales
with /b2, OLOP requires an estimate b of b and has a regret
scaling with n /52 which is problematic in case of a wrong
estimate b > b. Moreover, we give technical conditions
on the range of noise that shows when P1aTyP00S gets
improved rates. When v2x > 1, OLOP was already obtaining
rates that were the same as the rates of deterministic reward
case. Therefore, beyond the n/b? improvement and the
adaptation to extra smoothness that will be discussed latter,
no more rate improvement should be expected. In the case
~%k < 1, the improvement are even more striking. When
the noise is very low instead of the OLOP rate of O(1/4/n),
we obtain the deterministic rate of OPD (Hren & Munos,
2008; Munos, 2014) which is either n_% or p™. These
improved rates could not be obtained by OLOP. Indeed, OLOP
relies on upper confidence bound (UCB) that uses a range

of the noise b as input,

h(a)—1 h
~ 7 1 Rmax'y (a)
u(a) = O | u(a) + g "b +
h=0 Ta[a] L—n

This works if b = b. However the true b is unknown. If
b = 0, using any b > 0 will not result in an improved rate.

Adaptation to additional smoothness  and p beyond
As defined in Section 2, we aim to adapt to the true smooth-
ness v, p of V which can go beyond . Our bounds show
that P1aT~P0OS is able to take advantage of v, p in a large
portion of cases. In most cases in the rate the - in OLOP is
replaced by p in P1aTyP00S. In the case where 72k > 1

_ log(1/) _ _log(1/p)
we have r%%® = O(n~ et ) < O(n loe02w/0%) ) =
TPlaT"/PODS

Adaptation to the deterministic case and « = 1
P1aT~P0O0OS adapts to the branching factor of the problem
in a way that, under low noise conditions, leads to an expo-
nentially decreasing simple regret 212777005 — O(pv7™).
This is a light-years improvement over OLOP in these condi-
tions as OLOP’s regret is at best 7F12T7P0%5 = O(n=1/2),
This result is possible because P1aTyP0O0OS can explore
much deeper than OLOP, as its maximal depth is of order n.
Actually, in most scenarios, the actual larger depth explored
will be of order v/n due to sample limitations. On the other
hand, OLOP can only go logn deep.

Moreover, k = 1 is a common case in planning. Indeed, as
discussed by Bubeck & Munos (2010), x = 1 is equivalent
to having near-optimal dimension d = 0 in an optimization
task (Munos, 2014) which is a common value as shown
by Valko et al. (2013). Therefore, we expect the case when
~vk2 < 1, that is, where we get the most significant improve-
ment other OLOP, to be the most common in practice.

The reset condition The effect of the reset condition, as
discussed in Section 4, affects, in the stochastic reward case,
P1aT~P0OOS as follows. First, all polynomial rates stay the
same. Then, only the exponential rates change. A p" rate
without the condition becomes a p\/ﬁ with it. Next, a p\/ﬁ
rate becomes a p”l/3 one.
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Figure 4. Top and bottom left: Expected cumulative discounted return collected by OLOP and P1aT~P00S with different range of noise,
b = 1 (top left), b = 10 (top center) b = 20, (top right) and b = 50 (bottom left). Bottom center: the sensitivity of OLOP to different
Rmax parameters. Bottom right: the sensitivity of OLOP to different range of the input noise b as parameters while the true b is set to 10.

6. Numerical experiments

In this section, we empirically illustrate the benefits of
P1aT~+P00S. We chose a simple MDP, shown in Figure 5.
In this MDP, a state = (bin, d) is a pair of a binary vari-
able bin and a non-negative integer d. The MDP has two
actions that are also a binary variable a. If bin # a, the base
reward is 2, in which case, the next state is (a,0). Other-
wise, if bin = a , then r = d and the next state is (a,d + 1).
The reward is then shifted by adding 100 to it so that the
noises with different ranges can be added on top without
making the reward negative.
r =#consecutive r =#consecutive
visits visits

Figure 5. MDP used for experiments

r=2

r=2

The initial state is (0, 0). Therefore, the agent has a choice.
It can, for instance, remain in the same binary state bin,
starting with a null reward but see its instant reward growing
with time if it keeps taking the same action in the future.
Alternatively, it could greedily switch to the other binary
state bin and obtain a reward of 2 but delaying the hope of
obtaining growing reward as in the first scenario. We set
~v = 0.95. Therefore R,.x ~ 130.

