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SPECTRAL BANDITS brsia

Assumptions

» Unknown reward function f : V(G) — R.

. . gt 0
» Function f is smooth on a graph. F ord o

» Similar preferences #% neighboring movies. )

The Matrix
Seven Samurai
City of God
SeT7en

The Usual Suspects

Tﬁe S[i}ence of the Lambg
. .
e ae Wgon a Time iy the Wegt
Légy, . nderfy] Life

Casab]an ZP T Ofessiona]

Desiderata

An algorithm useful in the case T < N!

2 T



FLIXSTER DATA
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Eigenvectors from the Flixster data corresponding to the smallest
few eigenvalues of the graph Laplacian projected onto the first

principal component of data. Colors indicate the values.
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SPECTRAL BANDIT: LEARNING SETTING lrrsia
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Learning setting for a bandit algorithm 7
> In each time t step choose a node 7(t).
> the m(t)-th row x.(; of the matrix Q corresponds to the arm 7(t).
» Obtain noisy reward r; = x;(t)a* + €¢. Note: x; ™ = fr)

> &; is R-sub-Gaussian noise. VE € R, E[e*f] < exp (£?R?/2)

» Minimize cumulative regret

-
Rr = T max (x;a*) = » xpe”,

t=1

(an we just use linear bandits?
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LINEAR VS. SPECTRAL BANDITS V10X 77
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» Linear bandit algorithms

» LinUCB (Li et al., 2010)
» Regret bound =~ DV TInT
» LinearTS (Agrawal and Goyal, 2013)

» Regret bound =~ DV T InN

Note: D is ambient dimension, in our case N, length of x;.
Number of actions, e.g., all possible movies — HUGE!

» Spectral bandit algorithms

» SpectralUCB (Valko et al., ICML 2014)

» Regret bound =~ dv TInT
» Operations per step: D*N
» SpectralTS (Kocék et al., AAAI 2014)

» Regret bound =~ dv T InN
» Operations per step: D? + DN

Note: d is effective dimension, usually much smaller than D.

I ,'
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SPECTRAL BANDITS - EFFECTIVE DIMENSION 2LaA—

00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

» Effective dimension: Largest d such that

Ay < I
= log(l+ T/A)

(d—1)

» Function of time horizon and graph properties
» )\;: i-th smallest eigenvalue of A.

> \: Regularization parameter of the algorithm.

Properties:
» d is small when the coefficients \; grow rapidly above time.
» d is related to the number of “non-negligible” dimensions.
» Usually d is much smaller than D in real world graphs.

» Can be computed beforehand.



SPECTRAL BANDITS - EFFECTIVE DIMENSION
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effective dimenstion
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Barabasi—Albert graph N=500
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Flixster graph: N=4546
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effective dimenstion
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Note: In our setting T < N =D.
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SPECTRAL UCB ent e

Given a vector of weights o, we define its A norm as

Z )\kozk = \/aTI\a

|l —\

and fit the ratings r, with a (regularized) least-squares estimate

t
Q; = arg min (Z [(x,, ) — r]° + a,%) .
(87
v=1

||| is a penalty for non-smooth combinations of eigenvectors.

28 B=E {4 AN



SPECTRAL UCB V77
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1: Input:
2 N, T,{A,,Q}, \, 4, R, C
3: Run:
4 N <— AN+ N
5: d+<max{d:(d—DXg < T/In(L+T/N\)}
6: fort=1to T do
7 Update the basis coefficients a:
3 X: [Xﬁ(l), c. ,Xw(t_l)]T
9 r<[n,...,r-1]"
10: Vi< X X; +A
11: & <~ V' X]r
12: ¢ <+ 2R+\/dIn(1 +t/A) +2In(1/5) + C
13:  7(t) < argmax, (xg& — ctHxaHvt_1>

14: Observe the reward r;
15: end for



SPECTRALUCB REGRET BOUND -y 7,

Barabasi—Albert N=250, basis size=3, effective d=1

» d: Effective dimension.
» A Minimal eigenvalue of A = A + Al
» C: Smoothness upper bound, ||a*|x < C. i

> xja* € [—1,1] for all /.

The cumulative regret Rt of SpectralUCB is with probability 1 — ¢
bounded as

Rt < 8R\/dln¥+2ln%—l—4C+4 \/dTlﬂ?.

Movielens: Cumulative regret for randomly sampled users. T = 100
T 1T T T T T T T T T T T T T
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SPECTRAL UCN ON BA GRAPH 2
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Barabasi—Albert N=250, basis size=3, effective d=1

50 I I I I I I I I

' P
,°*
SpectralEliminator L -
40+ | ™ ™ = SpectralUCB s” _
- = = = |inUCB L=’
o o
@) '4‘
O 30 _* —
o v
= s
© 20 ’4'
S - _
= L2
3 ot
- ’ m - - - m =
10 ”’ '---------- g
m = -
P L R - W =
- m v
wa="
0! | | | | | | l l l
0 20 40 60 80 100 120 140 160 180 200
time T

31 [

ARV



informatics g#”mathematics

Al

SPECTRAL UCN ON REAL DATA

Movielens: Cumulative regret for randomly sampled users. T = 100
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SPECTRAL UCB: REGRET ANALYSIS V10X 77
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» Derivation of the confidence ellipsoid for ax with probability 1 — 6.
» Using analysis of OFUL (Abbasi-Yadkori et al., 2011)

"(a— o™ < 1 V|12 |
X" (@ —a")| < x|y (R\/2In<5|/\|1/2) | C)

" " . N~ ! * T k
> Regret in one time step: ry = x,a” — x_fya" < 2¢¢[|[Xq () [y

» Cumulative regret:

-
R+ = re <
T ; t \

-
V
TY 2 <2 CT—I—l)\/2TIn ’\/\T\‘

t=1

» Upperbound for In(|V:|/|A])

o Vel
LA

V7|
A

< In

< 2dlIn <)\+T>

A

" 1
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SPECTRAL UCB: REGRET ANALYSIS ZicH—
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Sylvester’s determinant theorem:
A+ xx"| = |A|[l + A Ixx"| = |A|(1 + x"Ax)

Goal:
» Upperbound determinant |A + xx'| for ||x]|2 <1

» Upperbound x"A~1x

N
XA Ix=x"QA Q' x =y'A 'y = Z A7
i=1
> [yl < 1.
> vy is a canonical vector.

» x = Qy is an eigenvector of A.

g .
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SPECTRAL UCB: REGRET ANALYSIS Flr
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Corollary: Determinant V7| of V= A+ ZtT:l XX, iS
maximized when all x; are aligned with axes.

Vrl < max [J(+6)
V7|

VN T s beT Zln (H;_I,)
‘T;\T“ Zln(l—l— ) 3 In(ll i )

i=d+1 )\d+1
T T
< dln {1+ —) |
( A Ad+1

T
<2dIn{14 —
< 2din(1+ 1 )

= B
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