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Spectral Clustering: Approximating NCut

Normalized Cut
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NCut(A,B)= ) w; (Vol(A)+vol<B>>
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Spectral Clustering: Approximating NCut

Normalized Cut

1 1
NCut(A, B) = ijwgmm+vw&>
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Define graph function f for cluster membership of NCut:
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Spectral Clustering: Approximating NCut

Normalized Cut

1 1
NCut(A,.B)= ) w (Vol(A)+V01(B)>
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Define graph function f for cluster membership of NCut:
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Spectral Clustering: Approximating NCut

Normalized Cut

1 1
NCut(A, B) = ijwgmm+vw&>

icAjeB

Define graph function f for cluster membership of NCut:

vol(B) .
v if V. € A
! vol(A .

—/ g ifVieB

(Df'1,=0  £Df=vol(V)

Michal Valko — Graphs in Machine Learning



Spectral Clustering: Approximating NCut

Normalized Cut

1 1
NCut(A,.B)= ) w (Vol(A)+V01(B)>

icAjeB

Define graph function f for cluster membership of NCut:

vol(B) .
VR tviea
! vol(A .

(Df™1,=0 FDf=vol(V)  fLf=vol(V)NCut(A, B)
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Spectral Clustering: Approximating NCut

Normalized Cut

1 1
NCut(A,.B)= ) w (Vol(A)+V01(B)>

icAjeB

Define graph function f for cluster membership of NCut:

vol(B) .
£ — vol(A) if Vi € A,
! vol(A .
s ifVieB.

(Df™1,=0 FDf=vol(V)  fLf=vol(V)NCut(A, B)

objective function of spectral clustering (NCut)

mfinfTLf st. fieR, Dfl1y, f{Df=vol())
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minf'Lf st iR, DfLlly, fDf=vol(V)

Can we apply Rayleigh-Ritz now?

Michal Valko — Graphs in Machine Learning



Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minf'Lf st iR, DfLlly, fDf=vol(V)

Can we apply Rayleigh-Ritz now? Define w = D/2f

Michal Valko — Graphs in Machine Learning



Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minf'Lf st iR, DfLlly, fDf=vol(V)

Can we apply Rayleigh-Ritz now? Define w = D/2f

objective function of spectral clustering (NCut)

minw' D 2LD 2w st. w; € R,w L DY?1y, ||w|? = vol(V)
w
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

mfinfTLf st. fieR, Dfl1y, f{Df=vol(V)

Can we apply Rayleigh-Ritz now? Define w = DY/2f

objective function of spectral clustering (NCut)

minw' D 2D 2w st. w; e R,w L DY?1y, ||w|? = vol(V)
w

objective function of spectral clustering (NCut)

minw'Lymw st. w €R, wlviy ., [[w]*=vol(V)
w
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz?
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w=var_ .
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w=vay =
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w =voy_ . f=D 2w
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w =vyy . f=D 2w

f is a the second eigenvector of L,y !
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w =vyyr . f=D 2w
f is a the second eigenvector of L,y !

tl;dr: Get the second eigenvector of L/L,, for RatioCut/NCut.
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Spectral Clustering: Approximating NCut

objective function of spectral clustering (NCut)

minw'Legymuw  st. w; €R, wlvig ., [[w]|=vol(V)
w

Solution by Rayleigh-Ritz? w =voy_ . f=D 2w
f is a the second eigenvector of L,y !

tl;dr: Get the second eigenvector of L/L,, for RatioCut/NCut.

demo: https://dominikschmidt.xyz/spectral-clustering-exp/
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Spectral Clustering: Approximation

These are all approximations. How bad can they be?
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Spectral Clustering: Approximation

These are all approximations. How bad can they be?
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Spectral Clustering: Approximation

These are all approximations. How bad can they be?

Example: cockroach graphs

Vi Vi Vi Vi

Vi1 Vik  Vaen Vak
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Spectral Clustering: Approximation

These are all approximations. How bad can they be?

Example: cockroach graphs

Vi Vi Vi Vi

Vi1 Vik  Vaen Vak

No efficient approximation exist. Other relaxations possible.

https://www.cs.cmu.edu/~glmiller/Publications/Papers/GuMi95. pdf
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