Figure 4 reports the results. All the figures show the cumu-
lative discounted return collected by OLOP and P1aT~P00S
after having interacted for 20 steps with the MDP, having
chosen each time an action following their planning strategy
and then being transferred to the state resulting of applying
the recommended action in the current state and therefore
also collecting a reward that is composing the final return.

Note that the return reported are shifted in order to not take
into account the 100 fixed part of each the reward. The
figures in the top row, as well as the figure at the bottom left,
reports the comparison between the two returns of OLOP
and P1aT~P0OO0S for different ranges of noise b. P1aTyP00S
is systematically outperforming OLOP while in this case
OLQOP is given as input parameters the correct ]/%?n;(, with
é;l; = Ri,ax and the correct range of the noise basb=b.

In Figure 4, bottom center and right, we illustrate the sensi-
tivity of OLOP to misleading input parameters. Notice that
the performance of OLOP is very vulnerable to these mis-
specifications while P1aT~P0OS is not using such inputs.
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A. On the branching factor
Proposition 2. k" (v/2,7v) < k’(v,v) < K“(2v,7).

Proof. We prove, for any global optimum, for » > 0, NV(¢) < N(e + v"/1 —~). Let anode a € A" such that
v(a) > v* — ¢ then we have u(a ) >wv(a) —y"/1 -~y > v* —e — 4" /1 — ~. Similarly we have, for any global optimum,

forh > 0, Nj“(e) < NP (e + 7 ~). Using the Definition 2 we obtain the clalmed result. O

B. P1aT~P0O0S is not using a budget larger than n + 1

Notice, for any given depth h € [1 : hmax], P1aTyP00S never uses more evaluations than (pmax + ) max g

Llogg(hmax/ |—h72h‘|)J h
max 2h
S |

p=0

< ([ 108/ [17?])] + 1) 222

Summing over the depths, P1aT~P00S never uses more evaluations than the budget n + 1 during its depth exploration as

h h
— -
1+<pmx+1>zL = J 1t (st Db D

h=1 h=1

=1+ hmax@(hmax)(pmax + 1) § 1+ hmax(pmax + 1)2
<n/2+1.

We need to add the additional evaluation for the cross-validation at the end,

Panax fmax (t + D)v* hmax < Ry n o n
Z Z - ; {2(1og2n+1)2J =92

p=0 t=0

Therefore, in total the budget is not more than n/2 4+ n/2 + 1 = n + 1. Again notice we use the budget of n + 1 only for
the notational convenience, we could also use n/4 for the evaluation in the end to fit under n (it’s important that the amount
of openings is linear in n).

C. Proofs of the lemmas

We first define and consider event £ and prove it holds with high probability. The proof of the following lemmas can be
found in Appendix C.

Lemma 2. Let C be the set of sequence of actions evaluated by P1aTyP00S during one of its runs. C is a random quantity.
Let ¢ be the event under which all average estimates for the reward of the state-action pairs receiving at least one evaluation
from P1aT~P00S are within their classical confidence interval, then P(£) > 1 — §, where

¢2 {Va €C,Vhe[2:ha)], p € 0: pmax :
if Ta[h] > [(h _ 1)2P,Y2(h71)J ,

_ Pmax log(4n/9)
then |t(a) — u(a)] < b o [

Proof. The idea of the proof of this lemma follows the similar line as the proof of the statement given for StoS00 (Valko
et al., 2013). The crucial point is that while we have potentially exponentially many combinations of cells that can be
evaluated, given any particular execution we need to consider only a polynomial number of estimators, m, for which we can
use a Azuma-Hoeffding concentration inequality.
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We denote Yh € [0 : hpax), P € [0 : pmax] : a®™P € C the i-th evaluated node of depth h such that V¢ € [2: h], T i >
ap
[(t — 1)2P42(=D]. Note that in P1aTP00S we have T,inp = hax.
(1]

Though a®"*? is random, we study the quantity |@(a’"*) — u(a""P)|. We recall that

h—1
A(a7) — (@) = 374 Fula?) — ri(ar) @
t=0
h—1 T"'fti&p] i h,p h
_ t Tt:.; - Tt(al p)
t=0 5=0 apiy

This quantity is composed of the elements ﬂ:?’p — r¢(a®"P) that form a martingale.

Therefore using a Azuma-Hoeffding concentration inequality with a union bound already on the values of T we have

' h—1 2t 5
P a(auhap) 7 h7;D < b Z 7 ;jg" pma,x/ ) > 1-— 5/pmax
ih.p

Ae+1)

Moreover we have forall h >t > 1,

2t 2t 2t
1
gl < gl < 2 _ (4)
Toinp — [12P924] = 12092t 420
[t+1]
Fort =0, 77— = —— <= L forall p < prax-
DT
Therefore we have
~ ik i log Amax 10g(?/6)
i,h,py _ i,h,p max —5/?
P(u(a ) —u(a )§b\/ TS >1—46/1
Then we had an extra union bound other all cells that is bounded by n
O

Lemma 3. For any planning problem with associated (v, p) (see Property 1), on event &, for any depths h € [hmax], for
any p € [0 : [logy (hmax/(h*7*")) |1, we have Ly, , = h if conditions (1) and (2) simultaneously hold true.

(1) by/log(4n/5) /2041 < vp"
(2) Forall ' € [h], hiax/ (h’ [h’2p72h’l-‘) > Ck(v, p)
Finally we have 1, = 0.

Proof. We place ourselves on event £ defined in Lemma 2 and for which we proved that P(§) > 1 — §. We fix p.

We prove the statement of the lemma, given that event £ holds, by induction in the following sense. For a given h and p, we
assume the hypotheses of the lemma for that /4 and p are true and we prove by induction that L, , = h’ for b’ € [h].

1° For h = 0, we trivially have that 1, , > 0.
2° Now consider &' > 0, and assume L /1 , = h’ — 1 with the objective to prove that L/ , = /.

Therefore, at the end of the processing of depth A’ — 1, during which we were opening the nodes of depth A’ — 1 we managed
to open an optimal node that we denote a*" 1 € A*" ~1 Moreover if we consider all the sequence of actions b that
one can build by appending any action in A to a*" =1 € A*" =1, we have for all such b that Ty, > [ (¢ — 1)2Py"~!] for
te[r].
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Note that by definition there exist an optimal infinite sequence of actions a* € A* such that ath' =1 = a[*h/_l]

During phase h’ the [hmax/ (h’ [h’Q”thW )J evaluated nodes from A" =1 with highest values {a@(a ~1%)};/ 1, are

opened.

For the purpose of contradiction, let us assume that afh,] is not one of them. This would mean that there exist at

least Lhmax / (h’ [h’ 2”72”-‘” nodes from A", distinct from afy,)» satisfying a(aty > ﬂ(a[*h,]) and each verifying
n @

Ty > [t2P4*] for ¢ € [h/]. This means that, for these nodes we have: u(ap: ;) + vp" > u(an ;) +vp" > ulan ;) +
ol

(b) (b)
by/log(4n/0)/2P+1 = U(an i) = Wan ix,) = w(an ix,) — by/log(4n/d) /211 > u(an i, —l/p > u(ap g )—up ,

where (a) is by assumption of the lemma, (b) is because ¢ holds. As u(ah/,z;/) > v* —vph by Pr0p051t10n 1, this

means we have N} (3vp") > {hmax/ (h’ [h’vah/—DJ + 1 (the +1 is for ay ;). However, by assumption of the
lemma A0y / (h’ [h’Z”th/-D > Cr(v,p). Tt follows that in general N%(3vp") > {Cfi(u, p)h,J. This leads to

having a contradiction with the " (v, p) with associated constant C' as defined in Definition 2. Indeed, the condition
“(3vph’) < Ck(v, p)* in Definition 2 is equivalent to the condition NV}% (3vp"") < {Cﬁ;(u, p)h'J as V% (3vp") is an
integer.

O

Lemma 1. For any planning problem with associated (v, p) (see Property 1), on event £ defined in Appendix C, for any
depths h € [huax), for any p € [0 : [10gy (hmax/(R*¥*"))|], we have L, ,, = h if conditions (1) and (2) simultaneously
hold true.
(1) by/log(4n/6)/2p+1 < vph
(2) We distinguish cases and express the condition in each:

Case 1) h2p72h <1

hlnax hmax

— h
h h |‘h2p72h‘| — (V? p)

hm b'e 4
And for all ' € [h], W > Cr(v,p)".

Case 2) h2p72h > 1:

Pmax
CaseZI)’}/ 1.W2;72h > CKZ(Z/, p)h

hm
2 u ax
Case 2.2) v*r* < 1: aop 1 =

Proof. To prove this statement we just need to show that we verify the hypotheses of Lemma 3. This means we need to
prove that for all A’ € [h], hmax/ (h’ [h’2”72h'—‘) > Cr(v, p)"

We first consider the case 2) where h2p7h > 1. If h = 1 we already know L, > 0. Let us now look at the case h > 1.
First notice that h2Py?" > 1 gives (h — 1)2P42("=1) > 1. If 42k* > 1 we have that for all &’ € [h — 1],

/

hmax Rnax '
T 2 paeet 2 C (PR 0)" 2 O (Pw(v.p)

If h > 1, and if 4?x% < 1 we have that for all b’ € [h — 1],

’

hmax hmax 2 h
h/2p+1 Z h2p+1 Z c Z ¢ (’Y K(V’ p))

For both v2k" < 1 and y2x% > 1, we then have,

hmax hmax

h! [h/2p,y2h/‘| > h/h/2p+1ﬁ/2h/
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as h2Py2h > 1.

For both v25* < 1 and 42k% > 1, the previous equations mean that for b’ € [h — 1], h/ verifies hyay/h/22PH 142" >
Cn(z/7 p)h’ > 1. Therefore p < LIOgQ(hmax/(h’zy%l))J_
We now consider case 1) where h2P4" < 1. We prove by induction that for all &' € [h], hmax/ (h/ [h’ 2pv2h'—‘) >

Cr(v, p)".
1° By assumption of the lemma we say: Ayax/ (b [R2P7*"]) > Ck(v, p)"

2° We further assume Ay / (h’ [h’%’fﬁhr‘) > Cr(v, p)!is true for some k' < h with h/2P420" < 1

We want to prove that either:

both (k' —1)2P~2(W'=1) < 1

hmax >
(W =1)[ (b —1)2py2(n' =D ] =

Cri(v, p)' 1

and
or (h' —1)2v2(0'=1) > 1

then huax/ ((h/’) [(h”)QpV?(h”)-D > Ck(v, p)"" is already true for all h” € [h/]. If [(h’ - 1)21’72(}‘/’1)—‘ = 1 then we
have

hmax hmax h h —
(h/_l) 2 h/ ZCK(”?K)) ZCK:(”?F)) !

If [(h’ — 1)2”72(}1'71)—‘ > 1, then we have that

hunax/ (h’ [(h/ — 1)21772(%1)1) >
anax/ ((h/ B 1)22p+172(h/_1)) > Cr(v, p)i' =1

Using this inequality we can now use Case 2) to have that:
Rmax/ ((h”) {(h”)?)'yz(h”)—‘) > Ck(v, p)"" is already true for all 1" € [h/].

The previous equations mean that for h’ € [h — 1], I/ verifies hmax/ (h’22p+172h/) > Ck(v,p)" > 1. Therefore

p < Png(hmaX/(hQVzhl))J' O

D. Proof of Theorem 3 and Theorem 4

Theorem 3. High-noise regime After n rounds, for any problem with associated (v, p), and branching factor denoted
Kk = k"(v, p), if the noise b is high enough to verify both high-noise conditions as defined in the caption of Table 1, the
simple regret of P1aT~P00S obeys

~ _1
O((#)7) if PR< 1,
Er, = - ~ log(1/p)
O (b%) log(v2r/p?) if 72,@ > 1.
Theorem 4. Low-noise regime After n rounds, for any problem with associated (v, p), and branching factor denoted

Kk = k" (v, p), if the noise b is low enough to verify both high-noise conditions as defined in the caption of Table 1, the simple
regret of P1aTyP0OS obeys

10) (vp™) if k=1,
Er, = { ~ _log(1/p)
" o (V (ﬂ) log(x) > if k> 1.

b2
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Proof of Theorem 3 and Theorem 4. We first place ourselves on the event ¢ defined in Lemma 2 and where it is proven that
P(¢) > 1 — 4. We bound the simple regret of P1aT~P00S on &.

Step 1) General definition of the regret

We chose § = ;;b(vl 7\% for the bound. We consider a problem with associated (v, p). For simplicity we write k = k* (v, p).

We have for all p € [0 : prmax]

n b Pmax log(Rmaxng/Q/b)
U(a ) + 1 - 72 \/ 2hmax
b Pmax IOg(Rmaxns/Q/b) @
> n > n
> u(a >+17M T > (a")

©_ L
>u(a?) > u (a[Lhmaxpr])

@ b Pmax log(Rmaxn3/2/b)
p _

Zu (G[Lhmax,pﬂl) 1—~2 \/ 2hmax

(g) ’U* — VpJ_hma,x-,PJ’_l _ b Pmax log(Rmaxn3/2/b)

B 1 - 72 2hmax
where (a) is because the actions at time ¢, a:(n,p), of the candidate a(n,p) have been evaluated % times
and because ¢ holds, (b) is because aﬁhrmxypﬂ] € {a € A* : Vt € [2: h(a)], Ty, > [(t—1)2P7*!=D]} and
abl = arg max u(a), (¢) is because a” = argmax  u(aP), and (d) is by Assumption 1.

a€A*Vt€[2:h(a)], oy, > [(t—1)2ry2(t=D)] {aP,p€[0:pmax]}

. . . 3/2
From the previous inequality we have r,, = v* — Q* (x,a") < vpthmaxptl 4 2 1f72 \/p‘“"”‘ logz(fr‘n‘j:n ) forp e [0:
pmax]-

Step 2) Defining some important depths For the rest of proof we want to lower bound max,c[0:p,,..] L-hmax,p- LEMMa 3
and 1 provide some sufficient conditions on p and h to get lower bounds. These conditions are inequalities in which as
p gets smaller (fewer samples) or h gets larger (more depth) these conditions are more and more likely not to hold. For
our bound on the regret of P1aT~P00S to be small, we want quantities p and h where the inequalities hold but using as
few samples as possible (small p) and having h as large as possible. Therefore we are interested in determining when the
inequalities flip signs which is when they turn to equalities. This is what we solve next.

We set the notation g>fmex = p_ log(Rumaxn®/?/b(1 — 0)).

n,b

In its most general form we are interested in the real numbers h and p are such that I is the larger real number such that for

all h < B/
) Jry . )
ﬁ > Cr(v, p)" while b % =vph (5)

In the case v2x > 1 we can simply solve the following equations. We denote ha, p1 the real numbers satisfying

2 &, Rmax
hm.ixy ()2h1 ~ g ) a
Esz 8, Rmax 2hy —2 CK/hl and b ’71 — Vphl'YQ. ( )
2 gn: ma. v 1

In the case 2k < 1 the previous equation can possess two solutions where the largest of these two solutions will not verify
Equation 5. Additionally the smallest solution might be hard to express in a close form when v?x < 1. Therefore for
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simplicity we define for the case v2k < 1, 712, Do the real numbers satisfying

7 6,R
B2 p2he ,Runax N
D/ P _ o and by DR e, (7
Qh% bzg,{ B max 2P2

El and p; are defined for the case v2x > 1 while EQ and p-, are defined for the case v?x < 1. Our approach is to solve
Equation 6 and 7 and then verify that it gives a valid indication of the behavior of our algorithm in term of its optimal p and

h. We have
2,2},
——“ w 10e(~2k/p2) /2, | ¥ Mmax
log(’YQH/p2) ( g(,‘/ /p )/ chggiy’}b%max

B = — 2w (log(1/2)/2 _ Phmax
>~ Tog(1/p?) P\ actgl s

where standard W is the Lambert W function.

~ 2
hy

However after a close look at the Equation 7, we notice that it is possible to get values of p and . which would lead to a

number of evaluations EQﬁfyh < 1. This actually corresponds to an interesting case when the noise has a small range and
where we can expect to obtain an improved result, that is: obtain a regret rate close to the deterministic case. This low range
of noise case then has to be considered separately.

Therefore, we distinguish two cases which corresponds to different noise regimes depending on the value of b. Looking at
2h

the equation on the right of (7), we have that EQﬁ'yE < 1if v v*p > 1. Based on this condition we now consider the

zh,hbzgi,limax

two cases. However for both of them we define some generic h and .

Case 1) y2x > 1: Note that in this case then x > 1. We subdivide this case into multiple subcases:

2 2hq
Case 1.1) Noise regime ———~£2 ———— <1
) g ,.Y2hlhlbzgiy’1:max —

2 2hq

Case 1.1.1) High-noise regime b;’g{’m <1
n,b

In this case, we denote 711 = El and p1; = p1. As b;’;f% < 1 by construction, we have p; > 0. Using standard properties
n,b
of the | -] function, we have
gé,Rmax 967Rmax L
n,b ’Vl7b TL] }NLlJ
b IS <b 0% Svptt Swp )
hmax hmax
and, — — — > — — —
thj V“J 9171 +12[ ] VMJ thJ 9p1+12 |7 |
2 hmax _ hmaxVQPQ}NL1

e = T
_ CHEI > C/{LT“J

We will verify that {hJ is a reachable depth by P1aT~P00S in the sense that & < fipay and || < 1085 (Amax/(h27?*")) |

and . As k < 1, and &, > 0 we have " > 1. This gives Crh > 1. Finally as —max_ > Ok, we have BQW% < Pmax /25,

Faopaan 2
Case 1.1.2) Low-noise regime 1 % >1
We denote h = hy and = p, where h and P verify,
max o and = 0. 9)

2%? fyﬁl
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Again, —fmax__ > 1,
gan, 2R:2P1y2R1 =

T 2 2 hmax

Using standard properties of the |- | function, we have

8, Rmax
g 7 @ -
b\/ﬁj <byfglim < vl < wpl <vpl] (10

> 1, then, max

2h b2g5 Rln'mx = h2 2h) —

. . . 2 2k
where (a) is because of the following reasoning. As we have % — OkM and
19°9, % vy

CrkM . From the inequality }“Ila" < CkM~2?M and the fact that h; corresponds to the case of equality h’iﬂ* = CrMy2h,
l

we deduce that iy < hy, since the left term of the inequality decreases with 4 while the right term increases (as y2x > 1).
Having hy < hy gives pit > pM

Moreover, the term log(y2«) of hy could lead to think that we could potentially obtain a better rate that in the deterministic

case where the term is log(y2x). However this is not true because as h; is the solution of h; = Q%ﬁ — Ck™ and we
have by assumption in this case h;y2h; > 1 then h; < hz where hs is defined as the solution of hy = ﬁhﬁ = Ckhs.
We have i3 = -5 W (log(k) fimax ) Therefore one can see that this rate is not better that the deterministic rates.

Case 1.2) Low noise regime 2 % >1

2h 2,0 Rmax =
0% lhb 9 b

We denote /i = h; and p = p1 where h and p verify,

hmax _ - 5y

and p; = max(0,p7)). a1
o P (0,p1))
~ 1 hmax log(k)
he —
= (5)

Using standard properties of the |- | function, we have

g[s RII]BX gﬁyRIIlaX — (a) ~ LA —J
n,b n,b h1 h1 h1
O\ Syt SO\~ <vp s vt swp (12)

2 2hq

where (a) is because of the following reasoning. As we have ﬂ‘“ﬁ%
2h2b2 rnax,y2hl

2 2R

— Okl and W > 1, then,

2h,
deduce that th h1, since the left term of the inequality decreases with h while the right term increases . Havmg h1 <h
gives pMt > pM
Case2) v’k <1
Case 2.1) Noise regime

P < CkM . From the 1nequahty —mmax J CkM and the fact that h1 corresponds to the case of equahty “max — Clﬁlhl we
1

2 2h
<1

,Yzﬁﬁbzg&ﬂmax =

}2 <1

b2g 5Rnnx =

Case 2.1.1) High-noise regime

In this case, we denote /, = h2 and P = py. As < 1 by construction, we have ps > 0. Using standard properties

b2 5 Rmax
b%g,)

95 »Rmax gt) s Rmax _ \_N J
n,b n,b _ h ha
b 2lp2]+1 <b 9p2 VPt s vp (13)

of the || function, we have
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and’ — ,I:’:max Z — hinax
Il el
hmax - hmaxy2p2h2
= 7295 - 0, Rmax
h§2p2+1 2h§b29n,b
=C.

We will verify that {hJ is a reachable depth by P1aT~P0OS in the sense that i < hm&X and [] < [logy (hmax/(R*?™))].
As x < 1, and h > 0 we have ol > 1. This gives Clih > 1. Finally as - :" > C/i we have h2 2h < hmax/Qp

2 2ho

Case 2.1.2) Low-noise regime 1 W >1

We denote h = hy and = P, where h and P verify,

hmax —
= =C and p,=0. (14)
: Pmax
Again, T > 1.
7 hmax
h =
2 2C

Using standard properties of the |- | function, we have

0, Rmax
gn b 6 max ~1 (a) 72
b\/ PRSI <0\ 9, Fmax vpht <wph? < VpLth (15)

. . . 2 2hy 2 2hg
where (a) is because of the following reasoning. As we have % = Cand Fp > 1, then, hunax < ', From
2079, ™ In'b

the inequality hz'%;" < C and the fact that ho corresponds to the case of equality };“ﬁ;* = (C, we deduce that hg < hg, since
2

2
the left term of the inequality decreases with h while the right term stays constant. Having hy < hy gives p2 > ph2.
2p‘2h

>1

Case 2.2) Low noise regime 2 T htrgs T 2

We denote /i = hy and P = pp where % and p verify,

hmax
— Oxhe (16)
ha
~ 1 hmax log(k)
ho = w =
2 log(k) ( C
By construction, we have %2 < h. We set
D2 = max(0, p)). (17)

Using standard properties of the |- | function, we have

g5,Rmax gé yRmax

,b ;

27{1‘52J+1 <b n2p - Vp < Vth < VpL 2 (18)
where (a) is because of the following reasoning. As we have ™ th and v2p > 1, then,

F] 7& =
h2 b2gn7‘ll}max ~2h ~2hhb2g Rlnmx

hTax < k", From the inequality h“Tha" < Ck" and the fact that hy corresponds to the case of equality ﬁ = Crl2, we
2
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deduce that Eg < ﬁ, since the left term of the inequality decreases with i while the right term increases. Having Eg < h
gives pﬁ’ﬁ’ > pﬁ.

Step 3 Given these particular definitions of h and § in two distinct cases we now bound the regret.

We always have L, 5 > 0. If h > 1, as discussed above {hJ € [hmax], therefore L, 15 > LLhJ p) as
J-wLpJ is increasing for all p € [0, pmax]. Moreover on event &, and for the cases 1.1.1, 1.1.2, 2.1.1 and 2.1.2 described

above, L i L5] = {hJ because of Lemma 1 (Case 2)) which assumptions on {hJ and |p| are verified in each cases as
detailed above and, in general, {hJ € [[hmax/2P]] and [§] € [0 : pmax). So, for the aforementioned cases, we have

L\ /28], 18] = {hJ Very similarly cases 1.2 and 2.2. lead to L |1, .. /05 5] = {hJ by using Lemma 1 (Case 1)).

We bound the regret now discriminating on whether or not the event £ holds. We have

8, Rmax
b gn,b

1- ’72 2hmax

rp < (1=0) [ wptrmexitl 42

b g ;51 7’}§nlax 4b

max

R
§ x X )yl hmaxstl 49
+ 1—77Vp + 1—~2 thax+\/ﬁ

b 95,Rmax
S VpJ"Lmax,ijJ'_l + 6 n,b .
1- 72 hmax

We can now bound the regret in the two regimes.

Case 1) 72.% > 1: Note that in this case then x > 1. We subdivide this case into multiple subcases:

2 2hq
Case 1.1) Noise regime ———~£2———— <1
) g ,.Y2h1hlb2giy’1:max —

Case 1.1.1) High-noise regime In general,we have

2 2 2 v2v2hmax 5, Rmax
Ww<log('y k/p")/2 W) b g,

Tn S VP ’ +61— h1 .
-7 max

Moreover, as proved by Hoorfar & Hassani (2008), the Lambert W () function verifies for © > e, W(x) > log (10;” T)

Therefore, if log(v?x/p?) /2 % > e we have,
In,b

0, Rmax
Ty — 671) In.b
" 1- 0 hmax

2,2p
log(y2r/p?) /2 | XEgax
2Cb gn,b

2 log

Tog(72r/p2)
og(v9r/p?) . 9 2 EPE T
og| log(v“r/p*)/2 J—LQC})Q 5, R
4%
<vp n.b

2,2
log? (12 /%) /2 L fmax
2062 g% Fmax
n,b

1
——g—— | 1 1
loa(v2r/07) | 0% 2.3, oe(p)
log2 | log(v2r/p2)/2 | T /=grmax —
20p2 g0 Bmax
=re n,b
log(p)
log(vZr/p?)

2 2 Bmax
log (’YQKJ/PQ)/%S,)%W

n

=V

n,b

25,2
log? <1og(w2f<~'/p2)/2 ngz”gshﬁn]>
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2 2h1

>1

2 JRmax —

Case 1.1.2) Low-noise regime 1

2 2 hmax
rn < yplog(“rzww(logw ®)/2V 738 )

Moreover, as proved by Hoorfar & Hassani (2008), the Lambert W () function verifies for z > e, W(x) > log <1og x)
Therefore, if log(v2k)/2 m" > e we have,

57Rtnax
gn,b

hmax

5 log log(v2r) /24/ pax
log(72r Fmax
<p B(r%e) tog (log(v2r) /21/ Papa )

log? (72 ")/24m3“2L
— 1 [1og 5 log(p)
— e log(v2r) < log2 (bgm N)/Qx/hmax)

log(p)
log(v2r)
2 2 h!nax
_ log™(v*K) /2755
log2 <log(7 /i)/? mdx)
5 Rmdx Up’:l 5 Rmdx -
1
We have 6b Pmax - 6 \/qd‘Rmax }anax < 6Vp < 6Vp
In,b
g Fmax
Therefore r,, < yplhmx sl gy [ I b < 7up
. . Vzpzﬁl
Case 1.2) Low noise regime 2 ————7—— > 1
R 1079,y
b
rn —6——
1—x
log(p)
hmax lOg,(n) log(x)
<v

< 1og [ . log(ﬁ))

T 8, R T s, R

2 g Rmax 7y g% Rmax =

Ll > < Lo < < 1.
Moreover if b2g5 “max = 1, we have 6by/ =:-— <6 \/q T e — 6vp 6l/p

n,
g% Rmax ~

Therefore 7, < vpthrmaxstl 4 6b o < Tvph
Case2) 2k <1

. . Vzpzﬂ <
Case 2.1) Noise regime g T < 1

Case 2.1.1) High-noise regime 97( <1
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0, Rmax
e b o
" 1— Y hmax
1
2
2
log?(1/p%) /23wt
S v n,b
log? <log(1/p2)/2\/m>
Case 2.1.2) Low-noise regime 1 1)25% >1

. .. . . 7 hmax
Here with a similar reasoning as in the case 1.1.2) we have r,, < Tvp/t < TvpV 738~

2 2h
. . vop
Case 2.2) Low noise regime 2 S hpE g >1

0,Rmax
r b gn,b
S
1 - max
log(p)
log(n) foa(r)
<v
- hlrnx log(K)
log
n gé-Rmax v n géeruax A -~
Moreover if ﬁ > 1, we have 6b ’;L’;ax <6 J’wa hzm < 6vph < 6uphe
\/gn,b
L 1 gé Rl’nax /’;
Therefore r,, < vptrmax?TL 4+ 6b 71,;,( < Tvph
hlnax

Moreover if Kk = 1 then r, < Tvp

E. Use of the budget

Remark 1. The algorithm can be made anytime and unaware of n using the classic ‘doubling trick’.

Remark 2 (More efficient use of the budget). Because of the use of the floor functions |- |, the budget used in practice can
be significantly smaller than n. While this only affects numerical constants in the bounds, in practice, it can noticeably
influence the performance. Therefore one should consider, for instance, having h,.x replaced by ¢ X hy.x With c been the
largest number such that the budget is still smaller than n. Additionally, the use of the budget n could be slightly optimized
by taking into account that the necessary number of pulls at depth h cannot be larger than K".



